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Firm-Specific Capital and the New Keynesian
Phillips Curve*

Michael Woodford

Columbia University

A relation between inflation and the path of average
marginal cost (often measured by unit labor cost) implied by
the Calvo (1983) model of staggered pricing—sometimes re-
ferred to as the “New Keynesian” Phillips curve—has been the
subject of extensive econometric estimation and testing. Stan-
dard theoretical justifications of this form of aggregate-supply
relation, however, either assume (1) the existence of a com-
petitive rental market for capital services, so that the shadow
cost of capital services is equated across firms and sectors at all
points in time, despite the fact that prices are set at different
times, or (2) that the capital stock of each firm is constant,
or at any rate exogenously given, and so independent of the
firm’s pricing decision. But neither assumption is realistic. The
present paper examines the extent to which existing empirical
specifications and interpretations of parameter estimates are
compromised by reliance on either of these assumptions.

The paper derives an aggregate-supply relation for a model
with monopolistic competition and Calvo pricing in which cap-
ital is firm specific and endogenous, and investment is subject
to convex adjustment costs. The aggregate-supply relation is
shown to again take the standard New Keynesian form, but
with an elasticity of inflation with respect to real marginal cost
that is a different function of underlying parameters than in
the simpler cases studied earlier. Thus the relations estimated
in the empirical literature remain correctly specified under the
assumptions proposed here, but the interpretation of the esti-
mated elasticity is different; in particular, the implications of
the estimated Phillips-curve slope for the frequency of price

*T would like to thank Lutz Weinke for calling my attention to a mistake
in my previous analysis of this model, Larry Christiano for helpful discussions,
and Mauro Roca for research assistance. This research was supported by the
National Science Foundation through a grant to the National Bureau of Economic
Research.
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adjustment is changed. Assuming a rental market for capi-
tal results in a substantial exaggeration of the infrequency of
price adjustment; assuming exogenous capital instead results
in a smaller underestimate.

JEL Codes: E30.

A popular specification in recent analyses of alternative monetary
policies is the “New Keynesian” Phillips curve,

Tt = &5t + PB4, (1)

where 7y is the rate of inflation, §; is the departure of the (average)
log of real marginal cost from its steady-state value, the coefficient
& > 0 depends on the degree of stickiness of prices,and 0 < 8 < 1isa
utility discount factor that, under an empirically realistic calibration,
must nearly equal 1. As is well known, this relation follows (in a
log-linear approximation) from the Calvo model of staggered price
setting under certain assumptions.! The implications of (1) for the
co-movement of the general level of prices and marginal cost have
been subject to extensive econometric testing, beginning with the
work of Galf and Gertler (1999) and Sbordone (2002).

In standard derivations, (1) follows from the optimal pricing
problem of a firm that adjusts the price of its product at random
intervals, under the assumption that the marginal cost S;(i) of sup-
plying a given good ¢ in period ¢ is given by a function of the form

Si(1) = S(ys(i); Xt), (2)

where (i) is the quantity sold of good i in that period, and X; is
a vector of variables that firm ¢ takes to be unaffected by its pricing
decision. Under the further assumption of a demand curve of the
form y.(i) = Y(pi(i); X¢), this implies that marginal cost can be
expressed as a function of the price p:(i) that i chooses to charge
in that period, together with variables that are unaffected by its
actions.

The specification (2) is in turn correct as long as all factors of
production are either purchased on a spot market (at a price that

!See, e.g., Woodford (2003, chap. 3, sec. 2.2).
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is independent of the quantity used by i), or completely fixed. In
particular, one can treat the case in which capital is not a variable
factor of production (and output is simply a concave function of
the variable labor input, as in Woodford 2003, chap. 3), or the case
in which capital is variable, but capital services are obtained on a
rental market (as in Gali and Gertler [1999] and the baseline case
considered in Sbordone [2002]).? Matters are more complex, however,
under the more realistic assumption that capital is endogenous and
firm specific. That is, we shall assume that each firm accumulates
capital for its own use only, and that (as in standard neoclassical
investment theory) there are convex costs of more rapid adjustment
of an individual firm’s capital stock. In this case, S¢(7) will depend
not only on the quantity that firm ¢ produces in period ¢, but also
on the firm’s capital stock in that period, and this latter variable
depends on the firm’s decisions in previous periods, including its
previous pricing decisions. The dynamic linkages in a firm’s optimal
price-setting decision are therefore more complex in this case than
is assumed in standard derivations of the New Keynesian Phillips
curve.

Here I treat the optimal price-setting problem in a model with
firm-specific capital, and show that once again a relation of the form
(1) can be derived.> Hence the econometric estimates reported by
authors such as Gali and Gertler (1999) and Sbordone (2002) can
be interpreted without making assumptions as restrictive as those
papers had appeared to rely upon. However, the coefficient £ is a
more complex function of underlying model parameters, such as the
frequency with which prices are reoptimized, in the case that capital
is firm specific.

This is potentially of considerable importance for the interpre-
tation of econometric estimates of the coefficient €. Estimates of £
are often interpreted in terms of the frequency of price of adjustment
that they imply, given estimated or calibrated values for other model
parameters. (Indeed, in many papers in the literature, beginning with

2Both assumptions lead to a relation of the form (1). However, the interpre-
tation of the coefficient £ in terms of underlying model parameters is different in
the two cases, as discussed in Sbordone (2002).

3The derivation here corrects the analysis given in Woodford (2003, chap. 5,
sec. 3), to take account of an error in the original calculations noted by Sveen
and Weinke (2004a).
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Gali and Gertler [1999], equation [1] is estimated in a form that re-
sults directly in an estimate of the frequency of price adjustment
rather than of the elasticity £.) Furthermore, it is often argued that
estimated values of £ are so small as to imply that prices are sticky
for an implausibly long length of time; this is taken to cast doubt on
the realism of the Calvo pricing model and hence of the aggregate-
supply specification (1). But the mapping between the frequency of
price adjustment and the value of £ is different in the case of firm-
specific capital than under the more common assumption of a rental
market for capital services.* The assumption of a rental market for
capital substantially weakens the degree of strategic complementar-
ity among the pricing decisions of different firms—or alternatively,
it reduces the importance of real rigidities in the sense of Ball and
Romer (1990)—with the consequence that £ is larger for any given
frequency of price adjustment. It then follows that a small estimated
value of £ will be taken to imply very infrequent price adjustment.
But allowing for firm-specific capital can make the implied frequency
of price adjustment much greater, as shown in section 3.4 below.
The fact that an assumption that capital is firm specific will lead
to a lower estimate of the degree of price stickiness was first demon-
strated by Sbordone (1998) and also illustrated by Gali, Gertler,
and Lopez-Salido (2001). However, in these papers, the treatment
of capital as firm specific is accompanied (at least implicitly) by an
assumption that the capital stock of each firm is exogenously given,
as in the analysis in Woodford (2003, chap. 3), rather than respond-
ing endogenously to the firm’s incentives to invest. This is because
it is only in this case that a specification of the form (2) remains
consistent with the assumption of firm-specific capital. The analy-
sis here instead presents an analysis of aggregate supply in the case
that capital is both firm specific and endogenous.’® This case is a

41t is also different under the assumption of a fixed quantity of capital for each
firm, as noted above. However, that simple model is disconfirmed by the observa-
tion that capital varies over time, and that investment spending is substantially
affected by monetary disturbances.

®Subsequent to the first circulation of these notes, Eichenbaum and Fisher
(2004), Altig et al. (2005), and Matheron (2005) have built on the analysis here
to examine the consequences of endogenous firm-specific capital for the estimated
frequency of price adjustment in empirical versions of the New Keynesian Phillips
curve. These authors extend the present analysis to more complicated versions
of (1) that allow a closer fit to aggregate U.S. time series.
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good deal more complicated to analyze, but it turns out still to be
possible to derive an aggregate-supply relation that (in a log-linear
approximation) takes the simple form (1).

The paper proceeds as follows. In section 1, I introduce a model
of firm-specific investment demand with convex costs of adjustment
of an individual firm’s capital stock, with particular attention to
the way in which standard neoclassical investment theory must be
modified when the firm is not a price-taker in its product market, but
instead fixes its price for a period of time and fills whatever orders it
may receive. In section 2, I then consider the price-setting problem
of such a firm, under the assumption that the price remains fixed for
a random interval of time, and characterize the joint dynamics of the
firm’s price and its capital stock. Finally, in section 3, I derive the
model’s implications for the form of the aggregate-supply relation
that connects the overall inflation rate with the overall level of real
activity, and discuss the consequences for the inference about the
frequency of price adjustment that can be drawn from an estimate
of the elasticity € in (1).

1. Investment Demand when Prices Are Sticky

I wish to analyze the relation between inflation and aggregate out-
put in a model with staggered pricing (modeled after the fashion
of Calvo [1983] and Yun [1996]) and endogenous capital accumu-
lation. The main source of complication in this analysis is the as-
sumption that the producers of individual differentiated goods (that
adjust their prices at different dates) invest in firm-specific capital
that is relatively durable, so that the distribution of capital stocks
across different firms (as a result of differing histories of price ad-
justment) matters, and not simply the economy’s aggregate capital
stock. Nonetheless, I shall show that (in the same kind of log-linear
approximation that is used in standard derivations of the New Key-
nesian Phillips curve) it is possible to derive structural relations that
constitute the “aggregate supply block” of a macro model, which in-
volve only the economy’s aggregate capital stock, aggregate output,
and overall index of prices.

A first task is to develop a model of optimizing investment de-
mand by suppliers with sticky prices, and that are demand con-
strained as a result. As in the sticky-price models with exogenous
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capital presented in Woodford (2003, chap. 3), there is a continuum
of differentiated goods, each supplied by a single (monopolistically
competitive) firm. The production function for good i is assumed to

be of the form
ye(1) = ke () f(Aehe(2) /e (0)), (3)

where f is an increasing, concave function, with f(0) = 0. I assume
that each monopoly supplier makes an independent investment deci-
sion each period; there is a separate capital stock k(i) for each good,
which can be used only in the production of good 1.

I also assume convex adjustment costs for investment by each
firm, of the usual kind assumed in neoclassical investment theory.
Increasing the capital stock to the level k41 (7) in period t+1 requires
investment spending in the amount I;(:7) = I(ki11(2)/ke(2))ki(i) in
period t¢. Here I;(i) represents purchases by firm i of the composite
good, defined as the usual Dixit-Stiglitz aggregate over purchases of
each of the continuum of goods (with the same constant elasticity of
substitution # > 1 as for consumption purchases).% In this way, the
allocation of investment expenditure across the various goods is in
exactly the same proportion as consumption expenditure, resulting
in a demand curve for each producer that is again of the form

i) = ¥, (1%) -’ ()

but where now aggregate demand is given by Y; = C; + I; + G,
in which expression C; is the representative household’s demand
for the composite good for consumption purposes, G; is the gov-
ernment’s demand for the composite good (treated as an exogenous
random variable), and I; denotes the integral of I;(i) over the various
firms .

I assume as usual that the function I(-) is increasing and convex;
the convexity implies the existence of costs of adjustment. I further
assume that near a zero growth rate of the capital stock, this func-
tion satisfies I(1) = 4§, I'(1) = 1, and I"(1) = €y, where 0 < ¢ < 1
and €, > 0 are parameters. This implies that in the steady state to
which the economy converges in the absence of shocks (which here

5See Woodford (2003, chap. 3) for discussion of this aggregator and its con-
sequences for the optimal allocation of demand across alternative differentiated
goods.
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involves a constant capital stock, as I abstract from trend growth),
the steady rate of investment spending required to maintain the cap-
ital stock is equal to ¢ times the steady-state capital stock (so that
d can be interpreted as the rate of depreciation). It also implies that
near the steady state, a marginal unit of investment spending in-
creases the capital stock by an equal amount (as there are locally
no adjustment costs). Finally, in my log-linear approximation to the
equilibrium dynamics, €, is the parameter that indexes the degree
of adjustment costs. A central goal of the analysis is consideration
of the consequences of alternative values for €,; the model with ex-
ogenous firm-specific capital presented in Woodford (2003, chaps. 3,
4) is recovered as the limiting case of the present model in which e
is made unboundedly large.

Profit-maximization by firm ¢ then implies that the capital stock
for period t 4+ 1 will be chosen in period t to satisfy the first-order
condition

I'(g4(1)) = ErQua1 g1 {ppi1 (4)
+ g1 ()1 (ge41(8)) — I(ge41(i)) } (5)

where g,(i) = ki1(4)/ke(7), ppypq(i) is the (real) shadow value of a
marginal unit of additional capital for use by firm ¢ in period ¢ + 1
production, and @y 4+11I; 41 is the stochastic discount factor for eval-
uating real income streams received in period t 4+ 1. Expressing the
real stochastic discount factor as SA;+1/A:, where \; is the repre-
sentative household’s marginal utility of real income in period t and
0 < B < 1 is the utility discount factor, and then log-linearizing (5)
around the steady-state values of all state variables, we obtain

At + g (ki1 (6) — ke(0) = Bxdir + [1— B(L = )| Eepyy (i)
+ Bey Er(kisa(i) — ki (i), (6)

where Ay = log(A/A), k(i) = log(k:(i)/ K), p,(i) = log(p,(i)/p), and
variables with bars denote steady-state values.

Note that p,(7) would correspond to the real “rental price” for
capital services if a market existed for such services, though I do not
assume one here.” It is not possible in the present model to equate

"The case in which there is a rental market for capital services is instead
considered in section 3.2 below.
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this quantity with the marginal product, or even the marginal rev-
enue product of capital (using the demand curve [4] to compute
marginal revenue), for suppliers are demand constrained in their
sales, given the prices that they have posted; it is not possible to
increase sales by moving down the demand curve. Thus the shadow
value of additional capital must instead be computed as the reduc-
tion in labor costs through substitution of capital inputs for labor,
while still supplying the quantity of output that happens to be de-
manded. In this way I obtain

— f(ha(i)) = ha (i) f'(ha(i)
Py (i) (4) ( Aef!(he(3)) > ’

where w;(7) is the real wage for labor of the kind hired by firm ¢ and
hi(i) = Aphy(i)/ki (i) is firm i’s effective labor-capital input ratio.®
I can alternatively express this in terms of the output-capital ratio
for firm ¢ (in order to derive an “accelerator” model of investment
demand), by substituting (3) to obtain

i) = B ) R ) -1 (0

where ¢(y/k) is the reciprocal of the elasticity of the function f,
evaluated at the argument f~1(y/k).

As in the baseline model treated in Woodford (2003, chap. 3),
I shall assume a sector-specific labor market. In this case, the first-
order condition for optimizing labor supply can be written in the

form
v 1 't 7 t 1 t { tyGt

where labor demand has been expressed as a function of the demand
for good 4. This can be log-linearized as

~

Wi(i) = v(he(i) — he) — Ay,

8Note that in the case of a flexible-price model, the ratio of w;(i) to the
denominator would always equal marginal revenue, and so this expression would
equal the marginal revenue product of capital, though it would be a relatively
cumbersome way of writing it.
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where v > 0 is the elasticity of the marginal disutility of labor with
respect to labor supply, and h; is an exogenous disturbance to pref-
erences, indicating the percentage increase in labor supply needed to
maintain a constant marginal disutility of working. Substituting (8)
into (7) and log-linearizing, I obtain

) = (v + 50y ) G0) = R0) 4 ) = A= 9
where ¢;, > 1 is the steady-state value of ¢(y/k) (i.e., the reciprocal
of the elasticity of the production function with respect to the labor
input), and w, > 0 is the negative of the elasticity of the marginal
product f'(f~!(y/k)) with respect to y/k. The composite exogenous
disturbance ¢; is defined as

QG = w_l[l/ﬁt + (1 + v)ay,

where a; = log Ay; it indicates the percentage change in output re-
quired to maintain a constant marginal disutility of output supply,
in the case that the firm’s capital remains at its steady-state level.”?
Substituting (9) into (6), I then have an equation to solve for the dy-
namics of firm 4’s capital stock, given the evolution of demand g (i)
for its product, the marginal utility of income ;\t, and the exogenous
disturbance ¢;.

As the coefficients of these equations are the same for each firm,
an equation of the same form holds for the dynamics of the aggre-
gate capital stock (in our log-linear approximation). The equilibrium
condition for the dynamics of the capital stock is thus of the form

j\t + €¢(kt+1 - f(t) =p(1 - 5>Et;\t+1 +

[1—B(1=0)lpyEYit1 — ppKii1 — wEqei1] + Bep Er(Kpya — Kiyr),
(10)

where the elasticities of the marginal valuation of capital are given
by
Pn

¢p—1

9That is, ¢; measures the output change that would be required to maintain a
fixed marginal disutility of supply given possible fluctuations in preferences and
technology, but not taking account of the effect of possible fluctuations in the
firm’s capital stock. With this modification of the definition given in Woodford
(2003, chap. 3) for the model with exogenous capital, ¢; is again an exogenous
disturbance term.

py = vy, + wp > pp =py, —v > 0.
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The implied dynamics of investment spending are then given by
Iy = k[Kps1 — (1= 8)KY), (11)

where I, is defined as the percentage deviation of investment from its
steady-state level, as a share of steady-state output, and k = K/Y
is the steady-state capital-output ratio.

Thus far I have derived investment dynamics as a function of the
evolution of the marginal utility of real income of the representative
household. This is in turn related to aggregate spending through the
relation Ay = u.(Y: — It — G; &), which we may log-linearize as

At = —U_I(Yt - ft - gt)7 (12)

where the composite disturbance g; reflects the effects both of gov-
ernment purchases and of shifts in private impatience to consume.'?
Finally, because of the relation between the marginal utility of in-
come process and the stochastic discount factor that prices bonds,!
the nominal interest rate must satisfy

Lty = {BE o1/ MaTle)]}
which one may log-linearize as
it = Etﬂ-t—i—l + j\t - Etj\t-i-l- (13)

The system of equations (10)—(13) then comprises the “IS block” of
the model. These jointly suffice to determine the paths of the vari-
ables {Yt, I, Ky, A}, given an initial capital stock and the evolution
of short-term real interest rates {i; — Eymy+1}. The nature of the ef-

fects of real interest-rate expectations on these variables is discussed
further in Woodford (2004).

10Note that the parameter ¢ in this equation is not precisely the intertemporal
elasticity of substitution in consumption, but rather C'/Y times that elasticity.
In a model with investment, these quantities are not exactly the same, even in
the absence of government purchases.

1See Woodford (2003, chaps. 2, 4) for further discussion of the stochastic
discount factor and the Fisher relation between the nominal interest rate and
expected inflation.
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2. Optimal Price Setting with Endogenous Capital

I turn next to the implications of an endogenous capital stock for
the price-setting decisions of firms. The capital stock affects a firm’s
marginal cost, of course; but more subtly, a firm considering how its
future profits will be affected by the price it sets must also consider
how its capital stock will evolve over the time that its price remains
fixed.

I begin with the consequences for the relation between marginal
cost and output. Real marginal cost can be expressed as the ratio of
the real wage to the marginal product of labor,

St(i) = wili) :
At (f (e (i) / ke ()

Again writing the factor input ratio as a function of the capital-
output ratio, and using (8) for the real wage, we obtain

on (f (g (9) /Rt () ke (4) /A €4)
M AS (f 7y (0) /e (2)))

for the real marginal cost of supplying good ¢. This can be log-
linearized to yield

(14)

St(i) = (15)

~

51(1) = w(@e(i) — k(i) — qr) + vhe(i) = Ar, (16)

where §;(i) = log(s¢(7)/5), and w = wy +wp = v, +wp > 0 is
the elasticity of marginal cost with respect to a firm’s own output.

Letting §; without the index i denote the average level of real
marginal cost in the economy as a whole, I note that (16) implies
that

51(6) = 3+ w (i) = Vi) — (W = ) (ke(i) - Ko). (17)

Then using (4) to substitute for the relative output of firm ¢ in (17),
one obtains

8(1) = 8 — (w — V)i (i) — wOP(3), (18)
where (i) = log(pe(i)/P;) is the firm’s log relative price, and k(i) =
k(i) — K, is its log relative capital stock. Note also that the average
level of real marginal cost satisfies

St = w(f/} — Kt — Qt) + l/f(t — 5\13. (19)
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Following the same logic as in Woodford (2003, chap. 3), the
Calvo price-setting framework implies that if a firm i resets its price
in period ¢, it chooses a price that satisfies the (log-linear approxi-
mate) first-order condition

> (@B Eilpesn(i) — 3e4n ()] = 0, (20)
k=0

where 0 < « < 1 is the fraction of prices that are not reset in
any period. Here I introduce the notation E@ for an expectation
conditional on the state of the world at date ¢, but integrating only
over those future states in which i has not reset its price since period
t. Note that in the case of any aggregate-state variable z; (i.e., a
variable the value of which depends only on the history of aggregate
disturbances, and not on the individual circumstances of firm i),
EA%':L‘T = FEyxp, for any date T > t. However, the two conditional
expectations differ in the case of variables that depend on the relative
price or relative capital stock of firm 4. For example,

Eiprix(i) Z Eimiy g (21)

for any k > 1, since firm ¢’s price remains unchanged along all of the
histories that are integrated over in this case. Instead, the expecta-
tion when one integrates over all possible future states conditional
upon the state of the world at date t is given by

Eipii1(i) = a[pe(i) — Eymopr] + (1 — o) Eypy 1 (3), (22)

where pj (i) is the (log) relative price chosen when i reconsiders its
price at date ¢. (Similar expressions can be given for horizons k > 1.)

Substituting (18) for s,,4(7) and (21) for Eip,4x(i) in (20), one
obtains

(1+w0)p; (i) =

k

(1—apB) Z YE | Sk + (14 wb) Zﬂ'tJrj — (w = V)key(i)
k=0 Jj=1
(23)
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for the optimal relative price that should be chosen by a firm that
resets its price at date t. This relation differs from the result obtained
in Woodford (2003, chap. 3) for a model with exogenous capital only
in the presence of the Eik, (i) terms.

The additional terms complicate the analysis in several re-
spects. Note that the first two terms inside the square brackets are
aggregate-state variables, so that the distinction between Eg and F;
would not matter in this expression, were it not for the dependence
of marginal cost on i’s relative capital stock; it is for this reason that
the alternative form of conditional expectation did not have to be
introduced in Woodford (2003, chap. 3). However, in the model with
endogenous capital, it is important to make this distinction when
evaluating the Ekak (i) terms.'? Furthermore, these new terms will
not have the same value for all firms 7 that reset their prices at date
t, for they will depend on i’s relative capital stock k(i) at the time
that prices are reconsidered; hence pj(7) is no longer independent
of 4, as in the model with exogenous capital (or a model with an
economy-wide rental market for capital). And finally, (23) is not yet
a complete solution for the optimal price-setting rule, since the value
of the right-hand side still depends on the expected evolution of i’s
relative capital stock; this in turn depends on the expected evolution
of i’s relative price, which depends on the choice of p; (7). A complete
solution for this decision rule requires that one consider the effect of
a firm’s relative price on the evolution of its relative capital stock.

2.1 Dynamics of the Relative Capital Stock

Equation (10) implies that i’s relative capital stock must evolve in
accordance with the relation

ep (ki1 (1) = ke (1)) = [1 = B(1 = 6)]lpy Bt (Jer1(0) — Vi) — prkesa (i)]
+ BeyBy(ksa(i) — ke (i)

Again using 7’s demand curve to express relative output as a function
of the firm’s relative price, this can be written as

EQ(L)kiy2(i)] = EEpri (i), (24)

21t is the failure to distinguish between E! and E; in evaluating these terms
that results in the incorrect calculations in the treatment of the present model
in Woodford (2003, chap. 5) noted by Sveen and Weinke (2004a).
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where the lag polynomial is

QL) =0 —[1+ 8+ (1= B(1—8))ppey 1L+ L?,

and
E=(1-8(1-10)p,be," >0.

I note for later reference that the lag polynomial can be factored as

QL) = B — p L)(1 = paL).

Given that Q(0) = 8 > 0, Q(8) < 0, Q(1) < 0, and that Q(z) > 0
for all large enough z > 0, one sees that p, 1o must be two real roots
that satisfy 0 < py < 1 < 71 < pio.

Equation (24) cannot yet be solved for the expected evolution of
the relative capital stock because of the dependence of the expected
evolution of i’s relative price (the “forcing term” on the right-hand
side) on the expected evolution of the relative capital stock itself,
for reasons just discussed. However, one may note that insofar as i’s
decision problem is locally convex, so that the first-order conditions
characterize a locally unique optimal plan, the optimal decision for i’s
relative price in the event that the price is reset at date t must depend
only on ¢’s relative capital stock at date t and on the economy’s
aggregate state. Thus a log-linear approximation to ¢’s pricing rule
must take the form 3

B (6) = B — Vhi(a), (25)
where p; depends only on the aggregate state (and so is the same
for all 7), and v is a coefficient to be determined below.

Note that the assumption that the firms that reset prices at date
t are drawn with uniform probability from the entire population
implies that the average value of k(i) over the set of firms that reset
prices is zero (just as it is over the entire population of firms). Hence
Py is also the average relative price chosen by firms that reset prices
at date t, and the overall rate of price inflation will be given (in our
log-linear approximation) by

l-a,,
Pt (26)

Tt =
Substitution of this, along with (25), into (22) then yields

Eipria (i) = apr(i) — (1 — )bk g1 (3). (27)
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Similarly, the optimal quantity of investment in any period ¢ must
depend only on ¢’s relative capital stock in that period, its relative
price (which matters as a separate argument of the decision rule in
the event that the price is not reset in period t), and the economy’s
aggregate state. Thus a log-linear approximation to ¢’s investment
rule must imply an expression of the form

ki1 (i) = M (i) — 754(0), (28)

where the coefficients A and 7 remain to be determined. This in turn
implies that

Eykyyo(i) = Moy (i) — TEtﬁerl(i)
=M+ (1 —a)m]ker1(2) — arpe(i),

using (27) to substitute for Eyp;q1(i) in the second line. Using this
to substitute for Eiki12(i) in (24), and again using (27) to substi-
tute for Eypyy1(i), we obtain a linear relation that can be solved for
ki+1(i) as a linear function of k(i) and py(7). The conjectured solu-
tion (28) satisfies this equation, so that the first-order condition (24)
is satisfied, if and only if the coefficients A and 7 satisfy

R(X;4) =0, (29)

(1 —afBN)T = Za), (30)

where
R ) = (871 = ad)Q(BA) + (1 — a)EpA

is a cubic polynomial in A, with a coefficient on the linear term that
depends on the value of the (as yet unknown) coefficient . Condition
(29) involves only A (given the value of ); given a solution for A,
(30) then yields a unique solution for 7, as long as A # (a3)~1.13

The dynamics of the relative capital stock given by (28), together
with (27), imply an expected joint evolution of i’s relative price and
relative capital stock satisfying

131t is obvious from (30) that no solution with A = (a3)™*! is possible, as long
as 2 > 0, as we assume here (i.e., there exists some cost of adjusting capital).
Even in the case that = = 0, such a solution would violate condition (32) below,
so one can exclude this possibility.
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Eprya (i) at+(1—a)ry —(1—a)pA (i)
z;tJrl(i) —T A ];‘t(l)
(31)

This implies convergent dynamics—so that both the means and vari-
ances of the distribution of possible future values for ¢’s relative price
and relative capital stock remain bounded no matter how far in the
future one looks, as long as the fluctuations in the average desired
relative price pf are bounded—if and only if both eigenvalues of the
matrix in this equation are inside the unit circle. This stability con-
dition is satisfied if and only if

A<al (32)
A<1—79, (33)
and )
—
A>—1— . 4
> Harw (34)

These conditions must be satisfied if the implied dynamics of firm
1’s capital stock and relative price are to remain forever near enough
to the steady-state values around which I have log-linearized the
first-order conditions for the solution to the linearized equations to
accurately approximate a solution to the exact first-order conditions.
Hence the firm’s decision problem has a solution that can be char-
acterized using the local methods employed above only if equations
(29)—(30) have a solution (A, 7) satisfying (32)—(34). I show below
that a unique solution consistent with these bounds exists, in the
case of large enough adjustment costs.

2.2 The Optimal Pricing Rule

I return now to an analysis of the first-order condition for optimal
price setting (23). The term that depends on firm 4’s own intended
future behavior is proportional to

o0

> (B Bk (i).

k=0
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It is now possible to write this term as a function of i’s relative
capital stock at the time of the pricing decision and of the expected
evolution of aggregate variables, allowing me to obtain an expression
of the form (25) for the optimal pricing rule.

Equation (28) for the dynamics of the relative capital stock im-
plies that

k
Elkiirir (i) = AE(Ry g (6) — 7[pe(i) — B0 Y 7o)

for each k > 0, using (21) to substitute for Elp, (7). This can be
integrated forward (given that'* |\| < (/3)~!), to obtain
> (@B Eikipr(i) = (1 — aBA) k(i)
k=0
7 o Peli) — i(aﬁ)kEth . (35)
(= aB)(1— B 2

Substitution of this into (23) then yields

697(0) = (1= ) 3 (08) Ersrsn + 6 Y () Brmia = (= v) s,
k=0 k=1
where 5
_ oy OB
p=14+wh— (w V)Tl_aﬁ)\. (36)

The solution to this equation is a pricing rule of the conjectured form
(25) if and only if the process p; satisfies

op; = (1—aB) Y (aB) Ersep + ¢Z(aﬁ)kEt7Tt+ka (37)

k=0 k=1
where §; is defined by (19), and the coefficient v satisfies

1—ap

T aBn (38)

o = (w-v)

Note that (33)—(34) jointly imply that A\ > —a~'. Hence any solution con-
sistent with the stability conditions derived in the previous section must imply
convergence of the infinite sum in (35).
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Note that this last equation can be solved for v, given the values
of A and 7; however, the equations given earlier to determine A and
7 depend on the value of . Hence equations (29), (30), and (38)
comprise a system of three equations that jointly determine the co-
efficients A, 7, and v of the firm’s optimal decision rules.

This system of equations can be reduced to a single equation for
A in the following manner. First, note that for any conjectured value
of A # 0, (29) can be solved for 1. This defines a function!®

(L—aBNQ(BN)

A)=—
v (1 —a)B=EA
Similarly, (30) defines a function'®
aZA

Substituting these functions for ¢» and 7 in (38), one obtains an
equation in which A is the only unknown variable. Multiplying both
sides of this equation by (1 — a)3(1 — aBA)ZEN,'7 one obtains the
equation

V() =0, (40)
where V() is the quartic polynomial

Vi) =[1+wd)(1 - afN)? — a?B(w — v)ZENQ(BA)
+ (1 —a)(1 —af)(w—1v)EA. (41)

Finally, one can write the inequalities (32)—(34) as restrictions
upon the value of A alone. One observes from the above discussion
that the product 7(A)(A) is well defined for all A, and equal to
—(a/1 —a)B7'Q(BA). Using this function of A to replace the terms
71 in the previous inequalities, one obtains an equivalent set of three
inequalities,

A<ah (42)

5The function is not defined if A = 0. However, since Q(0) # 0, it is clear
from (29) that A # 0, for any economy with some adjustment costs (so that E is
finite).

The function is not defined if A = («3)™!, but that value of A\ would be
inconsistent with (33) and (34) holding jointly, as noted above.

17This expression is necessarily nonzero in the case of the kind of solution that
we seek, for the reasons noted in the previous two footnotes.
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«

-1 |
CATQEBN S 1< A< AN L (43)

that A must satisfy.
I can then summarize my characterization of a firm’s optimal
pricing and investment behavior as follows.

Proposition 1. Suppose that the firm’s decision problem has
a solution in which, for any small enough initial log relative capital
stock and log relative price of the individual firm, and in the case that
the exogenous disturbance ¢; and the aggregate variables Y;, K, ¢,
and 7 forever satisfy tight enough bounds, both the conditional
expectation E¢k; ;(7) and the conditional variance var;k;4;(7) remain
bounded for all j, with bounds that can be made as tight as one likes
by choosing sufficiently tight bounds on the initial conditions and
the evolution of the aggregate variables.'® Then the firm’s optimal
decision rules can be approximated by log-linear rules of the form
(25) for p;(i) in periods when the firm reoptimizes its price and
(28) for the investment decision k41 (i) each period. The coefficient
A in (28) is a root of the quartic equation (40), that satisfies the
inequalities (42)—(43). The coefficient 7 in (28) is furthermore equal
to 7(XA), where the function 7(-) is defined by (30), and the coefficient
1 in (25) is equal to 1(\), where the function ¢ (-) is defined by (38).
Finally, the intercept p; in (25) is given by (37), in which expression
the process {5;} is defined by (19).

This result gives a straightforward algorithm that can be used to
solve for the firm’s decision rules, in the case that local methods
suffice to give an approximate characterization of optimal behavior
in the event of small enough disturbances and a small enough initial
departure of the individual firm’s situation from that of an average
firm. The two decision rules (25) and (28), together with the law of
motion
pe(1) = Pr—1(i) — m

for any period ¢ in which ¢ does not reoptimize its price, then al-
low a complete solution for the evolution of the firm’s relative cap-
ital stock and relative price, given its initial relative capital stock

18Note that this is the only condition under which local log-linearizations of
the kind used above can suffice to approximately characterize the solution to the
firm’s problem.
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and relative price and given the evolution of the aggregate variables
{)/;fa Kta )\ta T, Qt}

2.3 FEmistence of a Solution

Proposition 1 does not guarantee the existence of a nonexplosive
solution to the firm’s decision problem. The following result, however,
shows that at least in the case of large enough adjustment costs, there
is a solution of the kind characterized in proposition 1.

Proposition 2. Let household preferences, the production func-
tion, the rate of depreciation of capital, and the frequency of price
changes all be fixed, but consider alternative specifications of the in-
vestment adjustment-cost function I(-), all of which are twice differ-
entiable, increasing, convex, and satisfy I(1) = §, I'(1) = 1. Then for
any adjustment-cost function for which the value of ¢, = I”(1) > 0 is
large enough, the polynomial (40) has a unique real root A satisfying
(42)—(43). It follows that the firm decision problem has a solution
of the kind described in proposition 1. Furthermore, in this solution
0< A<1,and 7, ¢, and 1 are all positive. In the limit as = — 0,
A—=1,7—0,¢— 14+ wh, and

w—v
gb_>1+w9

> 0.

This result can be established by considering the way in which
the polynomial (40) depends on the value of Z, which in turn varies
inversely with €,. Note that the steady-state allocation associated
with zero inflation (or flexible prices) is determined independently
of the assumed degree of adjustment costs, and so the values of the
parameters o, 3, 4, v, w, 0, p,, and p; are all given, regardless of the
variation considered in the value of €,. The coefficient = is then equal
to a positive constant divided by €y, so that one may equivalently
consider the consequences of varying the value of = while holding
fixed the values of the parameters listed above. I am then interested
in the roots of V() as the value of = approaches zero.

Since the definition (41) involves the polynomial Q(z), it is first
necessary to consider how this polynomial depends on the value of
=. One observes that

Q(z) =2 — (14 B+ cE)z + B,
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where

c Pk > 0.
pyY

One can then write

VINE) =V (N + V()

(1]

+ (A)=2,

N | =
o
(1l

where the polynomials
V() = (1+wd)(1—aBfA)?B(1—A)(1-pN),
V=(\) = B(1—aBN)[1—a(1+8)+aBA(w—v)A—(1+wh) (1—aBN)?ec),

and Vzz(\) are each independent of the value of E.

When = = 0, the roots of V() are simply the roots of V()),
which are easily seen to be \; =1, Ao = 871, and A3 = \y = (ap)~L.
By continuity, any real roots in the case of a small enough positive
value of Z will also have to be close to one of the roots of V().

It is easily seen that no such root can satisfy the inequalities (42)—
(43), unless it is a root near 1. Because Q(5A2;0)Q(1;0) = 0, the
right-most term in (43) is equal to 1, so that the second inequality
is violated when A = A9, = = 0. By continuity, the second inequality
of (43) will also necessarily be violated by any root near A\ in the
case of any small enough value of =. Similarly, because Q(8\3;0) =
Q(a1;0) = a(a™! - B)(1 — a), the right-most term is negative,
and the second inequality is again violated, when A = A3 = A4,
= = 0. Hence any roots near these will also violate the inequality
in the case of any small enough value of =. Thus there can be at
most one root of (40) that satisfies the inequalities for small positive
values of =, and it must be near 1.

Because V(1) < 0, V()\) will continue to have a real root \;(Z)
near 1 for all small enough values of =, and the implicit function
theorem implies that

dA V=(1
d—El 0) = — =(1)

Since
V=(1) = 6(1 = aB)(1 - @) (w = v) = (1 + wb)(1 — ap)’c
< (1=ap)?[(w—v) = (1+wh)c]
= (1—ap)’[(wp,' =)y =] <0,
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using the fact that p, > w in the final line and
V(1) = ~(1 +wb)B(1 - B)(1 - aB)* <0,

it follows that I\
1
= (0) < 0.
Thus there is a real root 0 < Ay < 1 for all small enough positive
values of Z. This root necessarily also satisfies (42).

Since Q(3;0) = 0, the left-most term of (43) is near —1 for all
small enough values of Z; hence the first inequality of (43) is satisfied
by the root A1 as well. However, both sides of the second inequality
are equal to 1 when = = 0; thus in order to determine whether the
inequality holds when = > 0, one must determine the sign of the

derivative p O(AM(E):Z)
—_ o 1(2)/ =
D=— =) —
= | ME T g
at = = 0. Since
d —_ = dA
EQBME)E) = =601 Bz — fe

at = = 0, it follows that

1—afd\ «
b= l—a d= 1—ac
:(w—y)—(1+w9)c
(1-0)(1+wh)
w1y —d
 (1-8)(1+w)

Thus for all small enough = > 0, the second inequality of (43) holds
as well, and A = A\ (E) is the solution asserted to exist in the propo-
sition.

It then follows from (39) that associated with this solution is a
positive value of 7, and that 7 — 0 as = — 0. It similarly follows from
(36) that the associated value of ¢ is positive for all small enough
values of =, and that ¢ — 1 4+ wf as = — 0. Finally, it follows from
these results and (38) that the associated value of 1 is positive,'?

19Recall that our assumptions require that w > v.
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and that it approaches the positive limit stated in the proposition
as = — 0. Proposition 2 is thus established.

Proposition 2 guarantees that a solution to the firm’s optimiza-
tion problem that can be characterized using the local methods em-
ployed above will exist for at least some economies, namely, those
in which adjustment costs are large enough. The proposition also
implies that in the limit of large adjustment costs, the optimal price-
setting rule approaches the one derived in Woodford (2003, chap. 3)
under the assumption of an exogenously given capital stock for each
firm. Thus the exogenous-capital model represents a useful approx-
imation to the equilibrium dynamics in a model with endogenous
capital accumulation, if adjustment costs are large enough.

Numerical exploration of the properties of the polynomial (40)
suggests that adjustment costs do not have to be large in order for
the analysis given above to apply. In figure 1, model parameters are
assigned the values given in table 1,20 while the values of « and € are
allowed to vary. The figure indicates for which part of the a—¢,, plane
the polynomial (40) has a unique real root satisfying the bounds
(42)-(43). Except in the case of very high values of o (av > 0.93,
corresponding to an average interval between price changes longer
than three and one-half years), a unique real root of this kind exists

Table 1. Numerical Parameter Values

6 0.99

v 0.11
o 0.75
Wy 0.33

6 —1)"1 0.15
) 0.12

20These are the same parameter values used in the numerical illustrations in
Woodford (2004), which are in turn chosen for comparability with the numerical
analyses of related models in Woodford (2003). (The justification for interest in
these values is discussed in both of those sources.) Thus, for example, in figure
1, one sees that if @« = 0.66, a unique solution exists for all possible values of
€y; this explains why it is possible to present solutions for alternative values of
€y in figure 1 of Woodford (2004). In this calibration of the model, periods are
understood to correspond to quarters.



24 International Journal of Central Banking September 2005

Figure 1. Values of a and ¢, for which a Solution of the
Kind Characterized in Proposition 1 Exists

1 0 T ! I ! ] ! 1 ! !

1= - IR i it e [J unigque real root
. i < . . 5 Dnomalmol

in the case of any €, > 0. If we suppose that €, = 3 (the calibration
used in Woodford 2004), then a solution exists in the case of any
a less than 0.978 (i.e., as long as prices are changed at least once
every eleven years, on average). In the case of very high values of
«, a solution does not exist, except in the case of very high values
of e¢,21 and when it does not, the solution to the firm’s problem
cannot be characterized using the local methods employed above.??
But such high values of « are clearly not empirically realistic, so we
need not be concerned with this case.

2Tt may appear from the figure that no solution is possible when a exceeds
0.99, but this is because the vertical axis is truncated at e, = 10. If o = 0.995,
a solution exists in the case of all €, > 22.2; if a = 0.999, a solution exists in
the case of all €, > 88.2. Thus a solution does always exist in the case of large
enough adjustment costs, in accordance with proposition 2.

22This may, for example, be due to a failure of the firm’s problem to be locally
convex. I do not further investigate the problem here, as it does not appear to
arise in cases of practical interest.
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3. Inflation Dynamics

I now consider the implications of the analysis above for the evo-
lution of the overall inflation rate. I show that the model of price
setting presented above implies the existence of a New Keynesian
Phillips curve of the form (1), and then consider the interpretation
of empirical estimates of the slope coefficient £ in this relation.

3.1 A New Keynesian Phillips Curve

Recall that the average log relative price set by firms that reoptimize
at date t is given by (37). This equation can be quasi-differenced
(after dividing by ¢?3) to yield

Pt = (1 —ap)g '8 + afEimi1 + afEp).

Then, using (26) to substitute for p;, one obtains a relation of the
form (1), where
(1—a)(1 —ap)
e20)

Equation (1) is the corrected form of equation (3.17) in Woodford
(2003, chap. 5). Together with (19), it provides a complete charac-
terization of the equilibrium dynamics of inflation, given the evo-
lution of V;, K;, and \;. This pair of equations can be thought of
as constituting the “aggregate supply block” of the model with en-
dogenous capital. They generalize the aggregate-supply equation of
the constant-capital model (expounded in Woodford 2003, chap. 3)
to take account of the effects of changes in the capital stock on real
marginal cost, and hence on the short-run trade-off between inflation
and output.

In the constant-capital model, (19) (after using [12] to substitute
for \¢) reduces to

§

. (44)

si=wVi—q)+o (Y, —q),
which can be equivalently written as

4= (w+ o hHY;, (45)

231t follows from (38) that ¢ # 0, given that (as already discussed) A # (a3) .
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where Y} is the “output gap,” defined as the (log) difference between
actual and flexible-price equilibrium output. Substituting this rela-
tion into (1), one obtains the familiar output-gap formulation of the
New Keynesian Phillips curve,

T = KY; + BBy, (46)

where k = (w +0o71)¢ > 0.
In the model with endogenous (and firm-specific) capital, instead,
(45) takes the more general form

§t = (w + 0'71)?; - O'iljt, (47)

where I; indicates the gap between actual investment (specifically,
the value of ft) and its flexible-price equilibrium level.?* If one sub-
stitutes this relation instead into (1), one obtains a generalization of
(46), R 3

m = kY, — kil + BEm4,

where k is defined as before, but now x; = o~1¢ > 0. Thus while (1)
continues to apply, the relation between inflation and real activity
is no longer as simple as (46). This is a further reason (in addition
to the lack of simple empirical measures of the flexible-price equilib-
rium level of output) why it has been appropriate for the empirical
literature to focus more on estimation of the inflation equation (1)
than of the corresponding aggregate-supply relation.

As with equation (3.17) in Woodford (2003, chap. 5), equation
(1) implies that one can solve for the inflation rate as a function of
current and expected future real marginal cost, resulting in a relation
of the form

o0
m=Y UEd. (48)
§=0
The correct formula for these coefficients is given by
U= ¢,

just as in the model with constant capital discussed in Woodford
(2003, chap. 3). Hence the coefficients do not decay as rapidly with

24See Woodford (2004) for further discussion of the definition of this and related
“gap” variables in this model.
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increasing j as is shown in figure 5.6 of Woodford (2003), in the case
of finite adjustment costs. Nor do the coefficients ever change sign
with increasing j, as occurs in the figure. In the case that & > 0
(as implied by the calibrated parameter values proposed below), an
increase in the expected future level of real marginal costs unam-
biguously requires that inflation increase, and the degree to which
inflation determination is forward looking is even greater than is
indicated by the figure in Woodford (2003).

3.2 The Case of a Rental Market for Capital

I now briefly compare the results obtained above to those that would
be obtained under the assumption of a competitive rental market for
capital services.?® In the literature, when models of staggered pricing
have allowed for endogenous capital accumulation (as, for example,
in Yun [1996] or Chari, Kehoe, and McGrattan [2000]), they have
typically assumed that firms purchase capital services on a competi-
tive rental market, rather than accumulating firm-specific capital as
in the model above. This alternative assumption is of considerable
convenience, since it allows price-setting decisions to be analyzed sep-
arately from the decision to accumulate capital.?6 However, while the
assumption of an economy-wide rental market for capital is purely a
convenience in the case of standard real business-cycle models (i.e.,
one-sector models with a competitive goods market), it is no longer
innocuous in a model where firms are price setters, and so must con-
sider the consequences for their profits of setting a price different
from that of their competitors. As we shall see, alternative assump-
tions about the way in which capital services can be obtained (with
a production technology that is otherwise the same) lead to dif-
ferent conclusions regarding aggregate dynamics. In particular, the
predicted slope of the Phillips-curve trade-off can be affected to an
extent that is quantitatively significant.

I shall consider two versions of a model with a competitive rental
market for capital services. In each case, the production technology

258veen and Weinke (2004b) similarly compare the consequences of these two
assumptions, but instead focus on the differences that result for the implied
impulse responses to disturbances in a complete dynamic stochastic general equi-
librium (DSGE) model.

26The same assumption was used, for example, in the DSGE model with
oligopolistic pricing of Rotemberg and Woodford (1995).
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and the technology of capital accumulation are as described in the
introductory paragraphs of this paper, except that now capital goods
are either accumulated by households and rented to the firms that
produce the goods that are used for consumption and investment, or
they are accumulated by a special set of firms that accumulate capi-
tal and then rent capital services to the goods-producing firms. (Our
equilibrium relations will be the same, whether capital is accumu-
lated by households or by a special set of firms.) There is assumed to
be a competitive market for capital services each period, with rental
rate p, in period t. (Note that this rental rate is no longer indexed
by the firm that uses the capital.)

It follows that for each household or firm ¢ that accumulates
capital, its holdings of capital {k;(7)} must evolve in accordance with
the first-order condition (5), except that now the firm-specific shadow
value p; (i) is replaced by the market rental rate p;,,, with the
same value for all 7. Log-linearization of this condition again leads to
a relation of the form (6) for each 4, but with p,,,(7) replaced simply
by pyy1. Assuming that one starts from a symmetric distribution of
capital ko(z7) = K for all 4, one will similarly have a common capital
stock k(i) = Ky in all subsequent periods, since each household or
firm solves an identical optimization problem. The aggregate capital
stock will then also evolve in accordance with (5) or, up to a log-
linear approximation, in accordance with (6).

An optimal demand for capital services by a goods-producing
firm i (not to be confused with a firm ¢ that accumulates capital)
again requires that the firm’s output-capital ratio satisfy (7), though
(7) is now a first-order condition for a firm that takes as given the
cost of capital services p,, rather than a definition of the shadow value
of additional capital services, and p,(7) must now be replaced by the
common rental rate p, for all <. There are two possible assumptions
that may be made regarding labor inputs. In the literature, when a
rental market for capital services is assumed, it is often also assumed
that all sectors hire the same kind of labor, and that there is a single
economy-wide labor market as well; this is the case of “homogeneous
factor markets” treated in Woodford (2003, chap. 3).27 In this case,

27Tt is the case assumed in the derivation of a New Keynesian Phillips curve in
Gali and Gertler (1999) and in the baseline case considered in Sbordone (1998,
2002). Note that a single economy-wide labor market is also assumed in the anal-
ysis of the consequences of an exogenous firm-specific capital stock in Sbordone
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every firm 7 faces a common wage, so that w;(i) = w;. It then follows
from (7) that each firm ¢ will choose a common output-capital ratio;
firms with higher demand for their products (because of lower prices)
will choose to use a proportionately higher quantity of capital ser-
vices and a proportionately higher quantity of labor as well. It then
follows from (14) that the marginal cost of output supply will be the
same for all firms 7 and independent of the quantity produced by any
firm, so that s;(i) = s; for all 4, where the common real marginal
cost s; is an increasing function of both p, and w;. Equation (18)
then reduces simply to
5:(1) = 8.

In this case, frequently assumed in previous derivations of the
New Keynesian Phillips curve, (20) implies that the optimal relative
price that should be chosen by a firm that resets its price at date ¢
is given by

) k
(i) = (1= af) Yy (aB)*Ef |8+ ) T (49)

k=0 j=1

instead of (23). In this case, the quantities inside the brackets are
not firm specific, and there is no need to distinguish between the
conditional expectations E![] and E;[]. Nor is there any need to
solve for the dynamics of a firm’s relative capital stock in order to
evaluate the right-hand side of (49). The right-hand side of (49) is
the same for all 7, and thus gives the value of p;. Equation (49) then
leads directly to an inflation equation of the form (1), with
_ (=) —ap)

&, = o > 0. (50)

Alternatively, we may assume the existence of a sector-specific
labor market for each sector, as in the model developed in this pa-
per for the case of firm-specific capital or the model of “specific

(1998, 2002) and in Gali, Gertler, and Lopez-Salido (2001). For this reason, the
formula for &(«) presented by those authors for the case of firm-specific capital
differs from the one derived in Woodford (2003, chap. 3) under the assumption
of industry-specific labor markets. Eichenbaum and Fisher (2004) also assume an
economy-wide labor market even in their model with firm-specific capital, though
in their case each firm’s capital stock is endogenous as in the model developed
here.
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factor markets” treated in Woodford (2003, chap. 3). In this case,
the real wage for the type of labor hired by firm ¢ is given by a
sector-specific labor supply equation (8). Substituting this into (7)
and log-linearizing, we again obtain equilibrium relation (9) for each
firm ¢, except that p,(i) must now be replaced by the common rental
rate p,. Because p, is now the same for all firms, this conditional for
cost-minimizing production by firm 4 implies that the firm’s relative
capital stock will be a monotonic function of its relative sales, so
that

pr (ke (i) — K1) = py (9:(1) = Y2) (51)
for all 7 at any date.

The marginal cost of production of each firm ¢ is again given by
(17), but we can now use (51) to substitute for the firm’s relative
demand for capital as a function of its relative sales. Then, again
using (4) to substitute for the relative sales of firm 4, one obtains

81(1) = 8¢ — xOpe(4) (52)
instead of (18), where
WP — (w - V)py Vwyp
X = = > 0.
Pk ACTRY)

Note that there is no longer any dependence on the firm’s relative
capital stock (which is no longer a state variable for the firm’s opti-
mization problem).

Once again substituting (52) for s,,1(i) and (21) for Eipy (i)
n (20), one now obtains

00 k
(1+x0)p; (1) = (1 — ap) Z "Ej §t+k+(1+X9)Z7Tt+j
k=0 j=1
(53)

for the optimal relative price that should be chosen by a firm that
resets its price at date t. One can again replace the conditional expec-
tation E}[-] by E;[-], and one again observes that p; (i) is the same for
all 4, so that one can replace p; (i) by p;. Relation (53) is then of the
same form as relation (37) for the model above with endogenous but
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firm-specific capital, but with the coefficient ¢ in the earlier equation
here replaced by 1 4 x6. One again obtains a pricing relation of the
form (1), but with elasticity

(1—a)d —ap)

&= T A X0

> 0. (54)

Thus each model leads to a Phillips-curve relation of the same
form (1), except that in each case the elasticity £ > 0 is a dif-
ferent function of underlying model parameters. The quantitative
difference made by the alternative assumptions can be illustrated
through a numerical example. Let us again assume the parameter
values given in table 1, and furthermore now specify that €, = 3,
as assumed in Woodford (2004). Figure 2 then plots the value of £
corresponding to any given frequency of price change (indicated by

Figure 2. The Relation between £ and o under Four
Alternative Assumptions about Factor Markets
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the value of o on the horizontal axis) under each of four possible
assumptions. The function &, («) defined in (50) indicates how the
elasticity £ in (1) varies with « in the case of homogeneous factor
markets. The function &, («) defined in (54) applies instead in the
case of industry-specific labor but an economy-wide rental market
for capital. The function £ ¢(«) defined in (44) applies instead in the
case of industry-specific labor and firm-specific capital.?® And finally,
the function &, () is the corresponding relation derived in Woodford
(2003, chap. 3) for the case of the model with industry-specific labor
and a constant quantity of firm-specific capital.?? The function &,.(«a)
corresponds to the limit of & (a) as €y is made unboundedly large;
it follows from proposition 1 that this is given by

(1—a)( —ap)

ol +on) Y

£ =

We see from the figure that for any given value of o (in the
range for which all four functions are defined), the model with ho-
mogeneous factor markets implies the highest value of £, as in this
case the model possesses the fewest sources of “real rigidities” in the
sense of Ball and Romer (1990). The fact that an increase in de-
mand in one part of the economy bids up the price of factor inputs
throughout the economy creates a source of “strategic substitutabil-
ity” between the pricing decisions in different sectors of the economy
(the fact that others keep their prices low increases your marginal
cost of production, and so gives you a reason for higher prices, rather
than lower ones); this speeds up the rate of adjustment of the ag-
gregate price index to changes in demand conditions.?® There are
greater real rigidities, and hence a flatter Phillips curve, in the case
of industry-specific labor markets, even if we continue to assume an
economy-wide rental market for capital services; for in this case, an

28 As shown in figure 1, the function & ¢ is only defined for values of a lower
than a critical value on the order of 0.978. The other functions are defined for all
values of a between zero and one.

2This is called the model with “specific factor markets” in Woodford (2003,
chap. 3).

30See Woodford (2003, chap. 3) for further discussion of why the Phillips curve
is relatively steep in this case, building upon the seminal treatment by Kimball
(1995). The discussion there, conducted under the assumption of an exogenously
given capital stock, still gives the essential insight into why the specificity of
factor markets matters.
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increase in demand in one part of the economy still bids up the price
of capital services throughout the economy, but does not similarly
affect wages in other sectors. There are still greater real rigidities,
and a still flatter Phillips curve, if we assume firm-specific invest-
ment, because in this case an increase in demand in one part of the
economy that increases the shadow value of capital there has no im-
mediate effect on the shadow cost of capital services in other parts
of the economy.

Real rigidities are the greatest if we assume, as in the model with
“specific factor markets” in Woodford (2003, chap. 3), that the capi-
tal stock of each firm is exogenously given, and hence never affected
by differential shadow values of capital in different sectors. In the
model with endogenous firm-specific capital developed here, a sus-
tained higher shadow value of capital in part of the economy will
eventually raise the shadow value of capital services everywhere, as
a result of differential rates of investment in the sectors with differ-
ing shadow values of capital. Thus capital is still reallocated among
sectors in response to rate-of-return differentials, albeit with a delay,
as long as investment adjustment costs are not too large. However,
the figure shows that in our calibrated example, an empirically re-
alistic level of adjustment costs results in a value of £ that is quite
close to what would be implied by the exogenous-capital model with
firm-specific capital (though slightly larger), while it is considerably
lower than would be implied by the assumption of instantaneous re-
allocation of capital across sectors so as to equalize the shadow value
of capital services. Thus the implicit assumption of an exogenously
evolving capital stock in derivations of the Phillips curve for mod-
els with firm-specific capital by authors such as Sbordone (1998)
appears not to have been a source of any great inaccuracy.?! The
endogeneity of the capital stock is instead of greater significance for

31Coenen and Levin (2004) also discuss the role of firm-specific capital in in-
creasing real rigidities, in the context of a model with Taylor-style fixed-period
price commitments, which allows separate econometric identification of the length
of time between price changes, on the one hand, and the elasticity of a firm’s de-
sired relative price with respect to aggregate output, on the other. They are
concerned with whether the estimated value of the latter elasticity can be rec-
onciled with the microfoundations of the firm’s pricing decision, and argue that
allowing for firm-specific capital is important in doing so. Like Sbordone (1998)
and Gali, Gertler, and Lopez-Salido (2001), they assume that each firm’s capital
stock is fixed in analyzing this issue.
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predictions about the equilibrium responses of inflation or output
to aggregate disturbances, as shown in Woodford (2004), because of
the effects of the endogenous rate of investment on the evolution of
real marginal cost, as indicated by equation (47).

3.8  Additional Sources of Real Rigidities

Even the model with firm-specific capital developed above still ab-
stracts from a number of possible sources of real rigidities. Here 1
briefly consider the effects of two generalizations that are discussed
in more detail (though in the context of a model with exogenous
capital) in Woodford (2003, chap. 3, sec. 1.4).

First, I shall now suppose that each differentiated good is pro-
duced using not only labor and capital, but also intermediate in-
puts produced by other industries. As in Rotemberg and Woodford
(1995), I assume a production function of the form

ki(i) f(Acha(i) ke (7)) ma(d)

1— s, "osm |

y¢(1) = min

generalizing (3), where f(-) has the same properties as before, m;(7)
denotes the quantity of materials inputs used by firm ¢ in period ¢,
and 0 < s, < 11is a parameter of the production technology that can
be identified, for purposes of calibration, with the share of materials
costs in the value of gross output. The materials inputs are measured
in units of the composite good.

The shadow value to firm ¢ of an additional unit of capital is then
given by

i) = 0 £ (1 = ) DI = s /R 9) 1,

generalizing (7), where ¢(-) is the same function as before. But be-
cause the log deviation of (1 — s,,)y:(7)/k¢(7) from its steady-state
value is equal to the log deviation of y.(7)/k:(7) from its steady-state
value, the log-linear relation (9) continues to apply, regardless of the
size of the materials share.

With intermediate inputs, the real marginal cost of production
can be written as

s5¢(1) = (1 — smm) s A(0) + S, (55)
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where s} 4(i) is the real marginal cost of producing a unit of “real
value added,” by which I mean the homogeneous-degree-one aggre-
gate of primary factors of production given by k() f(Arhe(7)/ k().
Equation (15) furthermore takes the more general form

SVA(j) = R (FH (1 = )i (2) ke (3)) i (2) JAgs €;)
t MeAf (FH (1 = sm)ye(i) /e (4)))

Substituting this into (55) and log-linearizing, I obtain

50(6) = (1= psm) [w(Ge() — ke(d) — a0) + vhe(i) — M), (56)

generalizing (16), where = 0/(6—1) > 1 is the steady-state markup
(ratio of price to marginal cost).?> The reduced elasticity of real
marginal cost with respect to the firm’s level of production when s,,
is positive (but less than p~!) indicates greater real rigidities.

Second, I shall suppose that substitution possibilities among the
differentiated goods are no longer necessarily described by the famil-
iar Dixit-Stiglitz aggregator that leads to the constant-elasticity de-
mand function (4) for individual goods. If I instead assume only that
the aggregator belongs to the more general family of homogeneous-
degree-one functions considered by Kimball (1995), the elasticity of
demand varies with the relative price of (and hence the relative de-
mand for) individual good i. The relative demand for an individual
good is again a decreasing function of the relative price,>® but the
function need not be a constant-elasticity function, as in (4).

As a result, the desired markup of the supplier’s price over the
marginal cost of supply will no longer be a constant p > 1, but rather
a function u(y(2)/Y;) of the relative output of the good, where Y;
is aggregate output, defined using the Kimball aggregator. To a log-
linear approximation, the deviation of the log desired markup from
its steady-state level (that I shall again call p) is equal to €,3:(7),

32In the case of the model with generalized preferences introduced in the next
paragraph, this relation still applies, but # > 1 indicates the steady-state elasticity
of substitution among differentiated goods, rather than a coefficient of the Dixit-
Stiglitz aggregator.

33 As in the model developed above, it is assumed that both household prefer-
ences and the production technology of firms depend only on the quantity pur-
chased of the composite good defined by this aggregator. Hence the purchases of
each buyer, for whatever purpose, will be distributed across differentiated goods
in the same proportions.
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where €, is the elasticity of the function y(-), evaluated at the steady
state (i.e., at a relative output of 1), and (i) is the log relative
output. The demand function can again be log-linearized to yield

Gt (i) = —0pe (i),

where 6 > 1 is now the steady-state elasticity of demand (and not
necessarily also the elasticity near a relative price other than 1). One
can then show that the first-order condition for optimal price setting
under Calvo staggering of price changes takes the form

o

> (@B Ef[prinr(i) — (14 60€,) " 8111(i)] = 0, (57)

k=0
generalizing (20), just as in Woodford (2003, chap. 3). The only dif-
ference here is that real marginal cost will depend on the firm’s en-
dogenous, firm-specific capital stock in the way treated above. One
observes directly from (57) that a value €, > 0 will increase the
degree of real rigidities, by reducing the sensitivity of the desired
relative price to variations in real marginal cost, and hence to vari-
ations in the firm’s output.

Substituting (56) into (57), I now obtain

0 k
Lipi(i) = (1 — ap) Z(aﬁ)kE; St + 10 Z Terj — Doker(2) |
k=0 j=1

(58)
generalizing (23), where

'y =140, + (1 — psm)wb, Ta=(1—psp)(w—r).

Here only the expressions for I'; and I's have become more com-
plex. One can then show, using the same reasoning as above, that
the solution to the firm’s optimization problem is characterized by
proposition 1, except that (36) must be replaced by

af

=T~ Tor—
QZS 1 27—1—046)\7

(59)

and (41) must be replaced by

V() = [T1(1 — aBN)? — &?BT2ZENQ(BN) + B(1 — a)(1 — aﬂ)Fg(E)\.)
60



Vol. 1 No. 2 Firm-Specific Capital 37

One can similarly obtain once again an aggregate-supply relation
of the form (1), where the elasticity £ is defined by (44), but now
using the generalized definition (59) of ¢. Alternatively, one can write
the aggregate-supply relation as

T = §§XA + BE T4, (61)

in which case
¢ = (1 —psm)(1 —a)(1 — ap)
= o ,

where ¢ is defined by (59), using the fact that

(62)

s =(1- Msm)gyA

)

from a log-linearization of (55). The alternative form (61) is actually
the one that is estimated in the literature, since (under the assump-
tion of a Cobb-Douglas production function for “value added”) it is
s/4 rather than s; that is proportional to real unit labor cost (the
proxy for “marginal cost” that is used in empirical work).

The additional sources of real rigidities affect the value of £ asso-
ciated with a given average frequency of price adjustment, as shown
in figure 3. As in Woodford (2003, chap. 3, sec. 1.4), I shall consider
the consequences of an intermediate input share such that us,, = 0.6,
and a nonconstant elasticity of substitution among differentiated
goods such that ¢, = 1. The figure plots the functional relation
&(«v) defined by (44) for each of four possible combinations of pa-
rameter values: the baseline case, in which s, = 0,¢, = 0; a case
with intermediate inputs, in which ps;, = 0.6, though again ¢, = 0;
a case with Kimball preferences, in which s,;, = 0 but ¢, = 1; and
finally, a case with both additional sources of real rigidities, in which
w1Sm = 0.6,0¢, = 1. In all four cases, it is assumed that labor markets
are industry specific, capital is endogenous and firm specific, and the
numerical parameters other than those just listed are as in the case
with firm-specific capital plotted in figure 2. (The function {(«) in
the baseline case here corresponds to the function {¢(«a) in figure 2.)

One observes that for each of the values of a considered, either
intermediate inputs or Kimball preferences with ¢, > 0 lower the
implied value of &, and if both departures from the baseline model
are considered simultaneously, the implied value of £ is still lower.
Hence allowance for either of these empirically plausible additional
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Figure 3. The Relation between £ and a with Additional
Sources of Real Rigidities
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sources of real rigidities further reduces the implied slope of the
Phillips curve, without any change in the assumed frequency of price
changes. The results obtained here are quite similar to those obtained
in Woodford (2003, chap. 3) for the case of a model in which each
firm’s capital stock is given exogenously (see table 3.1 there).

3.4 Consequences for Estimates of the Frequency of Price
Adjustment

Because alternative assumptions about the specificity of factor mar-
kets affect the location of the curve {(«), as shown in figure 2, it
follows that the consequences of an estimate of £ for the frequency of
price adjustment are correspondingly different in the different cases.
(One should note that estimation of the aggregate-supply relation
[1] only allows an estimate of the elasticity & and provides no di-
rect evidence regarding the frequency of price adjustment, nor any
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way of testing which of the alternative possible assumptions about
the specificity of factor markets is the correct one.) An assumption
of specific factor markets—either that labor markets are industry
specific, or that capital is firm specific—increases the degree of real
rigidities, relative to an assumption of an economy-wide market for
the services of that factor, and so lowers the value of £ correspond-
ing to any given value of a. Conversely, it follows that the value
of a required to explain any given value of é&—and hence the value
of a implied by any given estimate of é&—is lower the greater the
degree of specificity of factors. Hence a given degree of sluggishness
in the adjustment of the overall price index to changes in aggregate
conditions can be reconciled with a greater degree of firm-level flex-
ibility of prices in the case that one assumes more specific factors of
production.

This is illustrated by the calculations reported in table 2. The
numerical parameter values given in table 1 are again assumed, and
in addition (in the case of the model with firm-specific capital) it is
assumed that €, = 3, as in the baseline case considered in Woodford

Table 2. Interpretation of the Estimated Value of &
under Alternative Assumptions about Factor Markets

Implied Values of «

13 Homogeneous Factor | Rental Market Firm Specific
0.05 .804 757 .630
0.04 .823 779 .663
0.03 .845 .806 .703
0.02 872 .840 754

Implied Values of T

13 Homogeneous Factor | Rental Market Firm Specific
0.05 4.57 3.59 2.16
0.04 5.13 4.01 2.43
0.03 5.94 4.65 2.84

0.02 7.32 5.71 3.55
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(2004). The first panel of the table then indicates the value of «
that would be implied by a given estimate of the elasticity &, under
each of three different possible assumptions about factor markets:
homogeneous factor markets; industry-specific labor markets but a
rental market for capital services; and industry-specific labor markets
together with endogenous, firm-specific capital. The range of values
considered for £ in the table corresponds to the range of values found
in empirical estimates of the New Keynesian Phillips curve (1) for
the United States.?* The second panel of the table shows the implied
values of
-1
log o’

the average time (in quarters) that a price remains fixed,?® for each
of the same possible estimates of ¢ under each of the same three
possible assumptions about factor markets.

One observes that the assumption made regarding factor markets
has a substantial effect on the implied frequency of price adjustment,
given any estimate of the slope of the Phillips curve £. If, for exam-
ple, one estimates a slope £ = 0.02—and some estimates using U.S.

34For example, Gali and Gertler (1999) report an estimate of 0.023 when they
estimate the “reduced form” equation (1) using U.S. data. When they use an
alternative generalized method of moments (GMM) estimation approach that
yields estimates of o (under the assumption of homogeneous factor markets)
rather than of £, the values of ¢ implied by the reported estimates (that vary
depending on the sample and moment conditions used) are mostly in the range of
0.02 to 0.04. (It should be noted that when Gali and Gertler report estimates of
they are really only estimating a nonlinear transformation of the elasticity £ that
would correspond to a under the assumption of homogeneous factor markets, and
do not attempt any test of the homogeneous-factor assumption.) Gali, Gertler,
and Lopez-Salido (2001) similarly report estimates of a using U.S. data that
imply values of £ equal to 0.03 or 0.04. Sbordone (2002) obtains an estimate of
0.055 for U.S. data using a different estimation technique, while Sbordone (2004)
obtains an estimate of 0.025 for U.S. data using yet another approach.

35In the literature, estimates of a are often converted into estimates of the
average time between price changes using the alternative formula T'=1/(1 — «).
This latter formula is correct if one takes the discrete-time model (in which all
prices change, if they change at all, at a single time each quarter) literally; but
it has the unappealing feature that no matter how flexible prices may be (and
how steep the estimated Phillips curve may be as a result), 7' must always equal
at least three months. The formula here assumes instead that there is a constant
hazard rate p in continuous time for price changes, and that an estimate of «
is an estimate of e””. This means that if one estimates a steep enough Phillips
curve, and hence infers a value of « close enough to 1, the inferred value of T'
may be arbitrarily small.
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data are this low, though most reported estimates have been at least
somewhat larger—then under the assumption of homogeneous fac-
tor markets (and the other parametric assumptions in table 1), one
would conclude that the estimate implied an average time between
price changes of over seven quarters. This is implausibly long, given
microeconomic evidence on the frequency of price changes, so that
one might well conclude that the model cannot account for the ob-
served facts about price adjustment, no matter how well it might
fit the joint evolution of overall inflation and average marginal cost.
Assuming instead that labor markets are industry specific, however,
would reduce the implied average time between price changes to less
than six quarters, even if one continues to assume a rental market
for capital services. And allowing for firm-specific capital would fur-
ther reduce the implied average time between price changes, to only
three and one-half quarters. This is no longer so implausible, given
the evidence in surveys such as that of Blinder et al. (1998) that
many prices in the United States are changed only once a year or
less.

My finding that an assumption that capital is firm specific re-
duces the average time between price changes implied by estimates
of the aggregate-supply relation (1) confirms the previous results
of Sbordone (1998) and Gali, Gertler, and Lopez-Salido (2001), ob-
tained under an implicit assumption that each firm’s capital stock is
constant, or evolves exogenously. Figure 2 shows that the assumption
of a constant (or exogenous) capital stock would imply even slightly
greater real rigidities than exist in the case of an endogenous but
firm-specific capital stock; but the numerical error resulting from
that simplifying assumption is not great, at least if investment ad-
justment costs are of the size assumed here.?¢ For example, in the
case that £ = 0.02, under the assumptions of exogenous capital and
industry-specific labor markets, the value of o would be 0.740 and
the value of T" would be 3.28, rather than the values shown in the
third column of table 2. Allowance for a realistic degree of endoge-
nous adjustment of each firm’s capital stock does not dramatically
change those conclusions.

36 As shown in Woodford (2004), adjustment costs of roughly this size are
needed to explain the observed size of output response to an identified monetary
policy shock, in the context of a simple New Keynesian model that incorporates
the model of investment and price-setting decisions developed here.
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The implied average times between price adjustments shown in
table 2 may still seem a bit too long to square with microeconomic
evidence, even in the case of firm-specific capital, especially if £ is
estimated to take a value between 0.2 and 0.3. (Blinder et al. [1998]
report a median time between price changes of three quarters, but
Bils and Klenow [2004] instead report a median of less than two
quarters.) However, a value of £ of this magnitude can be reconciled
with even greater frequencies of adjustment of individual prices, if
additional empirically plausible sources of real rigidities are taken
into account.

Table 3 shows the values of a and T implied by alternative es-
timates of £, under alternative assumptions about the importance
of intermediate inputs and the degree to which the aggregator that
defines the composite good differs from the Dixit-Stiglitz form. All
numerical parameters except s,, and €, take the same values as in
table 2, and in each case it is now assumed that labor markets are

Table 3. Interpretation of the Estimated Value of £ under
Alternative Assumptions about Input/Output Structure
and Substitutability of Differentiated Goods

Implied Values of «

& Baseline | Intermediate Inputs | Kimball Both
0.05 .630 .b84 .598 .528
0.04 .663 .619 .633 .h64
0.03 .703 .662 674 .609
0.02 .754 .716 728 .669

Implied Values of T

£ Baseline | Intermediate Inputs | Kimball Both
0.05 2.16 1.86 1.95 1.56
0.04 2.43 2.09 2.18 1.75
0.03 2.84 2.42 2.54 2.02

0.02 3.55 3.00 3.15 2.48




Vol. 1 No. 2 Firm-Specific Capital 43

industry specific and capital is firm specific. (Thus the “baseline”
case in table 3 corresponds to the “firm-specific” column of table 2.)
The values assumed for s, and ¢, in the alternative cases are the
same as in figure 3.

One observes the average time between price changes implied by
any given estimate of ¢ falls in the case that one assumes either
of the additional sources of real rigidities, and falls by even more
if one assumes both. Making corrections of both type that remain
within the range of empirically plausible parameter values, one finds
that a Phillips-curve slope of only 0.02 can be consistent with an
average period between price changes that is less than two and one-
half quarters. A Phillips-curve slope of 0.04 can instead be consistent
with an average period between price changes that is well below two
quarters. Since point estimates of this magnitude for ¢ are obtained
in a number of studies (and it is within the 95 percent confidence
interval in an even larger number of cases), one cannot say that
estimates of £ are too small to be consistent with microeconomic
evidence regarding the frequency with which prices change.

I conclude that there is no necessary conflict between the param-
eter values that are required to explain the co-movement between
overall inflation and aggregate output, as indicated by Phillips curves
estimated using aggregate time series, on the one hand, and the pa-
rameter values required for consistency with microeconomic obser-
vations, on the other. The appearance of a “micro/macro conflict”
results from simplifying assumptions in familiar derivations of the
New Keynesian Phillips curve that are not actually necessary in or-
der to obtain a relation between aggregate time series of that form,
and that are not realistic, either. When one adopts more realistic (or
at the very least, no less realistic) assumptions—industry-specific la-
bor markets, firm-specific capital, intermediate inputs required for
production, and a nonconstant elasticity of substitution among dif-
ferentiated goods for both consumption and investment purposes—
the discrepancy between the frequency of price adjustment that is
required to explain the aggregate co-movements and the one that is
indicated by microeconomic data disappears.

A similar conclusion is reached by Eichenbaum and Fisher (2004),
Altig et al. (2005), and Matheron (2005) in the context of economet-
ric models that allow for endogenous, firm-specific capital, follow-
ing the analysis presented above. While the first two papers place
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particular stress on the role of firm-specific capital in reconciling the
microeconomic and macroeconomic evidence, the assumption of an
aggregator of the Kimball form that departs substantially from the
Dixit-Stiglitz case is also important for the quantitative results of
Eichenbaum and Fisher. Matheron stresses the importance of allow-
ing for industry-specific labor as well as firm-specific capital. In the
case of his analysis with euro-area data, a specification with firm-
specific capital but homogeneous labor, as assumed by the other
authors, reduces the estimated time between price revisions relative
to the specification with economy-wide markets for both factors, but
not by nearly enough to reconcile the model with microeconomic
evidence on the frequency of price changes; allowing for both firm-
specific capital and industry-specific labor, as proposed here, results
in a substantial further reduction in the estimated time between price
revisions.

I have given particular attention to the importance of allowing
for firm-specific capital because, in the case that one allows for en-
dogenous capital accumulation, the assumption that capital is firm
specific results in a nontrivial complication in the analysis. It turns
out, however, that the same form of equilibrium relation between in-
flation dynamics and the evolution of average real marginal cost can
be derived under this assumption. Moreover, the relation between
the slope of the Phillips curve and the frequency of price adjustment
that can be derived under the simpler assumption of an exogenously
given capital stock for each firm turns out to be fairly accurate as an
approximation to the correct relation in the case of an empirically re-
alistic size of adjustment costs for investment. Hence the conclusions
of the earlier literature (beginning with Sbordone 1998) that drew
inferences about the frequency of price adjustment from estimated
Phillips curves under the implicit assumption of an exogenous cap-
ital stock are found to have been essentially correct, even if a more
precise inference can be made using the analysis given here.
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Liquidity, Risk Taking, and
the Lender of Last Resort*

Rafael Repullo
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This paper studies the strategic interaction between a bank
whose deposits are randomly withdrawn and a lender of last
resort (LLR) that bases its decision on supervisory informa-
tion on the quality of the bank’s assets. The bank is subject
to a capital requirement and chooses the liquidity buffer that
it wants to hold and the risk of its loan portfolio. The equi-
librium choice of risk is shown to be decreasing in the capital
requirement and increasing in the interest rate charged by the
LLR. Moreover, when the LLR does not charge penalty rates,
the bank chooses the same level of risk and a smaller liquidity
buffer than in the absence of an LLR. Thus, in contrast with
the general view, the existence of an LLR does not increase
the incentives to take risk, while penalty rates do.

JEL Codes: E58, G21, G28.

From their inception, central banks have assumed as one of their
key responsibilities the provision of liquidity to banks unable to find
it elsewhere. The classical doctrine on the lender of last resort (LLR)
was put forward by Bagehot (1873, 96-7): “Nothing, therefore, can
be more certain than that the Bank of England . . . must in time
of panic do what all other similar banks must do. . . . And for this
purpose there are two rules: First. That these loans should only be
made at a very high rate of interest. . . . Secondly. That at this
rate these advances should be made on all good banking securities,
and as largely as the public ask for them.” The contemporary lit-
erature on the LLR has disagreed on whether the aim of “staying
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the panic” may be achieved by open market operations (see, for ex-
ample, Goodfriend and King [1988] or Kaufman [1991]) or whether
it requires lending to individual banks (see, for example, Flannery
[1996] or Goodhart [1999]).! However, both sides seem to agree on
the proposition that such lending creates a moral hazard problem.
As argued by Solow (1982, 242): “The existence of a credible LLR
must reduce the private cost of risk taking. It can hardly be doubted
that, in consequence, more risk will be taken.”

The purpose of this paper is to show that this proposition is not
generally true. Specifically, we model the strategic interaction be-
tween a bank and an LLR. The bank is funded with insured deposits
and equity capital, is subject to a minimum capital requirement,
and can invest in two assets: a safe and perfectly liquid asset, and a
risky and illiquid asset, whose risk is privately chosen by the bank.
Deposits are randomly withdrawn. If the withdrawal is larger than
the funds invested in the safe asset (the liquidity buffer), the bank
will be forced into liquidation unless it can secure emergency lending
from the LLR. In this setting, we show that when the LLR does not
charge penalty rates, the bank chooses the same level of risk and a
smaller liquidity buffer than in the absence of an LLR. Moreover,
the equilibrium choice of risk is increasing in the penalty rate.

To explain the basic intuition for these results, consider a setup
in which a risk-neutral bank raises a unit of insured deposits at an
interest rate that is normalized to zero, and invests all these funds in
an illiquid asset that yields a gross return Ry = R(p) with probability
p, and Ry = 0 otherwise. Moreover, suppose that p is chosen by the
bank at the time of investment, and that the success return R(p) is
decreasing in p, so safer investments yield a lower success return.

Without deposit withdrawals, and hence without the need for
an LLR, with probability p the bank gets the return R(p) of its
investment in the risky asset minus the amount due to the depositors,
that is, R(p) — 1, and with probability 1 — p the bank fails. Under
limited liability, the bank then maximizes p[R(p) — 1], which gives
p* = argmax p[R(p) — 1].

Suppose now that a certain fraction of the deposits are with-
drawn, and that there is an LLR that only provides the required

L All these references (and more) are usefully collected in Goodhart and Illing
(2002).
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funding if its supervisory information on the quality of the bank’s
asset is good. Specifically, let s; denote the good supervisory signal,
and let ¢ = Pr(s; | R1) denote the quality of the supervisory infor-
mation. If the LLR only charges the zero deposit rate, the bank will
get R(p) — 1 with probability Pr(si, R1) = Pr(s1 | R1) Pr(R1) = gqp.
Since the constant ¢ factors out of the maximization problem, we
get the same p* = argmax p[R(p) — 1]. Hence we conclude that the
introduction of deposit withdrawals and an LLR does not affect the
bank’s incentives to take risk.

As for the result on penalty rates, the intuition is that they in-
crease the expected interest payments in the high-return state and,
consequently, push the bank toward choosing higher risk and higher
return strategies (i.e., a lower p). This positive relationship between
the bank’s (expected) funding costs and its portfolio risk is not new,
since it is a simple implication of the analysis in the classical paper
on credit rationing of Stiglitz and Weiss (1981). In particular, they
show (p. 393) how “higher interest rates induce firms to undertake
projects with lower probabilities of success but higher payoffs when
successful.” Applying the same argument to banks instead of firms
gives the key result.

To endogenize the decision of the LLR, we adopt a political econ-
omy perspective according to which government agencies have ob-
jectives that need not correspond with the maximization of social
welfare. In particular, following Repullo (2000) and Kahn and San-
tos (2001), we assume that the LLR cares about (1) the revenues and
costs associated with its lending activity and (2) whether the bank
fails. This may be justified by relating the payoff of the officials in
charge of LLR decisions with the surpluses or deficits of the agency,
as well as with the possible reputation costs associated with a bank
failure.

Specifying an objective function for the LLR would not be needed
if the supervisory information were verifiable, because then the in-
tervention rule could be specified ex-ante, possibly in order to imple-
ment a socially optimal decision. However, the information coming
from bank examinations is likely to contain many subjective ele-
ments that are difficult to describe ex-ante, so it seems reasonable to
assume that it is nonverifiable. In this case, the decision will have to
be delegated to the LLR, which will simply compare its conditional
expected payoff of supporting and not supporting the bank.
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To facilitate the presentation, the analysis starts with a basic
model in which the bank is fully funded with deposits and can only
invest in the risky asset. Then the model is extended to the case
where the bank can invest in a safe and perfectly liquid asset and
can raise equity capital. In the general model, we also assume that
the bank is subject to a minimum capital requirement, and that (in
line with Basel bank capital regulation) investment in the safe asset
does not carry a capital charge.

We characterize the Nash equilibrium of the game between the
bank and the LLR, where the former chooses the level of risk (and,
in the general model, its capital and liquidity buffer) and the lat-
ter its contingent lending policy. The LLR’s equilibrium strategy is
straightforward: it will support the bank if and only if the liquidity
shortfall is smaller than or equal to a critical value that is decreasing
in the ex-post (i.e., conditional on the supervisory signal) probability
of bank failure. The bank’s equilibrium strategy is, however, more
difficult to characterize. The reason is that its objective function is
likely to be convex in the capital decision, which leads to a corner
solution where the bank’s capital is equal to the minimum required
by regulation. In this case, the equilibrium level of risk only depends
on the capital requirement, with higher capital increasing the bank
shareholders’ losses in case of default and reducing their incentives
for risk taking. We complete the analysis by deriving numerically,
for a simple parameterization of the model, the bank’s equilibrium
liquidity. We show that in equilibrium, the bank chooses the same
level of risk of its illiquid portfolio and a lower liquidity buffer than
in the absence of an LLR.

Four extensions are then discussed. First, we derive the result
that penalty rates increase the equilibrium choice of risk. Next,
we examine the second of Bagehot’s rules—namely, that last-resort
lending be collateralized—and show that this protection translates
into a lower liquidity buffer and therefore a higher probability that
the bank will require emergency liquidity assistance, but without
any effect on risk taking. Third, we consider the effects of intro-
ducing a higher discount rate for the LLR, which yields a forbear-
ance result: in equilibrium, the bank is more likely to receive sup-
port from the LLR, and hence it will hold a lower liquidity buffer.
Finally, we look at the case where the LLR shares a fraction of
the deposit insurance payouts (which includes, in the limit, the
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case where the LLR is the deposit insurer) and show that in this
case the LLR’s decision becomes more sensitive to the supervisory
information.

It is important to stress that the key result on the zero effect on
risk taking of having an LLR crucially depends on the specification
of the order of moves, in particular the fact that the bank cannot
modify the level of risk after receiving the support of the LLR (or
cannot borrow from the LLR to undertake new investments). But
in such a situation, the LLR is likely to carefully monitor the bank,
preventing it from engaging in any significant risk shifting, so this
seems a reasonable assumption.

Although the literature on the LLR is extensive (see Freixas et
al. [2000] for a recent survey), somewhat surprisingly there has been
little formal modeling of the issues discussed in this paper. Most of
the relevant papers invoke general results on the link between any
form of insurance and moral hazard. Moreover, liquidity support is
not always distinguished from capital support, which clearly has bad
incentive effects whenever it translates into rescuing the shareholders
of a distressed bank. This paper restricts attention to liquidity sup-
port based on supervisory information on the quality of the bank’s
assets, and shows that under fairly general conditions this support
does not encourage risk taking.

The paper is organized as follows. Section 1 presents the basic
model of the game between the bank and the LLR. Section 2 intro-
duces equity capital and a minimum capital requirement, and allows
the bank to invest in a safe asset, characterizing the equilibrium with
and without an LLR and discussing its comparative statics proper-
ties. Section 3 analyzes the effects of Bagehot’s rules of charging
penalty rates and requiring collateral, as well as changing the ob-
jective function of the LLR to allow for higher discounting of future
payouts and sharing deposit insurance payouts. Section 4 offers some
concluding remarks.

1. The Basic Model

Consider an economy with three dates (t = 0,1,2) and two risk-
neutral agents: a bank and a lender of last resort (LLR). At date
0 the bank raises one unit of deposits at an interest rate that is
normalized to zero, and invests these funds in an asset that yields
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a random return R at date 2. The probability distribution of R is
described by

Ry, with probability 1 — p,
= (1)
R;, with probability p,

where p € [0,1] is a parameter chosen by the bank at date 0. We
assume that Ry < 1 < Ry, so 1 — p measures the riskiness of the
bank’s portfolio. The risky asset is illiquid in that there is no sec-
ondary market where it can be traded at date 1. However, the asset
can be fully liquidated at this date, which yields a liquidation value
L € (0,1).2 Deposits are fully insured and can be withdrawn at ei-
ther date 1 or date 2. To simplify the presentation, deposit insurance
premia are set equal to zero.

At date 1 a fraction v € [0, 1] of the deposits are withdrawn.
Since the bank’s asset is illiquid, if v > 0 the bank faces a liquidity
problem that can only be solved by borrowing from the LLR. If such
funding is not provided, the bank is liquidated at date 1. Otherwise,
the bank stays open until the final date 2. The liquidity shock v is
observable, and we initially suppose that the LLR only charges the
deposit rate, which has been normalized to zero.

In order to decide whether to provide this emergency funding,
the LLR supervises the bank, which yields a signal s € {so,s1}
on the return of the bank’s risky asset. Signal s is assumed to be
nonverifiable, so the LLR’s decision rule cannot be designed ex-ante,
but will be chosen ex-post by the LLR in order to maximize an
objective function that will be specified below.

We introduce the following assumptions.

Assumption 1. Ry = 0 and R; = R(p), where R(p) is decreasing
and concave, with R(1) > 1 and R(1) + R'(1) < 0.
Assumption 2. Pr(sg | Ry) = Pr(s1 | R1) = q € [3,1].

Assumption 1, together with (1), implies that the expected final
return of the risky asset, F(R) = pR(p), reaches a maximum at
p € (0,1), which is characterized by the first-order condition

R(p) + pR'(p) = 0. (2)

2The liquidation value L could be correlated with the final return R, but this
would not change the results.
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To see this, notice that the first derivative of pR(p) with respect to
p equals R(0) > 0 for p = 0 and R(1) + R'(1) < 0 for p = 1, and
the second derivative satisfies 2R’ (p) + pR”(p) < 0. Thus, increases
in p below (above) p increase (decrease) the expected final return of
the risky asset. Moreover, we have pR(p) > R(1) > 1. Assumption
1 is borrowed from Allen and Gale (2000, chap. 8) and allows us to
analyze in a continuous manner the risk-shifting effects of different
institutional settings.?

Assumption 2 introduces a parameter ¢ that describes the qual-
ity of the supervisory information.* This information is only about
whether the final return of the risky asset will be low (Rp) or high
(R1), and not about the particular value R(p) taken by the high
return. By Bayes’ law, it is immediate to show that

p(1—q)

Pr(R; | sg) = , 3
i 1) p(1 =q)+(1-p)g ¥
and »q
Pr(Ry | s1) = . 4
B (L) W
Hence when ¢ = % we have Pr(Ry | so) = Pr(Ry | s1) = p, so

the supervisory signal is uninformative, while when ¢ = 1 we have
Pr(R; | so) = 0 and Pr(R; | s1) = 1, so the signal completely reveals
whether the final return will be low or high. Since Pr(R; | s9) < p <
Pr(R; | s1) for p < 1and ¢ > 1, 59 and s1 will be called the bad and
the good signal, respectively.

From the point of view of the initial date 0, the deposit with-
drawal v is a continuous random variable with support [0,1] and
cumulative distribution function F(v).> Since deposits are fully in-
sured, it is natural to assume that the withdrawal v is independent
of the final return R. Also, v is assumed to be independent of the
supervisory signal s.

The bank and the LLR play a sequential game in which the bank
chooses at date 0 the riskiness of its portfolio p, and if v > 0, the LLR

3This assumption has also been used by Cordella and Levy-Yeyati (2003) and
Repullo (2005).

“More generally, we could have Pr(so | Ro) # Pr(s1 | R1), but this would not
change the results.

®The distribution function F(v) could have a mass point at v = 0, in which
case F'(0) > 0 would be the probability that the bank does not suffer a liquidity
shock at date 1.
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decides at date 1 whether to support the bank based on two pieces
of information: the size of the liquidity shock v, and the supervisory
signal s. Importantly, the LLR does not observe the bank’s choice of
p, so we have a game of complete but imperfect information.

In this game, the LLR is assumed to care about the expected
value of its final wealth net of a share «a of the social cost ¢ incurred
in the event of a bank failure. Such cost comprises the administra-
tive costs of closing the bank and paying back depositors and the
negative externalities associated with the failure (contagion to other
banks, breakup of lending relationships, distortions in the monetary
transmission mechanism, etc.). As noted above, the LLR’s objective
function may be justified by relating the payoff of the officials in
charge of its decisions with the income generated or lost through its
lending activity and the social cost associated with a bank failure.
To simplify the presentation, we assume that o = 1, so the LLR fully
internalizes the social cost of bank failure.®

Consider a situation in which v > 0, and let s be the signal
observed by the LLR. The payoff of the LLR if it supports the bank
is computed as follows. With probability Pr(R; | s) the bank will
be solvent at date 2 and the LLR will recover its loan v, while with
probability Pr(Rg | s) the bank will fail and the LLR will lose v and
incur the cost ¢, so the LLR’s expected payoff is —(v+¢) Pr(Ry | s).
On the other hand, if the LLR does not provide the liquidity support,
the bank will be liquidated at date 1, and the LLR’s payoff will be
—c. Hence the LLR will support the bank if

—(v+¢)Pr(Ry | s) > —c.

Using the fact that Pr(R; | s) = 1 — Pr(Ry | s), this condition
simplifies to
Y < cPr(Ry | s)'
~ Pr(Ro | s)
Substituting (3) and (4) into this expression, it follows that when
the LLR observes the bad signal sg, it will support the bank if

v<vy=P1=d (5)

(1-p)g’

SClearly, this assumption does not affect the characterization of the equilib-
rium of the game, since it is equivalent to a change in the cost c. Interestingly,
Repullo (2000) assumes « < 1, while Kahn and Santos (2001) assume « > 1.
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and when the LLR observes the good signal s, it will support the

bank if epq
(6)

(1-p)(1—q)
The critical values vy and v; defined in (5) and (6) satisfy

0 :<q)%
1 1_(] 0

which implies v; > vy whenever g > % Hence if the signal is infor-
mative, the LLR is more likely to provide support to the bank when
it observes the good signal s; than when it observes the bad signal
s0- Moreover, the critical value v is decreasing in the quality ¢ of the
supervisory information, with lim,_;v9 = 0, and the critical value
v1 is increasing in ¢, with lim, .1 v1 = 00.” Thus, when the signal is
perfectly informative, the bank will never be supported if the signal
is bad, and will always be supported if it is good.

The critical values vy and vy are increasing in the social cost of
bank failure ¢, because when this cost is high, the LLR has a stronger
incentive to lend to the bank in order to save ¢ when the high return
R; obtains. They are also increasing in p = Pr(R;), because when
this probability is high, the LLR is more likely to recover its loan v
and save the cost c.

By limited liability, the bank gets a zero payoff if it is liquidated
at date 1 or fails at date 2, and gets R(p) — 1 if it succeeds at date
2. This event happens when the high return R; obtains and either
the LLR observes the bad signal so and the liquidity shock satisfies
v < vy, or it observes the good signal s; and the liquidity shock
satisfies v < v1. By assumption 2 and the independence of v we have

Pr(Ry, so, and v <wvg) = Pr(R;) Pr(so | R1) Pr(v < wp)
= p(1 =) F(vo),

Pr(Ry,s1, and v <wv1) = Pr(Ry) Pr(s1 | Ri) Pr(v < wy)
= pgF(v1).

v< v =

Hence, the bank’s objective function is

Up = pl(1 = ¢)F(vo) + ¢F (v1)][R(p) — 1]. (7)

"The fact that v; may be greater than one is not a problem, because since the
support of v is [0, 1], we have Pr(v < v1) = F(v1) = 1, so in this case the bank
would be supported with probability one.
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A Nash equilibrium of the game between the bank and the LLR
is a choice of risk p* by the bank, and a choice of maximum liquidity
support by the LLR contingent on the bad and the good signal, v
and v7, such that p* maximizes

pl(1 = q)F(vg) + q¢F (v)][R(p) — 1],

and
cr'(l-q) G
(1—p*)q 1-p)(1-q)

In this definition, it is important to realize that since the LLR
does not observe the bank’s choice of risk, the critical values v; and
v} only depend on the equilibrium p*. This in turn implies that
the term [(1 — ¢)F(v§) + ¢F (vY)] factors out in the bank’s objective
function, so its problem reduces to maximize p[R(p) — 1].8

The first-order condition that characterizes the equilibrium
choice of risk p* is

vy = and o] =

R(p*) +p"R'(p*) = 1. (8)

Since, by assumption 1, R(p) + pR/(p) is decreasing in p, conditions
(2) and (8) imply that p* is strictly below the first-best p, so the bank
will be choosing too much risk. This is just the standard risk-shifting
effect that follows from debt financing under limited liability.

It should be noted that the bank’s choice of p changes the proba-
bility distribution of the signals, increasing Pr(s1) = pg+(1—p)(1—q)
and decreasing Pr(sg) = 1 — Pr(s;1) (as long as ¢ > 3). However, by
assumption 2, p does not affect the distribution of the signals con-
ditional on the realization of the high return R;, which implies that
the bank’s probability of getting R(p) — 1 is linear in p = Pr(Ry).

To sum up, we have set up a model of a bank and an LLR in which
the former chooses the riskiness of its portfolio and the latter chooses
whether to lend to the bank to cover random deposit withdrawals,
a decision that depends on a signal on the ex-post quality of the
portfolio. We have shown that the bank’s equilibrium choice of risk is
independent of the distribution of the liquidity shocks and the other
parameters that determine the LLR’s decision, such as the quality
of the supervisory information or the social cost of bank failure.

8In a sequential game of complete information, the characterization of equi-
librium would be more complicated, since the critical values v§ and vy would
depend on the bank’s choice of p.
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2. The General Model

We now introduce in our basic model two features of banking in the
real world that are relevant to the problem under discussion. First,
on the asset side of the bank’s balance sheet, we suppose that, apart
from the risky asset, the bank can invest in a safe and perfectly liquid
asset that can be used as a buffer against liquidity shocks. Second,
on the liability side, we suppose that the bank can be funded with
both deposits and equity capital, and that the bank is subject to a
minimum capital requirement. The LLR observes both the bank’s
equity capital and its investment in the liquid asset. We characterize
the equilibrium of the new game between the bank and the LLR,
compare it with that of a model without an LLR, and examine its
comparative statics properties.

Specifically, suppose that at date 0 the bank raises k equity cap-
ital and 1 — k deposits, and invests A in the safe asset and 1 — A
in the risky asset, so the size of its balance sheet is normalized to
one.? Bank capital has to satisfy the constraint k¥ > (1 — \), where
k € (0,1). Thus, the capital requirement depends on the (observable)
bank’s investment in the risky asset, but not on the (unobservable)
bank’s choice of risk.

We assume that the return of the safe asset is equal to the deposit
rate, which has been normalized to zero, and that bank capital is
provided by a special class of agents, called bankers, who require an
expected rate of return > 0 on their investment. A strictly positive
value of ¢ captures either the scarcity of bankers’ wealth or, perhaps
more realistically, the existence of a premium for the agency and
asymmetric information problems faced by the bank shareholders.'?

2.1 Characterization of Equilibrium

At date 1 a fraction v € [0, 1] of the deposits are withdrawn. Since
the bank has 1 — k deposits, then v(1 — k) deposits are withdrawn

9This assumption is made without loss of generality. The same results would
obtain if, for example, the bank raised one unit of deposits and k units of capital,
and invested A in the safe asset and 1+ k — A in the risky asset.

198ee Holmstrém and Tirole (1997) and Diamond and Rajan (2000) for explicit
models of why § might be positive. The same assumption is made by Bolton and
Freixas (2000), Hellmann, Murdock, and Stiglitz (2000), and Repullo and Suarez
(2004), among others.
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at this date. There are two cases to consider. First, if v(1 — k) < A,
the bank can repay the depositors by selling the required amount of
the safe asset, so it keeps A — v(1 — k) invested in the safe asset. In
this case the bank’s payoff in the high-return state equals the return
of its investment in the safe asset, A —v(1 — k), plus the return of its
investment in the risky asset, (1 — A\)R(p), minus the amount paid
to the remaining depositors, (1 —v)(1 — k), that is,

A—v(l—k)+(1—-XNR(p)—(1—-v)(1—Fk)=(1-NI[R(p) —1]+k.

Second, if v(1 — k) > A, the bank needs to borrow v(1 — k) — A from
the LLR in order to avoid liquidation. If such funding is obtained,
the bank’s payoff in the high-return state equals the return of its
investment in the risky asset, (1 — A\)R(p), minus the amount paid
to the remaining depositors, (1 — v)(1 — k), minus the amount paid
to the LLR, v(1 — k) — A, that is,

(I=NR(p) - (1 —-v)(1=k) = [o(1=k) = Al = (1 = N)[R(p) — 1] + k.

In both cases, if the low-return state obtains, the bank’s net worth is
A — (1 — k), which will be negative as long as the bank’s investment
in the liquid asset, A, does not exceed its deposits, 1 — k, which
will generally obtain in equilibrium.!! Hence, by limited liability,
the bank’s payoff in the low-return state will be zero. Obviously, its
payoff will also be zero when v(1 — k) > A and the LLR does not
support the bank.

The decision of the LLR in the case in which the bank requires
emergency lending, v(1 — k) > A, is characterized as follows. If the
LLR observes signal s and decides to support the bank, with prob-
ability Pr(R; | s) the bank will be solvent at date 2 and the LLR
will recover its loan v(1 — k) — A, while with probability Pr(Ry | )
the bank will fail and the LLR will lose v(1 — k) — A and incur the
cost c¢. If, on the other hand, the LLR does not provide the liquidity
support, the bank will be liquidated at date 1, and the LLR’s payoff
will be —c¢. Hence the LLR will support the bank if

—[w(l —k) = A+c|Pr(Ry | s) > —c.

Tn particular, we show below that under plausible conditions the capital
requirement will be binding, so k = k(1 — X), which implies A — (1 — k) =
—(1-r)(1-X)<0.
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As before, substituting (3) and (4) into this expression, it follows
that when the LLR observes the bad signal sg, it will support the
bank if the liquidity shortfall, v(1 — k) — A, is smaller than or equal
to the critical value vy given by (5), that is, if

vo+ A
- 1-k’

(9)

and when it observes the good signal s1, it will support the bank if
the liquidity shortfall, v(1 — k) — A, is smaller than or equal to the
critical value v given by (6), that is, if

V1 + A
< . 10
vS T (10)

Thus, the probability that the bank will reach the final date 2 is
increasing in its investment in the safe asset A and its equity capital
k. This is explained by the role of the safe asset as a buffer against
liquidity shocks, and by the fact that the higher the bank capital,
the lower its deposits and hence the size of the liquidity shocks.

The bank’s objective function is to maximize the expected value
of the shareholders’ payoff net of the opportunity cost of their initial
infusion of capital. The latter is simply (1 + )k. To compute the
former, notice that bank shareholders get a zero payoff if the bank is
liquidated at date 1 or fails at date 2, and they get (1—\)(R(p)—1)+k
if it succeeds at date 2. This event happens when the high return
Ry obtains and either the LLR observes the bad signal sg and the
liquidity shock v satisfies (9), or it observes the good signal s; and
the liquidity shock v satisfies (10). As before, we have

A A
PI‘(Rl,SQ, and v < Yo+ ):p(l—q)F <U0+ ),

1—-k 1-k
vl + A v1 + A
< = .
Pr(Rl,sl,andv_l_k) qu(l—k)

Hence, the bank’s objective function in the general model is

on=p[0-r (252) e (22)

< [(1=N(R(p) —1) + k] — (1 + O)k. (11)
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Obviously, Up coincides with the objective function (7) in the pre-
vious section when A = 0 and k£ = 0.

A Nash equilibrium of the game between the bank and the LLR
is a choice of liquidity \*, capital k£*, and risk p* by the bank, and a
choice of maximum liquidity support by the LLR contingent on the
bad and the good signal, v§ and vj, such that (\*, k*, p*) maximizes

leor (7)o (355

X [(1=A)(R(p) = 1) + k] = (1 + d)k, (12)
subject to the capital requirement k£ > k(1 — \), and
_w(1-q) ] r*q
vg= - and vy = ——rF—. 13
" -1 L)1 -q) 19)

As in the basic model, it is important to note that since the LLR
does not observe the bank’s choice of risk, the critical values v and
v} only depend on the equilibrium p*. This in turn implies that the
bank’s problem reduces to maximize p [(1 — \)(R(p) — 1) + k| . Thus,
the bank’s choice of risk is characterized by the first-order condition

(L= A)[R(p") = 1 + k" +p* (1 = A" )R (p") = 0,
which simplifies to

R@U+ﬁH@ﬂ=1—T§F- (14)
Comparing this expression with (2) and (8), and taking into account
that, by assumption 1, R(p) + pR'(p) is decreasing in p, it follows
that the bank’s equilibrium choice of risk p* will be closer to the first-
best p than in the model without the capital requirement. This is
just the standard capital-at-risk effect: higher capital implies higher
losses for the bank’s shareholders in case of default and hence lower
incentives for risk taking.'?

If the bank’s equilibrium choice of capital k£* is at the corner

k(1 — A\¥), then the first-order condition (14) further simplifies to
R(p") +p R (p") =1- k. (15)

128ee Hellmann, Murdock, and Stiglitz (2000) and Repullo (2004) for a recent
discussion of this effect.
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In this case, the equilibrium p* only depends on the capital require-
ment k. Moreover, assumption 1 implies that R(p) + pR'(p) is de-
creasing in p, which gives dp*/dk > 0. Hence, the higher the capital
requirement, the lower the risk chosen by the bank.!3

In general, it is difficult to prove that this corner solution will
obtain, since the properties of the bank’s objective function (12)
depend on the shape of the distribution function of the liquidity
shock F(v).!* For this reason, in what follows we work with a specific
parameterization of F(v), namely F(v) = v, where n € (0,1).1% In
this case it can be checked that the bank’s objective function (12) is
convex in k, so we can only have either k* = k(1 — \*) or k* = 1.
But for large k£ we have

vy + A vl + A
(1) -r(55) -
so the derivative of (12) with respect to k is p — (1 4 ¢) < 0. Hence
k =1 cannot be a solution, which gives k* = k(1 — \¥).

This result implies that the equilibrium of the game between the
bank and the LLR is easy to characterize. The risk p* chosen by the
bank is the unique solution of the first-order condition (15). This
in turn determines the critical values vj and v} that characterize

the behavior of the LLR. Substituting p = p* and F(v) = v" into
the bank’s objective function (12), we then find the value of \* by

maximizing
e[ vy + A\ (vi‘ﬂ—)\)”}
p[(l q)<1_k) A

x[(1=X)(R(")—1)+ k] - (1+0)k, (16)

subject to k = k(1 — A). Finally, we get k* = k(1 — \¥).

'3Notice that for x = 1, that is, a 100% capital requirement, (2) and (15) imply
P =D.

“However, finding that k is at the minimum required by regulation is standard
in both static and dynamic models of banking; see, for example, Repullo and
Suarez (2004) and Repullo (2004).

15Notice that this is a simple special case of a beta distribution for which the
density function F'(v) = nu" 1 is decreasing in v, so small liquidity shocks are
more likely than large shocks.
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Going analytically beyond this point is, however, complicated,
because although the bank’s objective function (16) is concave in A,
this is in general no longer the case once we substitute the constraint
k = k(1 — \) into (16), since this function is convex in k. For this
reason, our results on equilibrium liquidity and capital will be derived
from numerical solutions.

2.2 FEquilibrium without an LLR

We now compare the equilibrium behavior of the bank when there
is an LLR with its behavior when there is no LLR. The objective
function of the bank in such a model is a special case of (11) when
we set vg = v1 = 0 (i.e., no last-resort lending), which gives

Us = pF (ﬁ) (1= \)(R() — 1) + k] — (1+ 6)k.

Thus, the bank gets (1 — A\)(R(p) — 1) + k in the high-return state,
which obtains with probability p, but only if it has sufficient liquidity
to cover the deposit withdrawals at date 1—that is, if v(1 — k) < A,
an event that happens with probability F(A/(1 — k)).

From here we can follow our previous steps to conclude that when
the bank’s capital k is at the corner k(1 — A*), its choice of risk is
characterized by the first-order condition (15), so we get exactly the
same p* as in the model with the LLR. In other words, contrary to
what has been taken for granted in the banking literature, our model
predicts that the existence of an LLR does not have any effect on
the bank’s incentives to take risk.

Computation of the effects of having an LLR on the liquidity
decision of the bank requires us to specify the functional forms of
the high return of the risky asset, R(p), and the cumulative distribu-
tion function of the liquidity shock, F'(v), as well as the parameter
values of the capital requirement «, the cost of capital §, the infor-
mativeness of the supervisory signal ¢, and the social cost of bank
failure c. Since our focus is on qualitative results, we will not cal-
ibrate the model to obtain plausible numerical results, but instead
choose simple functional forms and parameter values. Specifically,
the functional forms R(p) = 3 — 2p? and F(v) = v", with n = 0.25,
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Table 1. Equilibria with and without an LLR

With LLR Without LLR
A" 0.11 0.23
k* 0.09 0.08
p* 0.59 0.59
U5 0.10 —
v} 0.22 -

will be maintained in all our simulations,'® and our baseline param-
eter values are L = 0.50, k = § = ¢ = 0.10, and ¢ = 0.60.

The corresponding equilibria with and without an LLR are shown
in table 1. As noted above, the level of risk p* chosen by the bank
is the same in both models, and may be obtained by substituting
R(p) = 3 — 2p? into (15), which gives p* = /(2 + k)/6 = 0.59. Not
surprisingly, the results in table 1 show that the liquidity buffer A* is
much larger in the absence of an LLR.!” Given that k* = (1 — \*),
this in turn implies a lower level of capital.

When the deposit withdrawal v(1—k*) is below the bank’s liquid-
ity A* (an event that happens with probability 0.58 in the model with
the LLR, and with probability 0.71 in the model without it), the bank
will be able to repay the depositors by selling the required amount
of the safe asset. Moreover, in the first model, when v(1 — k*) > \*,
the LLR will provide liquidity up to v§j = 0.10 when it observes the
bad signal sg, and up to v = 0.22 when it observes the good signal
S1.

The probability that the bank gets a positive payoff in the model
with an LLR is

T v5+A*> <vi‘+/\*>}_
p{(l q)F<1—k* +qF - = 0.44,

Y5Observe that R(p) = 3 — 2p? is decreasing and concave, with R(1) = 1 and
R(1) + R/(lf = —3 < 0, so assumption 1 is satisfied. Also, the median liquidity
shock is F~-(0.5) = 0.0625.

17Gonzalez-Eiras (2003) provides some interesting empirical evidence on this
result. He shows that the contingent credit line agreement signed by the Cen-
tral Bank of Argentina with a group of international banks in December 1996
enhanced that central bank’s ability to act as an LLR and led to a significant
decrease in the liquidity holdings of domestic Argentinian banks.
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while the corresponding probability in the model without an LLR is

A*
*F = 0.42.
p (1 - k) 0

Since in the first model the bank is investing a higher proportion
of its portfolio in the risky asset, its equilibrium expected payoff is
significantly higher with an LLR (0.45 against 0.37).

2.8  Comparative Statics

We next analyze the effect on the equilibrium of the game between
the bank and the LLR of changes in the capital requirement k, the
cost of capital §, the informativeness of the supervisory signal ¢, and
the social cost of bank failure c. The results summarized in table 2 are
derived by computing the equilibrium corresponding to deviations in
K, 0, ¢, and ¢ from the baseline case.

As noted above, an increase in the capital requirement ~ leads
to an increase in p*, which by (13) increases the maximum support
provided by the LLR contingent on the bad and the good signal,
vy and v}. The effect on \* is also positive. Two reasons explain
this result. First, the higher capital requirement makes investment
in the risky asset, which does not carry a capital charge, relatively
less attractive for the bank than investing in the safe asset. Second,
the higher p* reduces the success payoff of the risky asset, R(p*),
and also makes it relatively less attractive for the bank than the safe

Table 2. Equilibrium Effects of Changes in the Capital
Requirement x, the Cost of Capital §, the Informa-
tiveness of the Supervisory Signal ¢, and the Social Cost
of Bank Failure c

. dp* ax* dk* dvg dvy
dz dx dx dx dz
K + + + +
1) 0 + - 0 0
q 0 — + - +
c 0 - + + +
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asset. On the other hand, the higher liquidity support offered by the
LLR reduces the bank’s incentives to invest in the safe asset, but
the numerical results show that this effect is dominated by the other
two.

With regard to the other comparative statics results, note first
that, as shown analytically, the value of p* chosen by the bank only
depends on the capital requirement k, so the effect of the other three
parameters is zero.

Since the cost of capital § does not affect p*, it does not have
any effect either on the maximum liquidity support provided by the
LLR contingent on the bad and the good signal, v and v]. The cost
of capital 0 has a positive effect on equilibrium liquidity \*, because
when capital is more expensive, investing in the safe asset (which
does not carry a capital charge) is relatively more attractive than
investing in the risky asset. Since k* = k(1 — A*), this also explains
why an increase in § has a negative effect on k*.

As noted in section 1, the critical value v is decreasing in the
quality g of the supervisory information, while the critical value v}
is increasing in ¢, so with better information the bank is less (more)
likely to be supported by the LLR when the signal is bad (good).
The sign of the derivative of \* with respect to ¢ is negative, which
means that the positive effect of having less support when the signal
is bad is dominated by the negative effect of having more support
when the signal is good. Since k* = k(1 — A¥), this in turn explains
why an increase in g has a positive effect on k*. However, when ¢
is sufficiently large, we may get to the corner \* = 0 and k* = k,
where these derivatives become zero.

As also noted in section 1, the critical values v; and v] are in-
creasing in the social cost of bank failure ¢, because when this cost is
high, the LLR has a stronger incentive to lend to the bank in order
to save ¢ when the higher return state obtains. This explains why
the bank wants to hold a lower liquidity buffer A*, so k* = k(1 — \¥)
will be higher. However, as in the case of parameter ¢, when c is suf-
ficiently large, we may get to the corner A\* = 0 and k* = k, where
these derivatives become zero.

If we consider that the social cost of failure increases more than
proportionately with the size of the bank’s balance sheet (which we
have normalized to one), ¢ will be higher for large banks, which
implies a “too big to fail” result: large banks are more likely to
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be supported by the LLR, and consequently they will hold smaller
liquidity buffers.

3. Extensions

3.1 Penalty Rates

The classical doctrine on the LLR put forward by Bagehot (1873)
required “that these loans should only be made at a very high rate of
interest.” We now examine how the results in section 2 are modified
when the LLR charges a penalty rate r > 0. Importantly, we assume
that r is exogenously given ex-ante, and not chosen by the LLR
ex-post.

To characterize the equilibrium of the new game between the
bank and the LLR, suppose that v(1 — k) deposits are withdrawn at
date 1. If v(1 — k) < A, the bank can repay the depositors by selling
the required amount of the safe asset, so there is no change with
respect to our previous analysis. If, on the other hand, v(1 — k) >
A, the bank needs to borrow v(1 — k) — A from the LLR. If such
funding is obtained, the bank’s payoff in the high-return state equals
the return of its investment in the risky asset, (1—\)R(p), minus the
amount paid to the remaining depositors, (1 — v)(1 — k), minus the
amount paid to the LLR, (1 + r)[v(1 — k) — )], that is,

(1 =XR({p) = (1 =) =k) = (A +7)o(1 —k) = Al
= (1= N[R(p) — 1] +k—rv(l — k) — AL

The last term in this expression accounts for the interest payments
to the LLR.

The decision of the LLR in the case when v(1 — k) > X is now
characterized as follows. If the LLR observes signal s and decides
to support the bank, with probability Pr(R; | s) the bank will be
solvent at date 2 and the LLR will recover its loan v(1 — k) — A
and net r[v(1 — k) — A] in interest payments, while with probability
Pr(Rp | s) the bank will fail and the LLR will lose v(1 — k) — A and
incur the cost ¢, so the LLR’s expected payof is

rlv(l —k) = A]Pr(Ry | s) = [v(1 —k) — A+ ¢|Pr(Ro | s).
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On the other hand, if the LLR does not provide the liquidity support,
the bank will be liquidated at date 1, and the LLR’s payoff will
be —c. Hence the LLR will support the bank if

rlv(l —k) = A|Pr(Ry | s) —[v(1 —k) — A+ ¢|Pr(Ro | s) > —c.

Substituting (3) and (4) into this expression, it follows that when
the LLR observes the bad signal sg, it will support the bank if the
liquidity shortfall, v(1—k)— A, is smaller than or equal to the critical
value

_ cPr(Ry | so) _ ep(l —q)
Pr(Ro | so) —rPr(Ri|s0) (1—plg—rp(l—q)’
and when the LLR observes the good signal s1, it will support the

bank if the liquidity shortfall, v(1 — k) — A, is smaller than or equal
to the critical value

Vo

cPr(Ry | s1) cpq

= Pr(Ro | s1)—rPr(Ri [s1)  (1—p)(1—q)—rpg

As before, it is easy to check that v1 > vy whenever g > % Also,
notice that both vy and v; are increasing in r, so with penalty rates
the LLR will be softer with the bank, providing emergency funding
for a larger range of liquidity shocks.

To compute the bank’s new objective function, we have to sub-
tract from Up in (11) the expected interest payments to the LLR. If
the LLR observes the bad signal sg, the bank borrows from the LLR
when 0 < v(1 — k) — A < v, that is, when

U1

vg + A
2 <
T

so the conditional expected cost of this borrowing is

vg+A
r [/X (1= k) = A dF(v)] Pr(so | R1).
%
Similarly, if the LLR observes the good signal s, the conditional
expected cost of the bank’s borrowing is

r [/A [w(l—k)— A dF(v)] Pr(si | Ry).

1—k
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Hence the bank’s new objective function is

n=p[(1-ar (250 +or (42

X[(T=N(R(p) —1)+ k] —(1+ )k

—p [(1 - q)/zo+A

(1 — k) — \] dF(v)

1—k
1—k
v1+A

1-k

+q/A @u—m—ﬂdﬂm}

1—k

Assuming that F'(v) = v, the integrals in this expression can be
easily solved, and we can compute for the baseline parameters the
equilibrium effects of charging a penalty rate r.'® The results are
presented in table 3.

Thus, an increase in the penalty rate r leads to a reduction in
p*, so the bank’s portfolio becomes riskier. The reason for this result
is that penalty rates increase the expected interest payments in the
high-return state and, consequently, the bank tries to compensate
this effect by choosing a higher risk and higher return portfolio (recall
that by assumption 1, a decrease in p increases R(p)). The reduction
in p* would ceteris paribus lead to a decrease in both vj and v}, but
this is more than compensated by the positive effect of the interest
payments on the LLR’s willingness to lend. The increase in vg and
v} in turn explains why the bank chooses a lower liquidity buffer A,
so k* = k(1 — A*) will be higher.

Table 3. Equilibrium Effects of Changes in the
Penalty Rate r

[ | e [ [
v dx dx dzx dzr dzx
T — — + + +

181t should be noted that this computation is complicated because now p*
depends on r, and cannot be directly solved from the first-order condition (15).
The equilibrium is obtained by numerical iteration of the best response functions
of the two players.
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3.2 Collateralized Lending

The classical doctrine on the LLR put forward by Bagehot (1873)
not only required charging “a very high rate of interest,” but also
“that at this rate these advances should be made on all good banking
securities.” We now examine how the results in section 2 are modi-
fied when last-resort lending is collateralized, so the LLR becomes a
senior claimant when it provides the liquidity support and the bank
subsequently fails.!® Obviously, for this to make any difference the
failure return should be positive, so in this subsection we assume
that Ry =1 € (0,L).%°

To analyze the effect of this change, consider a situation in which
v(l—k) > A, and let s be the signal observed by the LLR. There are
two cases to consider. First, if the liquidity shortfall, v(1 — k) — A, is
smaller than or equal to the collateral I, the LLR is fully covered, so
its expected payoff if it supports the bank, —cPr(Ry | s), is greater
than the payoff if it does not, —¢, so the bank will always be sup-
ported. Second, if the liquidity shortfall, v(1 — k) — A, is greater than
the collateral [, the expected payoff of the LLR if it supports the
bank is

— vl —k)=A—=1+¢cPr(Ro | s),

since with probability Pr(Ry | s) the bank will fail at date 2 and the
LLR will lose v(1 — k) — A — [ and incur the cost ¢. On the other
hand, if the LLR does not provide the liquidity support, the bank
will be liquidated at date 1, and the LLR’s payoff will be —c. Hence
the LLR will support the bank if

—w(l—=k)=A—=1+4+c|Pr(Ry|s) > —c.

19The referee criticized this interpretation, noting that “if we follow Bagehot’s
second rule and only provide liquidity backed by ‘good banking securities,’ it
is not clear why the central bank will end up underwriting risky investments.”
In the referee’s view, in the present model, “a fairer interpretation of Bagehot
might imply no lending by the central bank at all.” However, as noted by Good-
hart (1999, 343), “Bagehot’s proposal related simply to the collateral that the
applicant could offer, and the effect of this rule in practice was to distinguish, in
part, between those loans on which the central bank might expect with some con-
siderable probability to make a loss and those on which little, or no, loss should
eventuate.”

29The assumption that the failure return ! at date 2 is smaller than the liqui-
dation value L at date 1 is not required for our analysis, but makes a lot of sense
in the context of the model.
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Table 4. Equilibrium Effects of Collateralization

- dp* d\* dk* d(vg +1) | d(vi+1)
dx dx dx dx dr
l 0 — + 1 1

Substituting (3) and (4) into this expression, it follows that when
the LLR observes the bad signal sg, it will support the bank if the
liquidity shortfall, v(1—k)— A, is smaller than or equal to the critical
value vy + [, where vy is given by (5); when the LLR observes the
good signal sq, it will support the bank if the liquidity shortfall,
v(l — k) — A, is smaller than or equal to the critical value vy + [,
where vy is given by (6).
Hence the bank’s objective function becomes

vo 4+ 1+ A vy 4+ 1+ A
—pll—qF (212 P22
Ug p{( q) < - )+q ( T )}

X[(1=AN)(R(p)—1)+ k] — (14 0)k.

Using the same arguments as in section 2, it follows that the bank’s
choice of risk p* will also be characterized by the first-order condition
(15), so it only depends on the capital requirement .

As for the effect of collateralization on the bank’s liquidity and
capital decisions, note that the case in which the LLR’s loan is not
collateralized (and it is junior to the claim of the deposit insurer)
is equivalent to the case [ = 0 analyzed in section 2, so the signs of
derivatives with respect to [ in table 4 indicate the effect of collater-
alization on A* and k*.

Thus, collateralization of last-resort lending does not have any
effect on the bank’s incentives to take risk, but increases the maxi-
mum support that the LLR is willing to provide contingent on the
bad and the good signal, vj + ! and v + [. This explains why the
bank wants to hold a lower liquidity buffer \*, so k* = k(1 — \*) will
be higher. In other words, the protection for the LLR advocated by
Bagehot translates into a lower liquidity buffer and hence a higher
probability that the bank will require emergency liquidity assistance,
but without any effect on risk taking.
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3.8  Discounting of Future Payoffs

The LLR is a public institution that is run by officials that may have
fixed terms of office. If these terms are short or the officials are close
to finishing their terms, the officials may have an incentive to avoid
current costs possibly at the expense of some larger future costs that
would be assumed by their successors. Formally, we can incorporate
this possibility into our model by introducing a discount factor 5 < 1
for the LLR.2!

To analyze the effect of such discounting, consider a situation in
which v(1 — k) > A, and let s be the signal observed by the LLR.
The expected discounted payoff of the LLR if it supports the bank
is now

—Bv(l —k) =X+ c|Pr(Ro | s),

since with probability Pr(Ry | s) the bank will fail at date 2 and
the LLR will lose v(1 — k) — A and incur the cost ¢. On the other
hand, if the LLR does not provide the liquidity support, the bank
will be liquidated at date 1, and the LLR’s payoff will be —c. Hence
the LLR will support the bank if

—Bv(l—k)—=A+c]Pr(Ry|s) > —c

Substituting (3) and (4) into this expression, it follows that when
the LLR observes the bad signal sg, it will support the bank if the
liquidity shortfall, v(1—k)— A, is smaller than or equal to the critical
value

o = L= BPr(Bo | so)] _ clp(l—gq) + (1~ F)(1 —p)q]
PT BPi(Ry [ s0) B(1—p)g ’

and when the LLR observes the good signal s1, it will support the
bank if the liquidity shortfall, v(1 — k) — A, is smaller than or equal
to the critical value

b = L= BPr(Ro | s1)] _ elpg+ (1 =)L ~p)(1 —q)]
LT BPr(Ro | s) B(1—p)(1—q) '

2! This assumption is justified by Kaufman (1991) in the following terms: “The
discount rate used by policy makers, who are under considerable political pressure
to optimize economic performance in the short-term and whose terms of office
are relatively short and not guaranteed to last until the next crisis, is likely to be
overestimated.”
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Table 5. Equilibrium Effects of Changes in the LLR’s
Discount Factor

dp* d\* dk* @ @
dx dxr dzx dx dx
0 + — — —

As before, it is easy to check that v; > vg whenever ¢ > % Also,

notice that both vy and v, are decreasing in the discount factor J.
This means that an LLR with 8 < 1 will be softer with the bank,
providing funding for a larger range of liquidity shocks.

We can now compute for the baseline parameters the equilibrium
effects of introducing a discount factor 3 < 1 for the LLR. As in the
model in section 2, the bank’s choice of risk p* is again character-
ized by the first-order condition (15), so the discount factor § does
not have any effect on the bank’s incentives to take risk. The full
comparative statics results are presented in table 5.

As expected, an increase in the discount factor 3 (that is, a de-
crease in the corresponding discount rate) makes the LLR more will-
ing to incur the current costs of not supporting the bank in order
to save some larger future costs, so the derivative of vj and v} with
respect to (3 is negative. The reduction in vg and v} in turn explains
why the bank chooses a higher liquidity buffer \*, so k* = k(1 — \¥)
will be lower.

Thus we conclude that a high LLR discount rate leads to for-
bearance, but in line with our previous results, this only translates
into a lower liquidity buffer, without any effect on risk taking.

3.4 Internalizing Deposit Insurance Payouts

We have assumed so far that the LLR is institutionally separated
from the deposit insurer, so the former does not take into account
deposit insurance payouts in deciding whether to support the bank.
We now consider a situation in which the LLR either internalizes or
assumes a fraction 7 € [0, 1] of these payouts. When v = 0, the LLR
is completely independent from the deposit insurer (e.g., a central
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bank with no deposit insurance role), whereas when v = 1, the LLR
also acts as deposit insurer.??

To analyze the effect of such possible connection between the LLR
and the deposit insurer, consider a situation in which v(1 — k) > A,
and let s be the signal observed by the LLR. The expected payoff of
the LLR if it supports the bank is now

(1 —k) = A+c+vy(1—v)(1— k)] Pr(Ro | 5),

since with probability Pr(Rp | s) the bank will fail at date 2 and the
LLR will lose v(1 — k) — A, incur the cost ¢, and assume a fraction ~y
of the deposit insurance payouts that are given by (1 —v)(1—k). On
the other hand, if the LLR does not provide the liquidity support,
the bank will be liquidated at date 1, and the LLR will incur the
cost ¢ and assume a fraction « of the deposit insurance payouts that
are given by (1 —k) — A — (1 — X)L, where (1 — X)L is the liquidation
value of the bank’s risky asset.?? Hence the LLR will support the
bank if

(1 — k) = A+ c+ (1 —v)(1 - k)] Pr(Ro | 5)
> —fe+9[(1—k) = A= (1= VL)

Substituting (3) and (4) into this expression, it follows that when
the LLR observes the bad signal sg, it will support the bank if the
liquidity shortfall, v(1—k)— A, is smaller than or equal to the critical
value

[c+~v(1 =k = N)]Pr(Ry | s0) —v(1 =)L
(1 =) Pr(Ro | s0)
[c+y(1 =k = N]p(1l —q) —y(1 = NL[p(1 — ¢q) + (1 — p)q]
(=71 -p)g ’

Vo =

22Intermediate cases are also relevant. For example, until 1998 the Bank of
Spain matched the contribution of the Spanish banks to the deposit insurance
fund, so v was %

23We are implicitly assuming that the amount of deposits is greater than or
equal to the liquidation value of the bank at date 1, that is, 1 —k > A+ (1 — ) L.
Notice that if k is at the corner k(1 — \), this condition reduces to (1 — A\)(1 —
t — L) > 0. In our numerical analysis we take £ = 0.10 and L = 0.50, so it holds.
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and when the LLR observes the good signal s, it will support the
bank if the liquidity shortfall, v(1 — k) — A, is smaller than or equal
to the critical value

[c+y(1 =k = N]Pr(R |s1) —v1-AN)L
(1 =7)Pr(Ro | s1)

_letyA -k = N]pg—v(1 = A)Llpg+ (1 —p)(1 — q)]
1=y -p)(1-q) '

v =

As before, one can check that v; > vy whenever ¢ > %

We can now compute for the baseline parameters the equilibrium
effects of internalizing a fraction « of the deposit insurance payouts.
As before, the bank’s choice of risk p* is again characterized by the
first-order condition (15), so the share v does not have any effect
on the bank’s incentives to take risk. The full comparative statics
results are presented in table 6.

An increase in the share v makes the LLR tougher when it ob-
serves the bad signal so (since the critical value v is decreasing in
v), and makes it softer when it observes the good signal s; (since
the critical value v} is increasing in 7). The sign of the derivative of
A* with respect to « is negative for small values of v, for which the
positive effect of having less support when the signal is bad is domi-
nated by the negative effect of having more support when the signal
is good. However, for sufficiently high values of v, the critical value
v] reaches the value of 1, which means that the bank will always
be supported when the signal is good, and so the only remaining
effect will be the positive one associated with further reductions in
vg. Since k* = k(1 — A*), this explains the two possible signs of the
effect of v on k*.

Table 6. Equilibrium Effects of Changes in the
LLR’s Share of Deposit Insurance Payouts

dp* X dk* dvg dv}
* dz dz dz dz dz
¥ 0 —/+ +/- - +
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4. Concluding Remarks

Goodhart (1999, 339-40) has argued that “there are few issues so
subject to myth, sometimes unhelpful myths that tend to obscure
rather than illuminate real issues, as is the subject of whether a
central bank . . . should act as a lender of last resort.” The third
myth in his list is that “moral hazard is everywhere and at all times a
major consideration.”?* This paper provides a rationale for the claim
that this is indeed a myth. Specifically, it shows that the existence
of a lender of last resort does not have any effect on the risk of the
banks’ illiquid portfolios, but simply reduces their incentives to hold
liquid assets.

Although our model is special in a number of respects, we believe
that the results are fairly robust. In particular, neither full deposit
insurance nor the assumption that deposit withdrawals are purely
random is essential. To see this, suppose that in the context of our
basic model (without liquidity A and capital k) there is an exoge-
nous fraction u € (0, L] of junior uninsured deposits that require an
expected return equal to zero,?® and let d denote the corresponding
interest rate. We assume that uninsured depositors observe the same
signal s € {so,s1} as the LLR,%0 and run on the bank at date 1 if
and only if they observe the bad signal sg.

In this situation, the LLR will support the bank if the withdrawal
u is smaller than the critical value vy given by (5), so the bank’s
objective function (7) becomes

Up =p[(1 — ¢)1(u < vo) + ¢][R(p) — 1 — ud,

where 1(u < vp) is an indicator function that takes the value 1 if
u < vg, and 0 otherwise. From here it follows that the first-order
condition that characterizes the equilibrium choice of risk p* is

R(p*) + p* R (p*) = 1 + ud", (17)

24The other myths are that it is generally possible to distinguish between illi-
quidity and insolvency, that national central bank LLR capabilities are unre-
stricted whereas international bodies cannot function as LLRs, and that it is
possible to dispense with an LLR altogether.

25The assumption that u < L is made for simplicity, in order to ensure that
the junior uninsured depositors get zero when the bank is liquidated at date 1.

26This assumption is also made for simplicity. See Repullo (2005) for a model
where the depositors’ signal is different (but coarser) than that of the LLR.
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where d* is the equilibrium deposit rate. Assuming that unin-
sured depositors can only claim at date 1 the principal (and not
the interest), they receive 1(u < v§)u at date 1 with probability
Pr(sp) = ¢+ (1 — 2¢)p*, and u(1 + d*) at date 2 with probability
Pr(R1,s1) = qp*. Hence their participation constraint is

[q+ (1 —2¢)p"|1(u <vg) +qp*(1+d") = 1. (18)

Solving equations (17) and (18) gives the equilibrium values of p*
and d*.2"

On the other hand, in the absence of an LLR, the bank’s ob-
jective function becomes Up = pq[R(p) — 1 — ud], so the first-order
condition (17) does not change, while the participation constraint
(18) simplifies to gp*(1 + d*) = 1. Hence we conclude that when
u > vj the existence of an LLR does not have any effect on the
bank’s incentives to take risk. Moreover, when v < v, the existence
of an LLR reduces the deposit rate that satisfies the participation
constraint (18), which in turn, by the Stiglitz and Weiss (1981) argu-
ment noted in the introductory paragraphs of this paper, increases
the equilibrium value of p*. Hence having an LLR may actually re-
duce the bank’s incentives to take risk.

The stark contrast between our results and the extant literature
deserves further discussion. It is true that in general any form of in-
surance (e.g., against liquidity shocks) has the potential to create a
moral hazard problem. In the context of our model, this clearly shows
in the effect on the holding of liquid assets. But to have an effect on
risk taking, something else is needed. One such case would be the
following. Suppose that instead of observing a signal s on the return
of the bank’s risky asset, the uninsured depositors observe the bank’s
choice of p. Furthermore, suppose that, in the absence of an LLR,
they can make the deposit rate d contingent on the choice of p (for ex-
ample, by threatening to withdraw their funds). In this case, the bank
would maximize Up = p[R(p) — 1 — ud(p)] subject to the uninsured
depositors’ participation constraint p[1 4+ d(p)] = 1. Substituting the
constraint into the bank’s objective function and maximizing the
resulting expression with respect to p gives the first-order condition

2TSince the relationship between p* and d* in both the first-order condition
(17) and the participation constraint (18) is decreasing, we may have multiple
equilibria, in which case we focus on the one that is closest to the first-best
p—that is, the one with the highest p*.
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R(p)+pR'(p) =1—u. (19)

Since R(p) + pR/(p) is decreasing, the bank’s choice of risk p is
increasing in the proportion u of uninsured deposits, and converges
to the first-best p when u tends to 1. So we conclude that the
existence of uninsured depositors that observe the bank’s choice
of risk and use this information to renegotiate the terms of their
contract ameliorates the bank’s risk-shifting incentives. Moreover,
the introduction of an LLR that facilitates the withdrawal of the
funds at date 1 may upset this disciplining mechanism, bringing us
back to the p* < p characterized above.

Two objections can be made to this argument. The standard one
is that small depositors do not have the ability or the incentives to
monitor banks.?® The nonstandard one that we are putting forward
here is that one should distinguish between the monitoring of actions
and the monitoring of the consequences of those actions.?” In the ab-
sence of an LLR, the former ameliorates the moral hazard problem,
but the latter does not, because it simply changes the bank’s objec-
tive function from p[R(p) — 1 — ud] to pg|R(p) — 1 — ud]. Clearly,
multiplying the function by a constant does not have any effect on
the first-order condition that characterizes the bank’s choice of risk.
And the same result obtains when there is an LLR. Since arguably
the second is the most plausible type of monitoring,3® we conclude
that there should be no presumption that the existence of an LLR
worsens the bank’s risk-shifting incentives—except, as shown in sec-
tion 3.1, when it charges penalty rates.

Finally, it is worth noting that our model also provides a ra-
tionale for a standard feature of LLR policy, namely the principle
of “constructive ambiguity.” This is taken to mean that LLRs do
not typically spell out beforehand the procedural and practical de-
tails of their policy. One possible rationalization of this principle is
based on the idea of the LLR committing to a mixed strategy; see

28 As forcefully argued by Corrigan (1991, 49-50), “I think it is sheer fantasy
to assume that individual investors and depositors—and perhaps even large and
relatively sophisticated investors and depositors—can make truly informed credit
judgements about highly complex financial instruments and institutions.”

29See Prat (2003) for a detailed discussion of the related distinction between
signals on actions and signals on the consequences of actions.

30This is, for example, the assumption made in the recent work of Rochet and
Vives (2004) on the LLR.
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Freixas (1999). Our model supports a different story, suggested by
Goodfriend and Lacker (1999), according to which the policy is not
random from the perspective of the LLR, but it is perceived as such
by outsiders that cannot observe the supervisory information on the
basis of which decisions are made. Thus, the randomness lies in the
supervisory information, not in the policy rule.
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Over the past decade, monetary policy theory and central bank-
ing practice have underscored various desiderata for judicious policy.
It is often argued that social welfare can be improved by arranging
for the central bank to conduct monetary policy according to a suit-
ably chosen instrument rule, dictating how interest rates should be
adjusted in response to particular disturbances to the economy. The
discussions of Clarida, Gali, and Gertler (1999) and Woodford (2003)
present a coherent theory of monetary policy and make the case for
such rules. In practice, however, monetary policy contends with many
difficulties. Among these, the absence of a correctly specified model
of the economy with which to formulate policy is paramount.

This paper considers a potentially important source of model mis-
specification in the design of instrument rules: the assumed manner
in which expectations are formed. The motivation is two-fold. First,
even if rational expectations provide a reasonably accurate descrip-
tion of economic agents’ behavior, a prudent policy should be robust
to small deviations from rationality. Given two policies that both
implement a particular desired equilibrium, the policy that results
in this equilibrium under more general assumptions on expectations
formation is presumably preferred.

Second, some have argued that policies that appear to be desir-
able, because they are consistent with a desirable equilibrium, will
almost surely have disastrous consequences in practice, by allow-
ing self-fulfilling expectations to propagate. For example, Friedman
(1968) argued that a monetary policy aimed at pegging the nom-
inal interest rate would inevitably lead to economic instability via
a Wicksellian cumulative process. Moreover, he argued that due to
small implementation errors, this would occur even if the nominal
interest rate target was optimally chosen. The argument proceeds as
follows: Suppose the monetary authority pegs the nominal interest
rate below the natural rate of interest. This policy would give rise
to expectations of future inflation, with the resulting lower real rate
of interest tending to stimulate output and prices. Such price rises
would engender expectations of further price inflation, in turn further
lowering the expected real rate and so on—generating self-fulfilling
expectations of ever higher inflation. This paper seeks to build on
the research of Howitt (1992) by providing a formal analysis of such
self-fulfilling expectations in the context of a model with optimiz-
ing behavior. Unlike the analysis of Howitt, this paper postulates a
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framework where agents optimally make forecasts of macroeconomic
conditions many periods into the future when making current deci-
sions.

The rational expectations paradigm comprises two stipulations:
(1) agents optimize given their beliefs about the joint probability dis-
tribution for various state variables that are independent of their ac-
tions and that matter for their payoffs and (2) the probabilities that
they assign coincide with the predictions of the model. Following a
considerable literature on learning (see Sargent [1993] and Evans and
Honkapohja [2001] for reviews), this paper retains the first stipula-
tion while replacing the second with the assumption that the joint
probabilities are formed using an econometric model. The predictions
of this econometric model need not coincide with the predictions of
the theoretical model. The central question posed by the analysis
is whether, given sufficient data, the predictions of the econometric
model eventually converge to those of the economic model.

Having departed from the rational expectations paradigm, some
care must be taken in specifying an individual agent’s knowledge.
Agents are assumed to know what they need to know to behave
according to the first stipulation above: they know their own pref-
erences and constraints, and, more generally, they correctly under-
stand the mapping from their actions to their expected payoff, given
a probability distribution for the variables that are outside their con-
trol. However, they are not assumed to know anything of the true
economic model of how those variables outside of their control are
determined. For instance, they do not know that other agents have
preferences just like their own and that agents form expectations the
way that they do, even if these things are true within the model. It
therefore is not appropriate to assume agents use knowledge that
other agents’ consumption decisions satisfy a subjective Euler equa-
tion (for example) in deciding what to do themselves. This has the
crucial implication that agents have to make long-horizon forecasts
in the framework proposed by this paper.

Recent work by Bullard and Mitra (2002) and Evans and
Honkapohja (2003) is similarly motivated. These authors, however,
assume a log-linear model of the monetary transmission mechanism
in which agents need only forecast inflation and aggregate income
one period in advance. In contrast, this paper assumes that agents
face a multiperiod decision problem, as in the microfoundations used
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in recent analysis of the implications of monetary policy rules under
rational expectations (see Bernanke and Woodford 1997; Clarida,
Gali, and Gertler 1999; and Woodford 1999). This paper demon-
strates that the aggregation of rationally modeled decisions, when
these decisions are based on subjective expectations, does not pre-
dict the aggregate dynamics that depend only on forecasts a single
period in the future, even though the aggregate dynamics under ra-
tional expectations can be described in that way. In fact, in making
current decisions about spending and pricing of their output, agents
must make forecasts of macroeconomic conditions many periods into
the future. This prediction is a direct result of agents not being able
to base their decisions on knowledge of the actions of other agents in
the economy. The central methodological contribution of this paper is
demonstrating that long-horizon forecasts matter in the determina-
tion of current economic conditions in a simple model of output gap
and inflation determination with subjective expectations. As such, it
builds on the work of Marcet and Sargent (1989), which shows that
the optimal decision rule in a partial equilibrium model of investment
determination necessarily depends on long-horizon forecasts.

In the model proposed here, learning occurs in the following
manner. Agents conjecture the form of the equilibrium dynamics
of state variables and estimate an econometric model of this form.
This econometric model describes the agents’ perceived law of mo-
tion. The estimated model is then used to evaluate forecasts of the
future paths of state variables that are exogenous to private agents’
decision problems. These forecasts, in conjunction with agents’ opti-
mal decision rules, can be solved to provide a solution for the actual
path of aggregate variables as a function of the current state. This
is the actual law of motion. Each period, this process is repeated as
additional data become available. A principal focus of the analysis is
the manner in which agents update their decision rules, and whether
additional data lead them to adopt perceived laws of motion that
are closer to the actual laws of motion of the economy. In particular,
do agents learn the rational expectations dynamics over time?

The criterion by which this paper judges convergence of learning
dynamics to rational expectations dynamics is the notion of expec-
tational stability, or E-stability, proposed by Evans and Honkapo-
hja (2001). Given the requirements of E-stability and the aggregate
economic dynamics implied by the model’s microfoundations, the
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analysis considers the implications of learning for several standard
prescriptions for monetary policy—specifically, whether certain pol-
icy rules are able to ensure least-squares convergence to the associ-
ated rational expectations dynamics.

In this paper, monetary policy is specified as a commitment to
one of two classes of state-contingent instrument rules: (1) nomi-
nal interest-rate rules that depend only on the history of exogenous
disturbances and (2) Taylor rules that specify a path for the nomi-
nal interest rate that depends on the model’s endogenous variables.
The former class of rule is of considerable interest, as it has been
argued to be a natural way to implement optimal monetary policy,
by specifying the optimal action in each possible state of the world.
However, such rules, which include nominal interest-rate pegs as a
special case, are subject to the critique of Friedman (1968) and also
Sargent and Wallace (1975), who showed that commitment to exoge-
nously determined interest-rate paths can lead to multiple rational
expectations equilibria. The latter feedback rules, introduced by Tay-
lor (1993), have been used in monetary policy both as a prescriptive
and descriptive tool. As initially demonstrated by McCallum (1983),
interest-rate rules that possess sufficient feedback from endogenous
variables can often deliver a determinate equilibrium. In the present
model under rational expectations, Woodford (2003, chap. 4) shows
that a Taylor rule leads to a determinate equilibrium if the so-called
Taylor principle is satisfied.

Two main results emerge from the analysis of learning dynam-
ics. First, interest-rate rules that are specified as depending only on
the history of exogenous disturbances are not expectationally sta-
ble under learning dynamics. Such rules are therefore subject to
self-fulfilling expectations, consistent with the concerns of Friedman
(1968). This, combined with the indeterminacy of rational expecta-
tions equilibrium of this class of policy rule, suggests such rules to
be ineffective in eliminating economic instability due to self-fulfilling
expectations, and therefore undesirable as a means to implement
optimal monetary policy. Second, for the Taylor rule, expectational
stability hinges critically on satisfaction of the so-called Taylor prin-
ciple (which stipulates that feedback from endogenous variables to
nominal interest rates be sufficiently strong to ensure that increases
in inflation be associated with increases in the real interest rate).
These findings are invariant to the nature of learning dynamics
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considered and suggest the Taylor principle to be a remarkably ro-
bust feature of the policy environment in the context of this model.

The analysis of this paper is most closely related to the work of
Bullard and Mitra (2002) and Evans and Honkapohja (2003), who
analyze a log-linear model of the monetary transmission mechanism,
where agents forecast inflation and aggregate spending one period
in advance.! The latter show that instrument rules that require the
nominal interest rate to respond only to the history of exogenous dis-
turbances are not stable under learning dynamics. Moreover, they
show how to implement the optimal rational expectations equilib-
rium when the monetary authority is constrained to be a discre-
tionary optimizer and that this equilibrium is also E-stable. Bullard
and Mitra (2002) show in the same model that for a monetary au-
thority that is assumed to be able to commit to a number of Taylor-
type interest-rate rules, the associated rational expectations equi-
librium is E-stable under learning dynamics so long as the Taylor
principle is satisfied. That these findings concur with the results of
this paper is not necessarily to be expected. The presence of long-
horizon forecasts in the present paper gives rise to dynamics that are
distinct from those predicted by these analyses.

The paper proceeds as follows. Section 1 sketches the microfoun-
dations of a simple dynamic stochastic general equilibrium model
under a general assumption on expectations, provides commentary
on the irreducibility of long-horizon forecasts, and highlights some
attractive features of the framework proposed to model learning dy-
namics. Section 2 develops the expectations formation mechanism
adopted in this paper. Section 3 discusses the notion of expectational
stability and provides a simple abstract example of learning analy-
sis. Section 4 considers the robustness of some common prescriptions
for monetary policy to the presence of learning dynamics. The final
section concludes.

1. The Framework

To develop a framework suitable for the analysis of monetary pol-
icy under alternative assumptions on expectations formation, we

!See also Bullard and Mitra (2000), Evans and Honkapohja (2002), Honkapo-
hja and Mitra (2004), and Honkapohja and Mitra (2005) for further analyses of
issues in monetary policy under learning dynamics in the same framework.
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make use of a simple dynamic stochastic general equilibrium model
with microfoundations found in Clarida, Gali, and Gertler (1999)
and Woodford (2003). To simplify the exposition, the analysis ab-
stracts from monetary frictions that would allow money to be held
despite being dominated in rate of return, as in the “cashless” base-
line model developed in Woodford (2003, chap. 2). The model is
developed in several steps. The household’s intertemporal alloca-
tion problem is considered, followed by the firm’s optimal pricing
problem. The implications of the assumed expectations formation
mechanism for monetary policy are then explored.

1.1 Household’s Intertemporal Problem

The economy is populated by a continuum of households that seek
to maximize future expected discounted utility

00 1
B AT U(Chigg) - / o(hin(7); €0)d5 | | (1)

where utility depends on a consumption index, C}, of the economy’s
available goods (to be specified); a vector of aggregate preference
shocks, &;; and the amount of labor supplied for the production of
each good 7, h'(j). The second term in the brackets therefore cap-
tures the total disutility of labor supply. The consumption index,
Ci, is the Dixit-Stiglitz constant-elasticity-of-substitution aggrega-
tor of the economy’s available goods and has an associated price
index written, respectively, as

1 = I =
i e A _ N1—6 7.
Cy = /ct(]) 7 dj and P = /Pt(]) dj v
0 0

where 6 > 1 is the elasticity of substitution between any two goods,
and ci(j) and p;(j) denote household i’s consumption and the price
of good j. The absence of real money balances from the period util-
ity function (1) reflects the assumption that there are no transaction
frictions that can be mitigated by holding money balances. However,
agents may nonetheless choose to hold money if it provides compa-
rable returns to other available financial assets.
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E! denotes the subjective beliefs of household 4 about, the prob-
ability distribution of the model’s state variables—that is, variables
that are beyond agents’ control, though relevant to their decision
problems. The presence of a hat, “*”, denotes nonrational expecta-
tions, and the special case of rational expectations will be denoted
by the usual notation, F;. Beliefs are assumed to be homogenous
across households for the purposes of this paper (though this is not
understood to be the case by agents) and to satisfy standard prob-
ability laws so that E/E! 1= E!. In forming beliefs about future
events, agents do not take into account that they will update their
own beliefs in subsequent periods, and this is the source of nonra-
tional behavior in this model. However, when households solve their
decision problem at time ¢, beliefs held at that time satisfy standard
probability laws, so that standard solution methods apply. The spe-
cific details of beliefs and the manner in which agents update beliefs
are developed in section 2. The discount factor is assumed to satisfy
0 < B < 1. The function U(Cy;&,) is concave in Cy for a given value
of &, and v(h(7); ;) is convex in h(7) for a given value of &,.

Asset markets are assumed to be incomplete: there is a single
one-period riskless nonmonetary asset available to transfer wealth
intertemporally. Under this assumption, the household’s flow budget
constraint can be written as

M} +Bj < (1+1i") M} 1+ (1 +i,—1) B{_1+ PY} - T,— P.C;, (2)

where M denotes the household’s end-of-period holdings of money,
B} denotes the household’s end-of-period nominal holdings of
riskless bonds, ¢}* and i; are the nominal interest rates paid on
money balances and bonds held at the end of period ¢, Y} is the
period income (real) of households, and T; denotes lump sum taxes
and transfers. The household receives income in the form of wages
paid, w(j), for labor supplied in the production of each good, j. Fur-
thermore, all households ¢ are assumed to own an equal part of each
firm and therefore receive a common share of profits II;(j) from the
sale of each firm’s good j (though agents do not know this to be
true). Period nominal income is therefore determined as

1
BYi = / hon()REH) + T, (7))
0
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for each household i. The flow budget constraint indicates that fi-
nancial assets at the end of period ¢ can be no more than the value of
assets brought into this period, plus nonfinancial income after taxes
and consumption spending. This constraint must hold in all future
dates and states of uncertainty. Fiscal policy is assumed to be Ricar-
dian so that goods prices, asset prices, and output are determined
independently of fiscal variables.? It will be assumed that the fiscal
authority pursues a zero-debt policy, so that bonds are in zero net
supply.

To summarize, the household’s problem in each period t is to
choose {cj(j),hi (j),M;,Bj} for all j € [0,1] so as to maximize
(1) subject to the constraint (2), taking as parametric the variables
{pT(j), wr(j), Urp, ip_1, 74, fT} for T' > t. The first-order con-
ditions characterizing the solution to this optimization problem are
detailed in appendix 1.

1.1.1 A Consumption Rule Derived

In order to derive a linear decision rule describing the household’s
optimal intertemporal allocation of consumption, a log-linear ap-
proximation to the household’s first-order conditions is employed.
Appendix 1 shows that a log-linear approximation to the household’s
Euler equation and the intertemporal budget constraint imply the
relations

Ci = EiCl .y — o(is — Eiften) + 90 — Elgi (3)
and o 0o
B BT = w4+ B ATV, (4)
T=t T=t

where 0 = —U,/(U..C) is the intertemporal elasticity of substitu-
tion, g; = oUx&,;/U., and where for any variable z;, 2, = In(z;/%)
denotes the log deviation of the variable from its steady-state value,
z, defined in appendix 1. w! = W}/(PY) is the share of the
household’s real wealth as a fraction of steady-state income, where
W} = (1+i;-1) Bi_;. Solving (3) backwards recursively from date
T to date t and taking expectations at that time gives

*Preston (2002) considers the fiscal theory of the price level under learning
dynamics.
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BiCh = ¢ g+ B
T=t

T—1
gr +o Z(@t - ﬁt-‘rl)] ;
which on substitution into the intertemporal budget constraint yields

Ci=(0-Pwi+EY 5

T=t
X [(1 — B)Y4 — Bolir — F741) + Blgr — gr11) (5)

as the desired decision rule: it describes optimal behavior given ar-
bitrary beliefs (so long as such beliefs satisfy standard probability
laws). It follows that households necessarily make long-horizon fore-
casts of macroeconomic conditions to determine their optimal cur-
rent consumption choice. Consumption varies across households ac-
cording to differences in wealth and income. Section 5 discusses why
optimizing agents necessarily make decisions according to (5), rather
than just making use of the Euler equation (3) as has been assumed
in the recent literature.

It is useful to contrast this derived decision rule to the predicted
consumption allocation under the permanent income hypothesis. In-
deed, the first two terms capture precisely the basic insight of the
permanent income hypothesis that agents should consume a constant
fraction of the expected future discounted wealth, given a constant
real interest rate equal to 371 — 1. The third term arises from the
assumption of a time-varying real interest rate, and represents de-
viations from this constant real rate due to either variation in the
nominal interest rate or inflation. The final term results from allow-
ing stochastic disturbances to the economy.

To determine aggregate behavior, integrate over ¢ to give

G = B3 67 [(1 = B)¥r — Bolir — #r1) + Blor — gran)]
T=t

using the fact that fiw;‘;di = 0 from market clearing (bonds are
in zero net supply) and introducing the notation flzzdz = z for

any variable z and, specifically, fZ Efdi = E, to define the average
expectations operator. (In aggregating, we have made use of the
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equilibrium property that all agents will receive the same wage for
each type of labor supplied. Since all agents hold the same diversified
portfolio of firm profits, it is necessarily true that Vi = f/;] for all
i, 7 and we call this common income stream }Aft) It is important
to note that the expectations operator, Et, possesses no behavioral
content, and simply defines the average expectations of a distribution
of agents in the economy. That this is true follows immediately from
the assumed knowledge of agents: they do not know the tastes and
beliefs of other agents in the economy and therefore do not have
a complete economic model with which to infer the true aggregate
probability laws and how state variables beyond their control are
determined.

Since equilibrium requires Cy =Y, the aggregation of household
decision rules can be written in terms of the output gap, z; = Yt—f/t”,
to give

o0

z = E, ZﬂT_t (1 = B)xry1 — o(ir — Try1) + 17, (6)
T—t

where }7;” is the natural rate of output (to be defined) and r}’ =
(f/ﬁrl —gi41)— (Y —g;) is a composite of exogenous disturbances. The
current output gap is therefore determined by the current nominal
interest rate and exogenous disturbance and the average of house-
holds’ long-horizon forecasts of both these variables and also output

and inflation into the indefinite future.

1.2 Optimal Price Setting

Now consider the firm’s problem, again relegating details to the ap-
pendix. Calvo price setting is assumed so that a fraction 0 < a < 1
of goods prices are held fixed in any given period, while a fraction
1 — « of goods prices are adjusted. Given homogeneity of beliefs, all
firms having the opportunity to change their price in period t face
the same decision problem and therefore set a common price p;. The
Dixit-Stiglitz aggregate price index must therefore evolve according
to the relation

1

P=[aPSf + (1= a)p; 0| (7)
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Firms setting prices in period t face a demand curve (i) =
Y:(pe(i)/P;) 9 for their good and take aggregate output Y; and ag-
gregate prices P; as parametric. Good i is produced using a single
labor input A(i) according to the relation y;(i) = A;f(he(i)), where
A; is an exogenous technology shock and the function f (-) satisfies
the standard Inada conditions.

When setting prices in period ¢, firms are assumed to value future
streams of income at the marginal value of aggregate income in terms
of the marginal value of an additional unit of aggregate income today.
That is, a unit of income in each state and date T is valued by the
stochastic discount factor

_ aT—t . i . UC(YT7£T)
Qur =0 Pr Ud(Yi;€,)

This simplifying assumption is appealing in the context of the sym-
metric equilibrium that is examined in this model. Since all agents
are assumed to have common beliefs and tastes, and because all
households are assumed to own an equal share of firm profits, it
follows that in equilibrium each receives a common income stream
that is necessarily equal to aggregate income. Having firms value
future profits at the marginal value of aggregate income therefore
corresponds to each shareholder’s valuation.?

The firm’s price-setting problem in period t is therefore to max-
imize the expected present discounted value of profits

ED> a1y [T (pi(i))] (8)
T=t
where ‘
I (p) = Vi PYp' ™0 —wi (i) f (i P p™° JAy), 9)

with the notation f~!(-) denoting the inverse function of f (-). The
factor a’~t in the firm’s objective function is the probability that

3This assumption is not particularly important. In the employed log-linear
approximation, firms only use knowledge of the long-run average value of Qy,r,
which equals the discount factor . So long as firms know (3, any number of
assumptions on the price-setting behavior of firms would be consistent with the
presented analysis. Firms could hold different beliefs about fluctuations in Q¢ 1
so long as they all know the long-run average to be equal to 3.
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the firm will not be able to adjust its price for the next (T —t)
periods.

To summarize, the firm’s problem is to choose {p; (i)} to max-
imize (8), taking as given the variables {Yr, Pr, wr(j), Ar, Qur}
for T >t and j € [0,1]. The first-order conditions characterizing
optimality are contained in appendix 2.

1.2.1 Price Decision Rule Derived

As for the household problem, we seek a log-linear approximation
to firms’ price-setting behavior. Appendix 2 demonstrates that the
first-order condition of the firm’s optimal pricing problem satisfies
the approximate log-linear relation

P o T1— X
i) = 13 (@ 1355 (oo er il 0

where w > 0 is the elasticity of firm 4’s real marginal cost function
(defined in the appendix) with respect to its own output, y; (). Thus
firm 4’s optimal price is determined as a linear function of the future
expected paths of the output gap and inflation. Analogously to the
household’s problem, firms optimally make long-horizon forecasts of
general macroeconomic conditions in deciding their current price,
p; (4).

To infer the aggregate implications of the maintained theory of
pricing, integrate (10) over 7 to give

. (w + O'_I)IET + afrry| -

[1—046

[e.e]
pi=E> (o) T+l

T=t

Noting that a log-linear approximation to the price index (7) gives
7t = Py - (1 — &)/, the above expression can be written as

T = KT + Et Z (aﬂ)T_t [’faﬁ ~xry+ (1 - a)ﬂﬁTﬂ] ) (11)
T=t

where
l-a)l—ap
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Equation (11) indicates that current inflation is determined by to-
day’s output gap and the average of firms’ expectations of the future
time path of both the output gap and the inflation rate. As for the
households’ problem, since private agents do not know the tastes
and beliefs of others and therefore are unable to infer the true ag-
gregate probability laws, this relation cannot be quasi-differenced
to deliver a relationship between current inflation and expectations
of next period’s inflation rate. To simplify notation, for the re-
mainder of the paper the “°” is omitted, with the understanding
that all variables are defined as log deviations from steady-state
values.

It is worth noting that the foregoing methodology is not spe-
cific to the model at hand. Different theories of price setting or
consumer behavior could be adopted. For instance, perfect competi-
tion could be assumed to give fully flexible prices. Alternatively, it
could be assumed that some fraction v of firms have flexible prices,
while a fraction 1 — v set prices a period in advance. This would
give the Lucas supply curve, as shown by Woodford (2003, chap.
3). Long-horizon forecasts do not matter under these theories of
pricing because firms do not face a multiperiod decision problem—
they are static and two-period problems, respectively. Assuming
Calvo pricing is a tractable way to develop a minimally realistic
model for the analysis of monetary policy and facilitates comparison
to the recent literature on monetary policy and learning. It is an
open question whether other, possibly more realistic theories of pric-
ing have important implications for monetary policy under learning
dynamics.

1.8 The Irreducibility of Long-Horizon Forecasts

A number of previous papers have proposed analyses of learning
dynamics in the context of models where agents solve multiperiod
(indeed, infinite horizon) decision problems, but without requiring
that agents make forecasts regarding outcomes more than one pe-
riod in the future. In these papers, agents’ decisions depend only on
forecasts of future variables that appear in the Euler equations that
can be used to characterize rational expectations equilibrium. For
example, Bullard and Mitra (2002) propose an analysis of learning
dynamics in a model that is intended to have the same underlying
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microfoundations as the model presented above—that is, intended
to consider the consequences of least-squares learning in the context
of the standard New Keynesian model of inflation and output gap
determination. However, section 1 demonstrates that under learning
dynamics, private-sector optimization implies the aggregate struc-
tural relations (6) and (11) so that long-horizon expectations of gen-
eral macroeconomic conditions matter for the evolution of aggregate
output and inflation.

Since these relations hold for arbitrary beliefs satisfying stan-
dard probability laws, they must also hold under rational expec-
tations. Under this assumption, (6) and (11) can be simplified by
application of the law of iterated expectations, as agents—having
complete knowledge of the tastes and beliefs of other agents—are
able to compute the equilibrium probabilities and associated laws,
ensuring that individual beliefs coincide with the aggregate proba-
bility laws implied by the economic model. Leading the aggregate
demand relation (6) one period and taking rational expectations at
date ¢ gives

o0
Eixy1 = BB Z BTN = Barsa — oie — wpy) + 1]
T—t+1
o0

=B, Y BTN = Brrss — oliv — wrga) + 14,
T=t+1
(12)

where the second equality follows from the law of iterated expecta-
tions. It follows that

ry = Ey[(1 = B)zi1 — o(iy — mp1) + 7] +

Ey Y 871 = B)ars — 0B ir — wria) + 17
T=t+1

= E[(1 = B)ata — o(ic — meg1) + 1] + BB
= By — o(iy — Evmeg) + 17
where the second equality makes use of (12). Similar manipulations

for the Phillips curve relation give the rational expectations model
of the monetary transmission mechanism
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Tt = Etxt—i-l — O'(’it — Etﬂt_t,_l) + 7’?
Ty = KTy + BEymiyr.

This simple model of the economy has been used in recent studies
of monetary policy rules by Bernanke and Woodford (1997), Clarida,
Gali, and Gertler (1999), and Woodford (1999). A rational expecta-
tions equilibrium analysis therefore predicts that only one-period-
ahead forecasts of inflation and the output gap matter for the evolu-
tion of the economy. The approach of Bullard and Mitra (2002) is to
take these relations and replace the rational expectations assump-
tion with the learning assumption outlined in section 2. This gives
the system

Tt = Et-'EH»l — U(’L't — Etﬂ't+1) + ’F? (13)
T = KTy + BTy, (14)

obtained by substituting the rational expectations operator, E;, with
the learning dynamics operator, E;. But the system (13)—(14) is not
equivalent to the model consisting of equations (6) and (11) under
most possible specifications of subjective expectations.

The proposed learning procedure has the advantage that if the
econometric model used by agents to produce forecasts is correctly
specified, then the resulting behavior is asymptotically optimal. That
is, behavior under the learning algorithm differs from what would be
optimal behavior under the true probability laws by an amount that
is eventually arbitrarily small. For the examined monetary policies,
a correctly specified econometric model posits inflation, output, and
the nominal interest rate to be linear functions of the lagged natural
rate disturbance, with a residual term orthogonal to the natural rate.
The consistency of the ordinary least squares estimator implies that
the coefficients that agents use in forming their beliefs are eventually
close to the true coefficients. Since the optimal decision rule is a
continuous function of the coeflicients of the agents’ forecasting rule,
beliefs that are arbitrarily close to the correct ones imply behavior
that is arbitrarily close to being optimal.

In general, this is not a property of the Euler equation approach.
To make this clear, recall that the optimal decision rule is given by

Ci= (1= By + B> 57 (1= Bjar — Bolir — mria) + B,
T=t
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where we have defined (f'tz = C!—Y;". Agents having a positive initial
wealth endowment, w’ > 0, will have higher than average consump-
tion (given that the income process is the same for all agents in
the equilibrium described in section 1), while those having a nega-
tive initial wealth endowment, w? < 0, will have lower than average
consumption.

It is immediate, then, that using the Euler equation alone can-
not lead individual households to make the optimal consumption
allocation each period, since it does not lead them to take account
of their wealth in any way whatsoever. Suppose we interpret the Eu-
ler equation (13) as saying that household i forecasts the aggregate
output gap, xsy1, then bases its consumption decision Ct on this, so
that R A A

CZ = Eza:t—i—l - O'(’it — EZ?TH_l) + T;L (15)

describes household behavior. Such a procedure will lead to system-
atic underconsumption by households with @’ > 0 and overconsump-
tion of those households with w? < 0. If the Euler equation approach
is instead interpreted as saying that the household forecasts its own
future consumption C’t 1 (based on the past time series of own con-
sumption spending) and then bases current consumption on this,
we have

Ci = EiCl, — o(iy — Elmipr) + 17, (16)

and similar conclusions present themselves.*

Such suboptimal behavior is a manifestation of the following
more general point: forecasting EtCt 1 as Et:th is internally in-
consistent with household optimization. It represents a forecast of
the agent’s own future decision that differs from what it expects to
be optimal given its current forecasts of future income, inflation, and
interest rates and given the agent’s understanding of its own deci-
sion rule. Moreover, if agents have internally consistent beliefs, such
forecasts would differ from what the agent should now be forecasting

4Note that under this proposed learning mechanism, the interpretation of
E‘; is distinct from the behavior postulated in this paper: agents, rather than
forecasting future state variables that are beyond their control though pertinent
to their decision problem, adopt a pure statistical model of their own future
consumption choice—expectations are not taken with respect to the probability
distribution induced by the optimal decision rule and beliefs about exogenous
state variables.
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about their own period ¢ + 1 forecasts. Forecasts of this kind there-
fore represent a less sophisticated approach to forecasting, because
they fail to make use of information that the agent necessarily pos-
sesses. The model of learning proposed in this paper induces a
more sophisticated approach to forecasting that ensures consistency
among the various things that the agent is assumed to simultaneously
believe.

As an example, consider the model in the case of a zero initial
wealth endowment. The optimal decision rule is

Ci=E;Y "1 = Byar — Bolir — wria) + Bri].

T=t

Since in the optimal program this rule governs consumption decisions
in all future periods, it follows that households expect next period’s
optimal consumption choice to be

EiCl, =E} Y BTH(1 = By — Bolip — mri1) + 8], (17)
T=t+1

obtained by forwarding the optimal decision rule one period and
taking expectations at time ¢. It follows immediately that for the
Euler equation to provide the optimal consumption allocation, un-
der the interpretations in the preceding paragraph given to (15) or
(16) above, Eizyy 1 and EiCy 1, respectively, must coincide with this
optimal forecast given by (17). But in general, there is no reason for
forecasts of ;41 and C} 1 constructed from regression of past ob-
servations of these variables on observed aggregate disturbances to
coincide with (17). The optimal forecast is a particular linear combi-
nation of forecasts of the state variables relevant to the household’s
decision problem. Importantly, such forecasts will only coincide in
a rational expectations equilibrium; that is, when agents know the
true probability laws—the very laws agents are attempting to learn.
Thus consumption decisions made according to either Euler equation
(15) or (16) lead to suboptimal behavior.

Honkapohja, Mitra, and Evans (2002) argue that such Euler
equations can be derived from the framework of this paper (in the
case of zero initial wealth endowments) with the additional assump-
tion that agents understand that market clearing requires Cf = x;
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(or Cf =Y;) in all periods. While this assumption might appear ap-
pealing in the context of a model with homogenous agents that are
constrained in equilibrium to consume identical incomes, more gener-
ally it lacks appeal on two grounds. First, market-clearing conditions
are part of the set of rational expectations equilibrium restrictions
that agents are attempting to learn—why are they any more likely
to be endowed with knowledge of one restriction over another? This
will be particularly important in more general models when agents
receive differing income streams and have incentives to trade assets
in equilibrium. Second, even if it is assumed that agents are aware
of this market-clearing condition, so that the Euler equation of the
form (15) can be derived, such a decision rule does not describe
optimal behavior: households would never choose to adopt such a
learning rule given the maintained assumption that agents optimize
conditional on their beliefs.

2. Expectations Formation

The previous section derives the aggregate implications of house-
hold and firm behavior. Equation (6) specifies the evolution of aggre-
gate demand, while equation (11) is analogous to a forward-looking
Phillips curve determining current inflation as a function of expected
future inflation and the output gap. To close this stylized model
of the macroeconomy, assumptions on the expectations formation
mechanism and the nature of monetary policy—which determines
the evolution of the nominal interest rate {i;}—are required. Given
expectations, so long as monetary policy is specified as being de-
termined by the model’s exogenous variable and/or permitted to
depend only on the endogenous variables, inflation, and the output
gap (including future expected and past values), then this equation
together with (6) and (11) is sufficient to determine {7, x4, i;}. The
monetary policies considered in this paper satisfy this requirement.
It remains to specify the expectations formation mechanism.

2.1 Recursive Learning

To be precise about the learning dynamics of this model, adjoin an
equation for the interest rate to equations (6) and (11) to give the
system
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x; = —oiy + B Z B (1 = B)aryr — o(B -irer — Tre1) + 7

T=t
(18)
Tt = KT + Et Z (Oéﬂ)T_t [HCKB *ITT41 + (1 - Ct)ﬂ : 7TT+1] (19)
T=t
iy = i(z,m, "), (20)

The final equation defines a general specification for monetary pol-
icy that satisfies the requirements discussed above. Conditional on
expectations, there are three equations that determine the three un-
known endogenous variables {7, x4, i;}. It is clear from equations
(18) and (19) that agents require forecasts of the entire future path of
each endogenous variable. Agents therefore estimate a linear model
in inflation, the output gap, and the nominal interest rate, using as
regressors variables that appear in the minimum-state-variable so-
lution to the model under rational expectations. This conjectured
model represents agents’ beliefs of the equilibrium dynamics of the
model’s state variables.®

Under the classes of monetary policies considered in section 4, the
minimum-state-variable solution is always linear in the disturbance
term, ri'. Suppose the natural rate of interest, r{*, is determined by
the stochastic process

7’? = f/3t7

where

st =Csi—1 + ey (21)

5One might query the assumption that agents construct forecasts using just
variables that appear in the minimum-state-variable solution. After all, it is clear
from the optimizing model developed that agents also observe (simultaneously)
aggregate output and prices when making their own decisions about consumption
and price setting. It follows that these aggregate variables might be thought
useful in constructing forecasts about the future evolution of the economy. This
informational assumption leads to the same substantive conclusions on E-stability
as the case in which agents do not use this additional information, and results
are available from the author. To keep the ideas at the fore and the algebra at
bay, the main analysis works under the assumption that forecasts are constructed
using only variables that appear in the minimum-state-variable solution.



Vol. 1 No. 2 Learning about Monetary Policy Rules 101

and s; is an (n x 1) vector, fisan (n x 1) coefficient vector, €5+ is an
i.i.d disturbance vector, and C' is a matrix with all eigenvalues being
real and inside the unit circle. Thus the natural rate shock is specified
as a fairly arbitrary linear combination of exogenous disturbances.
Defining z; = (s, x4,4) , the estimated linear model is assumed
to be

zt:at+bt-st+et,

where ¢; is the usual error term and (ay,b;) are coefficient vectors
of dimension (3 x 1) and (3 x n), respectively. The estimation pro-
cedure makes use of the entire history of available data in period ¢,
{z1, 1, st}g_l. As additional data become available in subsequent pe-
riods, agents update their estimates of the coefficients (ay, by) . This
is neatly represented as the recursive least-squares formulation

¢p = b1+t R w1 (21 — @) we1) (22)
Ry =Ry 1+ t‘l(wt,lwg_l — Ri—1), (23)

where the first equation describes how the forecast coeflicients, ¢, =
(a},vec(by)')', are updated with each new data point and the second
equation describes the evolution of the matrix of second moments of
the appropriately stacked regressors wy = {1, st}g. The forecasts can
then be constructed as

EtZT = at—1 + bt—l . CTﬁt - St (24)

for T' > t. The matrix C' is assumed to be known to agents for
algebraic convenience. This is not important to the conclusions of
this paper—all results hold when agents have to learn the nature of
the autoregressive process describing s;, and the results are available
from the author. That agents form beliefs using (24) makes clear their
irrationality—at time ¢, agents make use of an econometric model to
assign probabilities to the evolution of state variables that does not
account for their own subsequent updating of beliefs at t + 1 by use
of (22) and (23). This completes the description of the model.

To summarize, the model of the macroeconomy comprises an
aggregate demand equation, (6); a Phillips curve, (11); a monetary
policy rule; and the forecasting system (22), (23), and (24).
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3. Analyzing Learning Dynamics

Subsequent analysis answers two related questions for a given as-
sumption on monetary policy: Under what conditions does a unique
rational expectations equilibrium obtain? And, given the existence
of such an equilibrium, what conditions guarantee convergence to
this equilibrium when agents’ expectations are formed using a recur-
sive least-squares algorithm rather than using rational expectations?
While analysis of determinacy is now commonplace in the monetary
policy literature, the conditions for convergence under least-squares
learning dynamics are less familiar.® The criterion adopted in this
paper to judge convergence under recursive learning is the notion of
expectational stability of rational expectations equilibrium, called E-
stability by Evans and Honkapohja (2001). Evans and Honkapohja
show that local real-time convergence of a broad class of dynamic
models under recursive learning is governed by E-stability. The fol-
lowing section draws on Evans and Honkapohja (2001) to develop
the ideas of E-stability.

3.1 FExpectational Stability

Agents use their econometric model to construct forecasts of the
future path of endogenous variables. For expositional purposes, this
subsection assumes the evolution of 7} is a standard AR(1) process,
with coefficient |p| < 1. If monetary policy is conducted so that the
minimum-state-variable solution is linear in r}, then forecasts can
be constructed using

2 T—t
Eizp =a;1+bi—1-p Y

for T' > t. To obtain the actual evolution of the economy, substitute
(24) into the system of equations (18), (19), and (20). Collecting like
terms gives a general expression of the form

zt = (Q+ Aar—1) + (Bbi—1 + D) r,

where the matrices A and B collect coefficients on the estimated
parameter vectors (aj, b}), @ collects constant terms, and D collects

5See Blanchard and Kahn (1980) for a detailed discussion of the conditions
for uniqueness of rational expectations equilibrium.
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remaining coefficients on the state variable, . Leading this expres-
sion one period and taking expectations (rational) provides

Eizip1 = (Q + Aag—1) + p (Bbi—1 + D) 1y,

which describes the optimal rational forecast conditional on private-
sector behavior. Comparison with (24) makes clear that agents are
estimating a misspecified model of the economy—agents assume a
stationary model when in fact the true model has time-varying coef-
ficients. Taken together with (24) at T'= ¢ + 1, it defines a mapping
that determines the optimal forecast coefficients given the current
private-sector forecast parameters (a;_q,b},_,), written as

T(at_b bt—l) = (Q + Aat_l, Bbt_l + D) (25)

A rational expectations equilibrium (REE) is a fixed point of this
mapping. For such REE, we are then interested in asking, under
what conditions does an economy with learning dynamics converge
to this equilibrium? Using stochastic approximation methods, Evans
and Honkapohja (2001) show that the conditions for convergence
of the learning algorithm (22) and (23) are neatly characterized by
the local stability properties of the associated ordinary differential
equation

%(a, b) = T(a,b) — (a,b), (26)

where 7 denotes “notional” time. The REE is said to be expectation-
ally stable, or E-stable, if this differential equation is locally stable
in the neighborhood of the REE. From standard results for ordinary
differential equations, a fixed point is locally asymptotically stable if
all eigenvalues of the Jacobian matrix D [T (a,b) — (a,b)] have neg-
ative real parts (where D denotes the differentiation operator and
the Jacobian understood to be evaluated at the rational expecta-
tions equilibrium of interest). See Evans and Honkapohja (2001) for
further details on expectational stability.

In the context of the above model, the Jacobian matrices are
(A—1) and (B —I) and have dimension (3 x 3) (corresponding to
the number of state variables that agents are forecasting). For such
matrices to have roots all having negative real parts, the coefficients
of the associated characteristic equation must satisfy three restric-
tions. It follows that E-stability imposes six restrictions on model
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parameters. Details of these conditions are provided in appendix 3.
The remainder of the paper concerns itself with the relationship be-
tween the conditions for expectational stability and the requirements
for determinacy when monetary policy is specified as a commitment
to a variety of interest-rate rules.

4. Monetary Policy and Learning

The first part of this paper develops a framework in which agents
face multiperiod decision problems and have subjective expectations.
It shows that the aggregation of rationally formed decisions of indi-
vidual agents with such subjective expectations implies that cur-
rent output and inflation are determined by long-horizon forecasts
of general macroeconomic conditions. The remainder of the paper is
devoted to the question of whether certain policy rules in such an
economy lead the learning dynamics to converge to the dynamics
predicted by rational expectations equilibrium analysis—that is, in
the language of the previous section, whether given sufficient data
agents adopt perceived laws of motion that converge to the actual
laws of motion of the economy.

Since Taylor (1993) there has been a revived interest in mone-
tary policy rules, both as a prescriptive and descriptive tool. Taylor
proposed a simple rule of the form

Z.t =1+ 1/J7r77t + wa:xt (27)

prescribing the nominal interest rate to be adjusted in response to
variations in inflation and in the output gap and 7; is a stochastic
constant.” This work and Taylor (1999) provides evidence that a
rule of this form gives a remarkably good characterization of U.S.
monetary policy from the mid-1980s onward. More generally, some
have argued that interest-rate rules should be an integral part of a
framework for monetary policy, as such rules provide a possible so-
lution to the pitfalls of discretionary behavior by the central bank:
by providing a systematic response to economic shocks, the cen-
tral bank might be better able to stabilize inflation and output and

"The actual rule proposed by Taylor (1993) was i; = m; 4 0.5(m; — 2) + 0.5z,
interpreting 7; as the four-quarter-ended inflation rate.
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therefore improve social welfare. Furthermore, by specifying the op-
timal choice of the nominal interest rate in each state of the world,
interest-rate rules can, in principle, be designed to implement opti-
mal monetary policy. Clarida, Gali, and Gertler (1999) and Wood-
ford (2003) develop these ideas in considerable detail and present
a coherent theory of monetary policy that makes the case for such
rules.

However, much of the literature on monetary policy rules regard-
ing the desirability of one rule versus another rests on the assumption
of rational expectations. And while rational expectations has obvi-
ous appeal as a modeling device, there is good reason to be cautious
about policy recommendations derived under its assumption. The
model of this paper provides a natural framework to evaluate the de-
sirability of monetary policy rules given alternative assumptions on
the expectations formation mechanism. Indeed, the adaptive learn-
ing framework has considerable appeal, as it includes the rational
expectations paradigm as a special limiting case. It follows that such
an expectations formation mechanism presents a minimal deviation
from rational expectations and, therefore, that any rules that are
found to induce economic instability under its assumption are likely
to be undesirable as a recommended policy. Indeed, Howitt (1992),
Evans and Honkapohja (2003), and Bullard and Mitra (2002) argue
convergence of least-squares learning to the predictions of rational
expectations equilibrium analysis to be a minimal requirement of
any proposed policy.

The use of interest-rate rules as a means to conduct monetary
policy has also been criticized on the grounds that even though a pol-
icy is consistent with a desirable equilibrium, it will almost surely
have disastrous consequences in practice by allowing for self-fulfilling
expectations to propagate. For example, Friedman (1968) argued
that any attempt by the monetary authority to peg the nominal
interest rate, even at an optimally chosen value, would inevitably
lead to economic instability via a cumulative Wicksellian process.
Following Howitt (1992), the basic logic of this criticism can be
neatly formulated in a model where agents form expectations of
the future path of the economy by extrapolating from historical re-
lationships in observed data. The remaining analysis examines the
possibility of self-fulfilling expectations when agents must form long-
horizon forecasts in order to make current decisions. Thus, given
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a candidate monetary policy, the central question of interest is
whether, given sufficient data, agents with subjective expectations
will be able to learn the predictions of rational expectations equilib-
rium analysis.

4.1  Monetary Policy Rules

Consider two classes of instrument rules: (1) nominal interest-rate
rules that depend only on the history of exogenous disturbances and
(2) Taylor-type feedback rules that specify a path for the nominal
interest rate that depends on the path of endogenous variables. The
former class of rule is of considerable interest since specifying the
optimal action of the monetary authority in each state of the world is
a natural way to implement optimal monetary policy. However, such
rules are an example of the type of rule critiqued by Friedman (1968)
and have also been criticized by Sargent and Wallace (1975), who
showed that commitment to exogenously determined interest-rate
paths can lead to indeterminacy of rational expectations equilibria.
The possibility of indeterminacy of rational expectations equilibria
raises an important challenge for the design of optimal monetary
policy as underscored by the work of Svensson and Woodford (2002),
Woodford (1999), Giannoni and Woodford (2002a), and Giannoni
and Woodford (2002b): even though an optimal interest-rate rule,
expressed as a function of the history of exogenous disturbances, can
be designed to be consistent with the optimal equilibrium, such rules
are also equally consistent with many other undesirable equilibria. In
the context of the monetary policy literature under learning, Evans
and Honkapohja (2003) have demonstrated an analogous result: such
policy rules are in fact subject to self-fulfilling expectations as argued
by Friedman.

Importantly, indeterminacy of rational expectations equilibrium
is not a general property of interest-rate rules. McCallum (1983)
showed that rules that allow appropriate feedback from endogenous
variables can deliver a unique equilibrium. As mentioned, a promi-
nent recent example due to Taylor (1993) is given by (27). Woodford
(2003, chap. 4) shows that this rule leads to determinacy of rational
expectations equilibrium if the so-called Taylor principle is satisfied.
This rule will be the central focus of our study of learning dynamics
in this economy.
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There are clearly many other possible rules for the conduct of
monetary policy. Clarida, Gali, and Gertler (1998) and Clarida, Gali,
and Gertler (2000) have found that estimated central bank reaction
functions often find an important role for expectations of future in-
flation in the setting of the current interest rate. This suggests rules
of the form

it =u + Y, Err + 1 By (28)

to be of practical interest.?

Alternatively, as argued by McCallum (1999), the informational
assumptions implicit in the Taylor rule are tenuous in practice. Mon-
etary authorities typically do not have available current-dated obser-
vations on the output gap and inflation rate when setting the current
interest rate. Many researchers have responded to this criticism by
modifying the information set available to the monetary authority
when determining its instrument setting. Hence, the nominal inter-
est rate could be argued to be better modeled as being determined
by lagged expectations of current-dated output and inflation to give
an instrument rule of the form

it = + Y B 3y +p By (29)

Finally, for a monetary authority concerned with stabilizing vari-
ation in output and inflation, the optimal commitment equilibrium
in the present model under rational expectations can be shown to be
implemented by a rule of the form

. 1 A Ok
=y {E+ Tttt (m * “) Been
K
T Xyt } ’

where A\ gives the weight placed on stabilizing output variation and
u; a cost-push shock.? All three classes of monetary policy rules cer-
tainly warrant careful analysis when private agents have subjective

8This is not the form of rule that these authors find best characterizes the
central bank’s policy reaction function. It is presented as being illustrative of a
type of rule that might be of practical interest.

9As done in many recent analyses of this model under rational expections, a
cost-push shock can be introduced into the aggregate supply curve to ensure a
nontrivial optimal monetary policy problem.
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expectations and these rules are interpreted as responding to ob-
served private forecasts. Indeed, Evans and Honkapohja (2002) and
Bullard and Mitra (2002) have examined rules of these types under
learning dynamics in the context of a model where expectations of
inflation and output one period in advance matter. In the context of
the model of this paper, analysis of these rules leads to quite different
conclusions about their desirability as a guideline for the conduct of
monetary policy. For this reason, discussion of these classes of rules is
contained in companion papers, Preston (forthcoming) and Preston
(2004), that seek to understand the desirability of central bank de-
cision procedures that attempt to implement monetary policy using
forecast-based instrument rules.

4.2 Learning Dynamics
4.2.1 FExogenous Interest-Rate Processes

To begin analysis of the model under learning, consider a monetary
policy specified as a commitment to an instrument rule of the form

it =1 + VY. APy (30)

that posits the nominal interest rate to be set in response to the dis-
turbance in the natural rate of interest. In the following propositions,
we assume the exogenous variables (7, r}") are determined as

= f/8t7

Tt

redefining f as an (n x 2) matrix and with s; determined as in (21).
This postulates both the natural rate disturbance and the stochastic
constant of the Taylor rule to be a particular linear combination of
the elements of the disturbance vector s;.

Proposition 1. Under the interest-rate rule (30), the associated
REE of the economy given by (18) and (19) is linear in the state vari-
ables s; and is not E-stable under least-squares learning dynamics.

Proof. It is easy to verify the existence of an REE that is linear
in the state variable, s;. Therefore, assume that agents have forecast
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functions of the form (24). Substituting the assumed instrument rule
and forecast functions (24) into the system (18), (19) gives

2t = Aaz—1 + {terms independent of a;_;}, (31)
where
ey 5 st i
A= 23 1 _ %
0 0 0

Leading (31) and taking expectations delivers the optimal forecast of
the evolution of the endogenous variables given the current forecast
parameters of private agents. The required mapping between the per-
ceived and optimal laws of motion follows immediately. E-stability
requires det(A — I) < 0, but
Ko afko
det(A—1) 1—ﬂ+(1—ﬁ)(1—aﬁ)>o‘

The desired result follows.

Not only do exogenous interest-rate rules suffer from an inde-
terminacy of equilibrium, but also any such equilibrium fails to
be expectationally stable, giving credence to Friedman’s critique of
nominal interest-rate pegs (a form of interest-rate rule).!” This re-
sult is related to that of Evans and Honkapohja (2003), who find an
analogous result in the context of a model with a more restrictive
class of learning dynamics. The present paper assumes agents know
less about the economy and, as one might expect, this does not make
agents better able to learn the rational expectations equilibrium. It
is also worth noting that one of the motivations of the bounded ra-
tionality literature in macroeconomics was the possibility that learn-
ing mechanisms would provide an equilibrium selection criterion in
the case of multiple rational expectations equilibria.!! In the con-
text of this model, learning is not able to overcome indeterminacy of
equilibrium induced by an exogenous interest-rate rule.

“Honkapohja and Mitra (2004) also show in their model that all
nonfundamentals-based equilibria are unstable under learning dynamics. How-
ever, given that no rational expectations equilibria are then learnable in that
model, this class of rule has little to recommend itself.

HSargent (1993) provides several examples where learning dynamics provide a
criterion for equilibrium selection.
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Proposition 1 also implies that to design optimal monetary policy
rules, it is generally not enough to specify a rule in terms of exoge-
nous disturbances to implement optimal monetary policy. While such
rules are consistent with the desired equilibrium, they are equally
consistent with the propagation of self-fulfilling expectations. The
challenge to design rules that are immune to such instability is taken
up in Preston (2004) and Preston (forthcoming).

4.2.2  The Taylor Rule

In contrast to interest-rate rules that depend only on the history
of exogenous disturbances, Taylor rules can deliver determinacy of
rational expectations equilibrium so long as the Taylor principle is
satisfied. Under learning dynamics, the Taylor principle is necessary
and sufficient for E-stability.

Proposition 2. Suppose agents construct forecasts using the
perceived law of motion given by (24). Under the Taylor rule (27), the
model given by (18) and (19) has minimum-state-variable rational
expectations equilibria that are linear in the state variables, s, for
which the Taylor principle

5(1% - 1) +(1 _ﬂ)¢x >0

is necessary and sufficient for E-stability under least-squares learning
dynamics.

Proof. A sketch of the proof now follows. Appendix 4 shows that
the E-stability mapping implies the associated ordinary differential
equation

op | As—1I3 0

or o Hy-I |
3n — 43n

where ¢ = (a’ ,vec (b)/),, all matrices are square and of indicated di-
mension, and [ is an identity matrix. E-stability requires all 3n + 3
eigenvalues of this system to have negative real parts. It is immediate
that the eigenvalues are determined by the properties of the matrices
As — I3 and Hs,, — I3,. The proof establishes that these two matri-
ces have negative real roots so long as the Taylor principle holds.
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The following treats the matrix As — I3, which characterizes the
stability properties of the constant dynamics, leaving Hs, — I3, to
appendix 4.

Since the constant dynamics are independent of the dynam-
ics describing the forecast parameters vec (b), we can analyze the
subsystem

da
— = [A3 — I3]a.
5, = [As —Is]a
Noting that an REE implies the coefficient restriction a; = ¢, a, +
Y.ar, make a change of variables according to the relation a; =
Y0z + P ar — a;, where a; = b; = 0 in an REE. This yields the
System
94 A—1I, A
or 0 1

where @ = (ar, az,a;)" and all matrices are of dimension (2 x 2). Ay

has elements that are composites of model primitives. The matrix A
can be shown to have elements

i = (ko (1—af) (1= PB¢,)+B8(1—a)(l=78)(1+pFoy,)) /T

a1z =k (1 =B+ (1-a)oy,) /Th

ann =0 (1—af(l—v,) — 260, + ﬂ2¢ﬂ) /T

agy = (1= B) (1 —ap) —obp, (1 — af) — afroy, (1 - 3)) /T,
where

Ty = (1= B8) (1 —aB) (1 + ot + ori),)
and a;; denotes the (i,7) element of the matrix A.
For E-stability, the Jacobian D% must have roots with nega-

tive real parts. It is immediate that one root is equal to negative
unity. A — Is must have positive determinant and negative trace for

the remaining two eigenvalues to have the desired property. These
restrictions imply the inequalities

(1-0)

K

Y+ Py >1

and

6, (=) +(1-p2 _ ro(l—ap)—(1-p)
Ut A=l (0= rell—af) + A=)
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respectively. The first inequality clearly establishes the Taylor prin-
ciple to be necessary for E-stability. To show that it is sufficient, note
that the right-hand side of the second restriction is necessarily less
than one. Furthermore, the slope coefficient on the parameter 1, is
necessarily greater than (1 — (3) /k; for it to be less than this value
requires 3 < 0, contradicting the maintained model assumptions.
It follows that any policy parameter pairs (1, 1) satisfying the
Taylor principle must also satisfy this second inequality. Appendix
4 applies similar arguments to the restrictions implied by Hs,, — I3,
to establish the desired result.

To give some intuition, particularly for the presence of the eigen-
values equal to negative one, which relate to learning the interest-
rate dynamics, consider the following. Suppose that agents, serendip-
itously, happen to forecast a nominal interest-rate path coinciding
with what would be determined by the Taylor rule given the agents’
forecasts for the output gap and inflation. It follows that the economy
would produce data for the output gap and inflation that are in turn
consistent with estimating parameters that would generate forecasts
in subsequent periods for the path of the nominal interest rate that
would again be obtained under the Taylor rule. It follows that the
Taylor rule itself cannot be a source of instability, and agents—by
observing the realized values for output, inflation, and the nominal
interest rate—can easily discern the restriction between these vari-
ables that is required by the Taylor rule in a rational expectations
equilibrium. It follows that only the inflation and output gap dy-
namics are relevant for E-stability. This basic insight is important
more generally: Preston (forthcoming) shows that a common prop-
erty of desirable optimal monetary policies is that they ensure that
the instrument rule itself is not a source of instability—that is, the
associated eigenvalues are independent of private agents’ beliefs as
for the Taylor rule examined here.

Bullard and Mitra (2002) show a similar result in a learning
analysis based on equations (13) and (14) and assuming the nat-
ural rate, 7", to be specified as an AR (1) stochastic process. It
should be emphasized that this is not obviously to be expected.
The framework given by (18) and (19) allows for both significantly
more general out-of-equilibrium behavior, with output, inflation,
and the nominal interest rate depending on average expecta-
tions of these same variables into the indefinite future and a more
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general stochastic process for the disturbances. The presence of ad-
ditional expectational variables relative to the analysis of Bullard
and Mitra (2002) is a potential source of instability under learning
dynamics. That the Taylor principle continues to be the relevant
condition for E-stability in the more general framework developed in
this paper suggests it to be a robust result for this class of instrument
rule.

As discussed by Honkapohja and Mitra (2004), results of this
kind also provide an alternative interpretation of the performance
of monetary policy in the United States in the 1970s relative to
later decades. Clarida, Gali, and Gertler (1998) argue that the in-
flationary episode of the 1970s was the result of a monetary pol-
icy that was not consistent with a determinate price level. As a
result, the economy was prone to “sunspot” equilibria and self-
fulfilling expectations. In contrast, the results of this paper suggest
that an equally consistent interpretation of this episode is that mon-
etary policy, rather than inducing indeterminacy, was conducive to
agents expecting ever higher inflation on the basis of their expe-
rience with past inflation—and hence to propagating self-fulfilling
expectations.

5. Conclusion

This paper develops a framework to analyze the robustness of mone-
tary policy rules to an important source of model misspecification—
the assumed form of expectations formation. The principal contri-
bution is methodological in nature: the solution to a simple mi-
crofounded model under a nonrational expectations assumption.
Analysis of the multiperiod decision problems of households and
firms under subjective beliefs shows that the predicted aggregate
model dynamics are qualitatively different from those obtained un-
der rational expectations. Indeed, the determination of inflation and
output depends on the average of agents’ long-horizon forecasts of
the model’s endogenous variables into the indefinite future.

The principal substantive contribution is the analysis of whether
instrument rules that have been of particular interest to the mone-
tary policy literature over the past decade are robust to deviations
from rational expectations. When policy is specified as a commitment
to an exogenous interest-rate rule, agents are unable to learn the



114 International Journal of Central Banking September 2005

associated rational expectations dynamics. Such rules are therefore
undesirable both due to inducing multiple equilibria under ratio-
nal expectations and to being subject to the Friedman (1968) cri-
tique that nominal interest-rate rules of this type are subject to self-
fulfilling expectations. In contrast, for Taylor-type feedback rules,
agents are able to learn the associated rational expectations dynam-
ics so long as the Taylor principle is satisfied. Interestingly, this find-
ing is invariant to a number of different information assumptions
on the agent’s forecasting model, making it a robust feature of the
policy environment in this model. This suggests the Taylor rule to
be desirable from the point of view of eliminating instability due to
self-fulfilling expectations.

Companion papers, Preston (2004) and Preston (forthcoming),
demonstrate for a number of more complicated rules that conclusions
differ markedly in the framework developed here as compared to
the Euler equation approach to modeling learning. The latter paper
shows that forecast-based instrument rules, including the classes of
rules proposed by Bullard and Mitra (2002) and Evans and Honkapo-
hja (2002), are frequently prone to self-fulfilling expectations in the
present model if the central bank responds to observed private-sector
forecasts. However, if the central bank responds to the determinants
of these expectations, this instability can be mitigated. The former
paper shows that optimal monetary policy can always be imple-
mented using specific targeting rules if the central bank correctly
understands agents’ behavior. However, without such knowledge, de-
cision procedures that seek to control directly the path of the price
level, rather than the inflation rate, tend to perform better under
learning dynamics, even though these policies are equivalent in terms
of the rational expectations equilibrium they imply.

Appendix 1. Household Optimality
Defining W7, | = (14 ") M} + (1 + i;) B} as the total beginning-of-

period wealth at time ¢ 4+ 1 allows the flow budget constraint (2) to
be written as

. , 1 ; j i
PG+ MM+ - Wi S W [PY) =T, (32)
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where o

1t — lm

FERA

is the opportunity cost of holding wealth in a monetary form. Since
(32) must hold in all states, s, and dates, ¢, the flow budget constraint
can be solved forward recursively, given the appropriate no-Ponzi
constraint lim; oo R4 jWigj41 = 0, to give

t =

x
Wi 2" Rupyj [PorjClyy + DeiMiyj — (P Yy — Tiig)]
7=0

where

J
1
Rigyj = — ).
H<1+msl)

s=1

Standard analysis shows that household intertemporal optimality
is characterized by the first-order conditions for consumption and
labor supply:

1 Pt UC(C§+17€t+1)

_ _ BE : :
R R A (oA

] (33)

and
’Uh(ht(j);ft) _ wy(7)
UC(CZ; gt) Py

for dates, t, and goods j € [0,1]. Since we are assuming a cashless
economy, where the transaction frictions that money is usually held
to mitigate are essentially zero, optimization also requires

(34)

M} =0

or
i =1

In each period t, households also face the intratemporal problem

of allocating expenditures across goods j. Optimality for all j € [0, 1]

implies
i) = i (2F ))_0 (35)
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so that total expenditure is given by P,C{.'? To obtain the total
consumption demand for good j, integrate over i to obtain

i)\’
Ct(j) =Cy <Tt> )
introducing the notation fl Zidi = z for any variable z. In equilib-
rium, markets must clear for each good and aggregate output. This
requires y; (j) = ¢ (j) for all 7 and C; = Y;. Substitution of the
market-clearing conditions into the above relation gives the demand
curve for output produced by firm j. Asset market clearing implies
M; = M; and By = B;, where [ Bidi = B; and similarly for M,.
Since M7 > 0, this implies ¢; = ¢}*. Finally, the intertemporal budget
constraint and the transversality condition must hold with equality.
Since we have a zero-debt fiscal policy with bonds in zero net supply,
it follows that
Ty = (1+d4-1) My_1 — M;

so that the intertemporal budget constraint can be written as

o
Wi =" Reai [PrasCiy; = Prag¥iy]
j=0

redefining W} = (14 14;_1) Bs_1.

To obtain a log-linear approximation to the household’s decision
problem, define the linearization point to be the steady state char-
acterized by & = 0 and Y; = Y (defined in appendix 2) for all ¢.!3
Inspection of the household’s first-order conditions implies a solution
of the form 7y = P;/P,—1 = 1, and 3y = B~1 =1 for all ¢, where a
bar denotes steady-state value. For any variable z, define log devia-
tion as Z; = log(z¢/Z), except for the nominal interest rate for which
i = log[(1 4+ 4)/(1 + 7)] is used.'* The analysis seeks a log-linear

2Total expenditure is obtained by multiplying (35) by p:(j) and integrating
over j. Applying the definition of the price index delivers the result.

13Given that this paper explores a form of bounded rationality that is a minimal
deviation from rational expectations, and, moreover, that the analysis will be later
concerned with whether an economy under learning dynamics can converge to the
associated rational expectations equilibrium, the linearization point is chosen to
coincide with that same rational expectations equilibrium.

14Thus all hatted variables are interpreted as percentage deviations. The nom-
inal interest rate is treated differently so that it corresponds to percentage point
deviations of the continuously compounded nominal interest rate.



Vol. 1 No. 2 Learning about Monetary Policy Rules 117

solution in which all variables fluctuate forever near these steady-
state values.

Appendix 2. Firm Problem

This appendix characterizes the firm’s optimal pricing problem, de-
fines the notion of the natural rate of output, and provides some
details of the log-linear relations used in section 1.2. For a thorough
analysis, see Woodford (2003, chap. 3). Differentiating (8) with re-
spect to pg(i) gives firm 4’s first-order condition,

o0
E}> a"'QurYr P [Py (i) — pPrsr(i)] =0, (36)
T=t

where . = 6/(0 — 1), s; (i) the firm 4’s real marginal cost func-
tion (defined below) in period T' > ¢ given the optimal price pj(7)
determined in period t. To derive a log-linear approximation to the
firm’s optimal pricing condition, recall that the steady state is de-
fined as & = 0 and Y; = Y for all ¢. Inspection of (36) indicates
there exists a solution with p;/P, = P,/P,_1 = 1 in each period t.
Therefore, we look for a log-linear approximation in which P;/P;_
and p; /P, remain forever close to one. Before deriving this log-linear
approximation, several other useful relations are derived.

Combining the household’s optimal labor supply condition (34)
with the firm’s production function and differentiating with respect
to p¢(7) gives the firm’s real marginal cost function

P T
WO vioa w7

where 5 = (A4, &) is a composite vector of all preference and tech-
nology shocks. Real marginal costs therefore depend on both firm-
specific and aggregate conditions.

Now suppose that firms have full information about the current
state of the economy and are able to set prices each period—the case
of fully flexible price setting. Then, a standard result from a model of
monopolistic competition is that prices are optimally set according

to the mark-up relation ptT(j) = 52 s(y(4), Vi &) = us(y (i), Yi: &,).

Under this assumption on price-setting behavior, firms—regardless
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of beliefs—face a symmetric problem. It follows that, in equilibrium,
pt (i) = P; and y; (i) = Y; for all ¢ and ¢, and combining with the
optimality condition (36) implies

s(Y Y€)= pt, (38)

where the level of output Y;" that satisfies this condition is called the
natural rate of output. It is the rate of output that occurs under fully
flexible prices and varies in accordance with fundamental shocks St.
The quantity of output, Y;, used in the definition of the steady state
satisfies s(Y,Y;0) = p~ L.

To obtain a log-linear approximation to (36), log-linearize equa-
tion (37) to give

i (1) = wir (1) + 0 W — (w+ o HYE,

It follows that the real marginal cost of producing average or aggre-
gate output, y (1) = Yy, is

sr(0)=(W+o H(Yr - YF) = (w+o Har,
where the latter equality implicitly defines the output gap x; =
Y; — Y/". This provides a relationship between the marginal cost of

producing output y.(i) and the average marginal cost of producing
total output Y; of the following form:

T
e (1) = 57 — wh [pt e WT] : (39)
T=t+1
making clear that a firm’s marginal cost in producing its good differs
from average marginal cost to the extent that its price differs from
the aggregate price.

Substituting into the firm’s first-order condition, (36), for the dis-
count factor using (33), linearizing and substituting for real marginal
costs using (39) gives the prediction that optimal price of firm 7 sat-
isfies the approximate log-linear relation

P 1
L0 = B @8 {50 o e s

Thus firm ¢’s optimal price is determined as a linear function of
the future expected paths of the output gap and inflation. Variation
in the optimal prices set by firms in period ¢ can be due only to
differences in beliefs.
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Appendix 3. Conditions for Eigenvalues to Have
Negative Real Parts

Consider the matrix A with dimension (3 x 3). From |A — A\I| =0,
the characteristic equation is

)\3 — Cl)\2 4+ o\ —c3 =0,

where ¢; = Trace(A), ¢z is the sum of all second-order principal mi-
nors of A, and ¢ = |A|. The following restrictions on the coefficients
¢; must be satisfied for all eigenvalues to have negative real parts:

c1 <0
c3 —cieo >0
c3 < 0.

For a matrix A with dimension (2 x 2), |A — AI| = 0 implies the
characteristic equation is

)\2—61)\—}—62:0,

where ¢; = Trace(A) and ¢ = |A|. For both eigenvalues to have
negative real parts, ¢; < 0 and co > 0 must be satisfied.

Appendix 4. Proof of Proposition 2
Agents are assumed to construct forecasts according to the relation
Eyzpyq = a, +b,CT sy, (40)

where zp = (7p, a7, iT)/and a, and b, are estimated coefficient ma-
trices of appropriate dimension. It follows that

EY B ari=a.(1-B)" b (In— BC) s
T=t

and

o0

E, Z(aﬂ)T_tzTH —a.(1—af) ' +b. (I, —aBC) s
T=t
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Denoting these infinite sums by f3 and f,, respectively, and substi-
tuting into (18) and (19) implies:

Ty = _O—ziﬂ—[(l_a)ﬁa ka3, ﬁ]'fa
tofo (1= B),—0] fo— 211~ 111,
m= (1725 ) (0= a) 3., 6 £

K RO
d

+E[a,(1—ﬂ),—a] - f o 1 —1]f,
where w = 1+ ov¢, + ok, and
fy=f"(In=BC) st
Recalling that the nominal interest rate is given by the Taylor rule
it =+ Y+ Yy,
the system can be written compactly as
2t = A1 fa + A2fp + Asfy,

where A1, As, and Ag collect obvious coefficients and have dimension
(3 x 3). Substituting for f., fg, fy gives

= [o-ear a0y
+ [ A1 (1= aB0) ™ + Ash. (1= B) ™" + Aaf' (I — BC) | s

This expression combined with (40) for 7" = ¢ defines the E-stability
mapping from current private forecast parameters to the optimal
forecast coefficients as

B T B [ R (R H
b | [Albz (1—aB0)"" + Agb, (1 — 5)—1} C

The associated ordinary differential equation can then be written as

6¢_ A—1I3 0

- ¢7
or 0 H-1I,
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where ¢ = (al,, vec (bz)')/ and

A=1—-af) A +0-p5)""4,
H = [(I~ 0BCy)™! cn]' © Av+ (1~ 8C) 7 G "® A,

are (3 x3) and (3n x 3n) matrices, respectively. The Jacobian is
then given as

A—T 0
¢ _ ’
or 0 H-1I,

To complete the proof of this proposition, it remains to consider
the properties of the eigenvalues of the matrix H — I3, since A — I3
was considered in the main text. Note that C can be diagonalized to
give

C =SAS™, (41)

where A is a diagonal matrix with elements given by the eigenvalues,
P, of C, and S is a matrix composed of the corresponding eigenvec-
tors, vi. Also note that we can write

(I, —afC)™ ' C = SA (I, — afSA) Tt 571
(I, — BC) ' C = SA (I, — BA) ' 571,

The matrix H can therefore be written as
H = [SA(L, —app) ' 57| @ 4,
+[sA (- pm) s @ 4,
= (57 @ k) [A(In - aph) ' @ 4y
+ A (L= BN @ o] (S @ 1)
Note that
G=AI,—afA) @A + AT, — fA) ' ® Ay
is block diagonal with elements

Gr (py) = 1. (1 — aBpy) ' @ A1+ py, (1= Bpy) ™' @ Ag,
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where each Gy (p;) is (3 x 3). Let v be an eigenvector of C' asso-
ciated with the eigenvalue p, and let \; (p,) be an eigenvector of
the associated diagonal block Gy, (pj,) (note that there are three such
eigenvectors).

Conjecture that the matrix H has eigenvectors of the form v ®
Ai (pg)- Then, in the particular case of v1 ® \; (p;) (where, without
loss of generality, assume p; to be the first diagonal element of A
and vy the first column vector of S), we have

(01 @ N () H = (01 @ A (p1)) (57 @ 1) [A (1, — apn)™?
® A+ A (L, - BN @ 4| (8@ )
= ((57"01) @ i (1)) [A (I — aBA) " 4y
+ A (I, - BA)’l ® Ao (5' @ Iy)

= [N (p1)" 01x(3n-3)] [A (I, — aBA) ' @ A

+ AL, = BN @ 45| (50 1)

= [Ai (p1) G1 (p1) 014 (3n—3)] (S @ I2)

=i (p1) 75 (1) * O1x(3n—3)] (8’ ® I2)
=7 (p1) (L1 @ Xi (1))

Thus v; ® A; (p;) is in fact an eigenvector of H with associated eigen-
value v; (py). Since for each p, there are three eigenvalues v; (p;)
and corresponding eigenvectors v, and A; (py,), there are therefore
3n eigenvectors of the form v ® \; (p;,) that span the space of H.

To complete the proof requires demonstrating that all 3n eigen-
values v; (p,) are less than unity. Consider the properties of the
matrix

Gr (pp) — I3

formed from the kth diagonal block of G. Using Mathematica, it is
easily shown that one eigenvalue (corresponding to the coefficient
relevant to the interest-rate dynamics) is equal to negative unity,
while the remaining two have properties determined by the quadratic
equation

ar? + bA + c.
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A sufficient condition for there to be two roots with negative real
parts is a, b,c > 0. It is easily shown that

a=(1-0p)(1—abp)(1+0¢, +roY,).

For the remaining two conditions to hold, the restrictions

b+ (1 _fpk)l/)x > pp — (1- Pk)ﬂ(l — Bpk)
g

and

Ve (L—afpy) + (1 Bp,)?
r T A= aBp) + (1= )
ko(1—aBpy) — [(1— aBpr) (1 — pi) + (1 = Bpy)?]
ko [(1 = aBpy) + (1 — Bpy)]

must be satisfied. To show that satisfaction of the Taylor principle is
necessary and sufficient for this first restriction to hold, note that the
constant term of first inequality is less than unity by inspection and
that the slope coefficient on v, is necessarily greater than (1 — () /k
for p;, € (—1,1). Thus for all positive (¢,%,), the Taylor principle
ensures satisfaction of this inequality. Finally, consider the second
inequality above. The constant is again less than unity by inspection.
For the Taylor principle to be sufficient, consider the slope coefficient.
If the restriction

(1—aBpg) + (1 = Bpg)?
(1 —aBpy) + (1 = Bpy)

holds, then the Taylor principle is indeed sufficient. Rearranging
yields the restriction

Flpr)=BQ—aBpy) +(1—Bpp)” — (1—5) (1 - Bpg) >0,

which satisfies f(—1), f(0), f(1) > 0. Since f'(p;) < 0 for all
pr € (=1,1), f(pg) > 0 for all p, € (—1,1). The Taylor principle
is therefore necessary and sufficient for the restrictions b,¢ > 0 to
hold. Thus, all eigenvalues of Gy (p,) — I3 have negative real parts
and Gy, (p;) all have eigenvalues less than unity if and only if the
Taylor principle holds. It follows that all eigenvalues of H must be
less than unity and, therefore, that the eigenvalues of H — I3, all
have negative real parts. The conditions for E-stability are therefore
satisfied if and only if the Taylor principle holds.

>1-p
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This paper describes a method for calculating daily real-
time estimates of the current state of the U.S. economy. The
estimates are computed from data on scheduled U.S. macro-
economic announcements using an econometric model that al-
lows for variable reporting lags, temporal aggregation, and
other complications in the data. The model can be applied
to find real-time estimates of GDP, inflation, unemployment,
or any other macroeconomic variable of interest. In this paper,
I focus on the problem of estimating the current level of and
growth rate in GDP. I construct daily real-time estimates of
GDP that incorporate public information known on the day
in question. The real-time estimates produced by the model
are uniquely suited to studying how perceived developments
in the macroeconomy are linked to asset prices over a wide
range of frequencies. The estimates also provide, for the first
time, daily time series that can be used in practical policy
decisions.
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Information about the current state of real economic activity is

widely dispersed across consumers, firms, and policymakers. While
individual consumers and firms know the recent history of their own
decisions, they are unaware of the contemporaneous consumption,
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saving, investment, and employment decisions made by other pri-
vate sector agents. Similarly, policymakers do not have access to
accurate contemporaneous information concerning private sector ac-
tivity. Although information on real economic activity is collected by
a number of government agencies, the collection, aggregation, and
dissemination process takes time. Thus, while U.S. macroeconomic
data are released on an almost daily basis, the data represent official
aggregations of past rather than current economic activity.

The lack of timely information concerning the current state of the
economy is well recognized among policymakers. This is especially
true in the case of GDP, the broadest measure of real activity. The
Federal Reserve’s ability to make timely changes in monetary pol-
icy is made much more complicated by the lack of contemporaneous
and accurate information on GDP. The lack of timely information
concerning macroeconomic aggregates is also important for under-
standing private sector behavior and, in particular, the behavior of
asset prices. When agents make trading decisions based on their own
estimate of current macroeconomic conditions, they transmit infor-
mation to their trading partners. This trading activity leads to the
aggregation of dispersed information and, in the process, affects the
behavior of asset prices. Evans and Lyons (2004a) show that the lack
of timely information concerning the state of the macroeconomy can
significantly alter the dynamics of exchange and interest rates by
changing the trading-based process of information aggregation.

This paper describes a method for estimating the current state of
the economy on a continual basis using the flow of information from
a wide range of macroeconomic data releases. These real-time esti-
mates are computed from an econometric model that allows for vari-
able reporting lags, temporal aggregation, and other complications
that characterize the daily flow of macroeconomic information. The
model can be applied to find real-time estimates of GDP, inflation,
unemployment, or any other macroeconomic variable of interest. In
this paper, I focus on the problem of estimating GDP in real time.

The real-time estimates derived here are conceptually distinct
from the real-time data series studied by Croushore and Stark (1999,
2001), Orphanides (2001), and others. A real-time data series com-
prises a set of historical values for a variable that are known on
a particular date. This date identifies the vintage of the real-time
data. For example, the March 31 vintage of real-time GDP data
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would include data releases on GDP growth up to the fourth quarter
of the previous year. This vintage incorporates current revisions to
earlier GDP releases but does not include a contemporaneous esti-
mate of GDP growth in the first quarter. As such, it represents a
subset of public information available on March 31. By contrast, the
March 31 real-time estimate of GDP growth comprises an estimate
of GDP growth in the first quarter based on information available
on March 31. The real-time estimates derived in this paper use an
information set that spans the history of data releases on GDP and
eighteen other macroeconomic variables.

A number of papers have studied the problem of estimating GDP
at a monthly frequency. Chow and Lin (1971) first showed how a
monthly series could be constructed from regression estimates us-
ing monthly data related to GDP and quarterly GDP data. This
technique has been subsequently integrated into VAR forecasting
procedures (see, for example, Robertson and Tallman 1999). More
recently, papers by Liu and Hall (2000) and Mariano and Murasawa
(2003) have used state-space models to combine quarterly GDP data
with other monthly series. The task of calculating real-time estimates
of GDP growth has also been addressed by Kitchen and Monaco
(2003). They developed a regression-based method that uses a va-
riety of monthly indicators to forecast GDP growth in the current
quarter. The real-time estimates are calculated by combining the
different forecasts with a weighting scheme based on the relative ex-
planatory power of each forecasting equation.

I differ from this literature by modeling the growth in GDP
as the quarterly aggregate of an unobserved daily process for real
economy-wide activity. The model also specifies the relationship be-
tween GDP, data releases on GDP growth, and data releases on a set
of other macroeconomic variables in a manner that accommodates
the complex timing of releases. In particular, I incorporate the vari-
able reporting lags that exist between the end of each data collection
period (i.e., the end of a month or quarter) and the release day for
each variable. This is only possible because the model tracks the
evolution of the economy on a daily basis. An alternative approach
of assuming that GDP aggregrates an unobserved monthly process
for economy-wide activity would result in a simpler model structure
(see Liu and Hall [2000] and Mariano and Murasawa [2003]), but it
could not accommodate the complex timing of data releases. The



130 International Journal of Central Banking September 2005

structure of the model also enables me to compute real-time esti-
mates of GDP as the solution to an inference problem. In practice,
I obtain the real-time estimates as a by-product of estimating the
model. First, the model parameters are estimated by (qausi) max-
imum likelihood using the Kalman Filter algorithm. The real-time
estimates are then obtained by applying the algorithm to the model
evaluated at the maximum likelihood estimates (MLEs).

My method for computing real-time estimates has several note-
worthy features. First, the estimates are derived from a single fully
specified econometric model. As such, we can judge the reliability of
the real-time estimates by subjecting the model to a variety of di-
agnostic tests. Second, a wide variety of variables can be computed
from the estimated model. For example, the model can provide real-
time forecasts for GDP growth for any future quarter. It can also be
used to compute the precision of the real-time estimates as measured
by the relevant conditional variance. Third, the estimated model can
be used to construct high-frequency estimates of real economic ac-
tivity. We can construct a daily series of real-time estimates for GDP
growth in the current quarter, or real-time estimates of GDP pro-
duced in the current month, week, or even day. Fourth, the method
can incorporate information from a wide range of economic indica-
tors. In this paper, I use the data releases for GDP and eighteen
other macroeconomic variables, but the set of indicators could be
easily expanded to include many other macroeconomic series and
financial data. Extending the model in this direction may be par-
ticularly useful from a forecasting perspective. Stock and Watson
(2002) show that harnessing the information in a large number of
indicators can have significant forecasting benefits.

The remainder of the paper is organized as follows. Section 1 de-
scribes the inference problem that must be solved in order to com-
pute the real-time estimates. Here I detail the complex timing of
data collection and macroeconomic data releases that needs to be
accounted for in the model. The structure of the econometric model
is presented in section 2. Section 3 covers estimation and the calcu-
lation of the real-time estimates. I first show how the model can be
written in state-space form. Then I describe how the sample likeli-
hood is constructed with the use of the Kalman Filter. Finally, I de-
scribe how various real-time estimates are calculated from the maxi-
mum likelihood estimates of the model. Section 4 presents the model
estimates and specification tests. Here I compare the forecasting
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Figure 1. Data Collection Periods and Release Times for
Quarterly and Monthly Variables
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Note: The reporting lag for “final” GDP growth in quarter 7, Ya(r)»
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performance of the model against a survey of GDP estimates by
professional money managers. These private estimates appear com-
parable to the model-based estimates even though the managers have
access to much more information than the model incorporates. Sec-
tion 5 examines the model-based real-time estimates. First, I consider
the relation between the real-time estimates and the final GDP re-
leases. Next, I compare alternative real-time estimates for the level
of GDP and examine the forecasting power of the model. Finally, 1
study how the data releases on other macrovariables are related to
changes in GDP at a monthly frequency. Section 6 concludes.

1. Real-Time Inference

My aim is to obtain high-frequency real-time estimates on how the
macroeconomy is evolving. For this purpose, it is important to distin-
guish between the arrival of information and data collection periods.
Information about GDP can arrive via data releases on any day t.
GDP data is collected on a quarterly basis. I index quarters by 7 and
denote the last day of quarter 7 by Q(7), with the first, second, and
third months ending on days M(7, 1), M(7,2), and M(7,3), respec-
tively. I identify the days on which data is released in two ways. The
release day for variable s collected over quarter 7 is R,.(7). Thus,
s (7) denotes the value of variable s, over quarter 7, released on day
R,.(7). The release day for monthly variables is identified by R,.(T,7)
for i = 1,2,3. In this case, sq(; ;) is the value of s, for month ¢
in quarter 7, announced on day R,.(7,7). The relation between data
release dates and data collection periods is illustrated in figure 1.
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The Bureau of Economic Analysis (BEA) at the U.S. Commerce
Department releases data on GDP growth in quarter 7 in a sequence
of three announcements: the “advanced” growth data are released
during the first month of quarter 7 + 1; the “preliminary” data are
released in the second month; and the “final” data are released at the
end of quarter 7 4+ 1. The “final” data release does not represent
the last official word on GDP growth in the quarter. Each summer,
the BEA conducts an “annual” or comprehensive revision that gen-
erally leads to revisions in the “final” data values released over the
previous three years. These revisions incorporate more complete and
detailed microdata than was available before the “final” data release
date.!

Let xy(;) denote the log of real GDP for quarter 7 ending on
day Q(7), and yg(r) be the “final” data released on day R, (7). The
relation between the “final” data and actual GDP growth is given by

Yr(r) = AQ:EQ(T) + UR(7)s (1)

where Az = Tq(r) — To(r—1) and v,(,y represents the effect of
the future revisions (i.e., the revisions to GDP growth made after
Ry (7)). Notice that equation (1) distinguishes between the end of the
reporting period Q(7) and the release date R, (7). I shall refer to the
difference Ry(7)—Q(7) as the reporting lag for quarterly data. (For
data series s collected during month i of quarter 7, the reporting
lag is R,.(7,1)—M(7,4).) Reporting lags vary from quarter to quarter
because data is collected on a calendar basis but announcements are
not made on holidays and weekends. For example, “final” GDP data
for the quarter ending in March has been released between June 27
and July 3.

Real-time estimates of GDP growth are constructed using the
information in a specific information set. Let £2; denote an informa-
tion set that only contains data that is publicly known at the end
of day t. The real-time estimate of GDP growth in quarter 7 is de-
fined as E[A%q(7)|Qq(r)], the expectation of A%,y conditional on
public information available at the end of the quarter, Qq ;). To see
how this estimate relates to the “final” data release, y, I combine the
definition with (1) to obtain

'For a complete description of BEA procedures, see Carson (1987) and Seskin
and Parker (1998).
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Yn(r) = B [A%q(r) Q)] + E [V Q)]
+ (Yar) — E [vr(n)|Q0m)]) - (2)

The “final” data released on day R,(7) comprises three components:
the real-time GDP growth estimate; an estimate of future data revi-
sions, F [UR(T)\QQ(T)] ; and the real-time forecast error for the data
release, Yy (r)—F [yR(T) |QQ(T)} . Under the reasonable assumption that
Yr(r) represents the BEA’s unbiased estimate of GDP growth, and
that Qq(,) represents a subset of the information available to the
BEA before the release day, E [UR(T)|QQ(7)] should equal zero. In
this case, (2) becomes

Yn(r) = B [A%q) Q@] + (Urem) = B [vem)Qa@n]) - (3)

Thus, the data release yp(;) can be viewed as a noisy signal of the
real-time estimate of GDP growth, where the noise arises from the
error in forecasting ygp(;) over the reporting lag. By construction,
the noise term is orthogonal to the real-time estimate because both
terms are defined relative to the same information set, {2q(;). The
noise term can be further decomposed as

ey = B [r) (] = (B [ |23 = B [y 20 )
+ (yR(T) -E [yR(T)|Qg?¢)}) ) (4)

where "4 denotes the BEA’s information set. Since the BEA has
access to both private and public information sources, the first term
on the right identifies the informational advantage conferred on the
BEA at the end of the quarter Q(7). The second term identifies the
impact of new information the BEA collects about x4 ;) during the
reporting lag. Since both of these terms could be sizable, there is
no a priori reason to believe that real-time forecast error is always
small.

To compute real-time estimates of GDP, we need to characterize
the evolution of €; and describe how inferences about A%z can be
calculated from €q .. For this purpose, I incorporate the information
contained in the “advanced” and “preliminary” GDP data releases.
Let gp(r) and gy(r) respectively denote the values for the “advanced”
and “preliminary” data released on days Ry(7) and Ry(7), where
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Q(7) < Ry(7) < Ry(7). I assume that Jg(r) and gy(,) represent noisy
signals of the “final” data, yy(r):

Ur(r) = Yr(r) T Er(r) T Er(r)s (5)
gR(T) = Yr(r) + éR(T)? (6)

where €y(;) and ég(;) are independent mean zero revision shocks.
€r(r) Tepresents the revision between days Ry(7) and Ry(7), and €7
represents the revision between days R;(7) and Rg(7). The idea that
the provisional data releases represent noisy signals of the “final”
data is originally due to Mankiw and Shapiro (1986). It implies that
the revisions éy(,) and €x(;) + €g(;) are orthogonal to yp(r). I im-
pose this orthogonality condition when estimating the model. The
specification of (5) and (6) also implies that the “advanced” and
“preliminary” data releases represent unbiased estimates of actual
GDP growth. This assumption is consistent with the evidence re-
ported in Faust, Rogers, and Wright (2000) for U.S. data releases
between 1988 and 1997. (Adding nonzero means for ég(;y and ég(y)
is a straightforward extension to accommodate bias that may be
present in different sample periods.)?

It is also possible to accommodate Mankiw and Shapiro’s “news” view of
data revisions within the model. According to this view, provisional data releases
represent the BEA’s best estimate of yg(-) at the time the provision data is
released. Hence §iu(r) = Elyn(r) [0 ()] and gy = E[yR(T)\Qﬁ;‘kT)]. If the BEA’s
forecasts are optimal, we can write Yp(r) = Ur(r) + Wr(r) a0d Yp(r) = Fr(r) +
Wr(r), Where Wy(,y and wg() are the forecast errors associated with F[yy(,) |Q§::“'ET)}
and E[yR(T)mﬁg‘}T)L respectively. We could use these equations to compute the
projections of gr(r) and fr(r) ON Yr(r) and a constant:

gR(‘r) = 50 + 6?}}1(7‘) + éR(‘r)7
fgn(r) = ﬂ() + ﬁyn(r) + éll(T)'

The projection errors &g(r) and &g(r) are orthogonal to yg() by construction, so
these equations could replace (5) and (6). The projection coefficients, Bo: 8, [30,
and B, would add to the set of model parameters to be estimated. I chose not
to follow this alternative formulation because there is evidence that data revi-
sions are forecastable with contemporaneous information (Dynan and Elmendorf
2001). This finding is inconsistent with the “news” view if the BEA makes ra-
tional forecasts. Furthermore, as I discuss below, a specification based on (5)
and (6) allows the optimal (model-based) forecasts of “final” GDP to closely
approximate the provisional data releases. The model estimates will therefore
provide us with an empirical perspective on the “noise” and “news” characteri-
zations of data revisions.
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The three GDP releases {QR(T), Ur(r)s yR(T)} represent a sequence
of signals on actual GDP growth that augment the public infor-
mation set on days Ry(7), Ry(7), and Ry(7). In principle, we could
construct real-time estimates based only on these data releases as
E[AQ:EQ(T)\QZ(T)], where Qf is the information set comprising data
on the three GDP series released on or before day t:

Qf = {n(r)> Un(r)> Un(r) - R(T) < £}

Notice that these estimates are only based on data releases relating
to GDP growth before the current quarter because the presence of the
reporting lags excludes the values of Jy(r), Ur(r), and yg(r) from Qq(7).
As such, these candidate real-time estimates exclude information on
Azqy(;) that is available at the end of the quarter. Much of this
information comes from the data releases on other macroeconomic
variables like employment, retail sales, and industrial production.
Data for most of these variables are collected on a monthly basis?
and, as such, can provide timely information on GDP growth. To
see why this is so, consider the data releases on nonfarm payroll
employment, z. Data on z for the month ending on day M, (7, j) are
released on R,(7,j), a day that falls between the third and the ninth
of month j+1 (as illustrated in figure 1). This reporting lag is much
shorter than the lag for GDP releases but it does exclude the use
of employment data from the third month in estimating real-time
GDP. However, insofar as employment during the first two months
is related to GDP growth over the quarter, the values of zy(; 1) and
Zg(r,2) Will provide information relevant to estimating GDP growth
at the end of the quarter.

The real-time estimates I construct below will be based on data
from the three GDP releases and the monthly releases of other
macroeconomic data. To incorporate the information from these
other variables, I decompose quarterly GDP growth into a sequence
of daily increments:

D(7)
Aoy = Y Argir_1y4s (7)
=1

3Data on initial unemployment claims are collected week by week.
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where D(7) = Q(7)—Q(7 — 1) is the duration of quarter 7. The daily
increment Ax; represents the contribution on day ¢ to the growth
of GDP in quarter 7. If x; were a stock variable, like the log price
level on day t, Az; would identify the daily growth in the stock (e.g.,
the daily rate of inflation). Here ;) denotes the log of the flow of
output over quarter 7, so it is not appropriate to think of Ax; as the
daily growth in GDP. I will examine the link between Az; and daily
GDP in section 3.3 below.

To incorporate the information contained in the 7th macrovari-
able, z*, I project z;(m) on a portion of GDP growth

Zi(rg) = Bild T g) + Uy(r s (8)
where AMzy (. ) is the contribution to GDP growth in quarter 7
during month j:

M(7,5)

AV xy(r ) = Z Ax;.
i=M(7,j—1)+1

i

M(7,5)

is orthogonal to AMzy; ;). Notice that equation (8) incorporates

the reporting lag R, (7,7)—M,(7,j) for variable z, which can vary in

length from month to month.

The real-time estimates derived in this paper are based on an
information set specification that includes the three GDP releases
and eighteen monthly macro series: 2z = 1,2,...,18. Formally, I
compute the end-of-quarter real-time estimates as

B, is the projection coefficient and u is the projection error that

E[AQxQ(T) ’QQ(T)L 9)
where ; = Q7UQY, with QF denoting the information set comprising

data on the eighteen monthly macrovariables that has been released
on or before day t:

OF = Ugl {zf{(ﬂj) :R(7,7) < tforj= 1,273}.

The model presented below enables us to compute the real-time
estimates in (9) using equations (1), (5), (6), (7), and (8) together
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with a time-series process for the daily increments, Ax;. The model
will also enable us to compute daily real-time estimates of quarterly
GDP, and GDP growth:

Tom)i = Elrg) 8] (10)
A%zq(p))i = E[A%q(r)[ Q] (11)

for Q(7 — 1) < i@ < Q(7). Equations (10) and (11) respectively
identify the real-time estimate of log GDP, and GDP growth in
quarter 7, based on information available on day ¢ during the
quarter. xq(ry; and A%zq,); incorporate real-time forecasts of the
daily contribution to GDP in quarter 7 between day ¢ and Q(7).
These high-frequency estimates are particularly useful in studying
how data releases affect estimates of the current state of the econ-
omy, and forecasts of how it will evolve in the future. As such, they
are uniquely suited to examining how data releases affect a whole
array of asset prices.

2. The Model

The dynamics of the model center on the behavior of two partial
sums:

min{Q(7),t}
s = Z AVIR (12)
1=Q(7)+1

min{Mm(7,5),t}

syl = Z Ax;. (13)

i=M(1,j—1)+1

Equation (12) defines the cumulative daily contribution to GDP
growth in quarter 7, ending on day ¢t < Q(7). The cumulative
daily contribution between the start of month j in quarter 7 and
day t is defined by s}'. Notice that when ¢ is the last day of the
quarter, AQxQ(T) = 88(7_), and when ¢ is the last day of month j,
AMzy(r 5y = Sﬁ(m’)' To describe the daily dynamics of si and s},
introduce the following dummy variables:



138 International Journal of Central Banking September 2005

W 1 ift =M(r,j)+1, for j =1,2,3,

0 otherwise,

@ 1 ift=q(r)+1,
e =

0 otherwise.

Thus, \}' and \{ take the value of one if day ¢ is the first day of
the month or quarter, respectively. We may now describe the daily
dynamics of s and s} with the following equations:

s = (1=A}) sty + Axy, (14)
st =1 =N s, + Az (15)

The next portion of the model accommodates the reporting lags.
Let AWz, denote the quarterly growth in GDP ending on day Q(r—
j), where Q(7) denotes the last day of the most recently completed
quarter and ¢t > Q(7). Quarterly GDP growth in the last (completed)
quarter is given by

AW g, = (1 — /\?) AWg, |+ AEsE . (16)

When ¢ is the first day of a new quarter, A\f = 1, so AQ(I)xQ(T)H =
sg(t) = A%q(;y. On all other days, AWMz, = AWz, ;. On some
dates, the reporting lag associated with a “final” GDP data release is
more than one quarter, so we will need to identify GDP growth from
two quarters back, A% z,. This is achieved with a similar recursion:

Az = (1 - 22) A%y + A2AMW g, . (17)

Equations (14), (16), and (17) enable us to define the link be-
tween the daily contributions to GDP growth Ax; and the three
GDP data releases {9, Ut y¢}. Let us start with the “advanced”
GDP data releases. The reporting lag associated with these data
is always less than one quarter, so we can combine (1) and (5) with
the definition of AWz, to write

Ut = AQ(l)xt + Ur(r) + éR(T) + éR(T)- (18)
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It is important to recognize that (18) builds in the variable reporting
lag between the release day, Ry(7), and the end of the last quarter
Q(7). The value of A?Mz; does not change from day to day after
the quarter ends, so the relation between the data release and actual
GDP growth is unaffected by within-quarter variations in the report-
ing lag. The reporting lag for the “preliminary” data is also always
less than one quarter. Combining (1) and (6) with the definition of
AWMz, we obtain

gjt = AQ(l)xt + Ur(r) + éR(T). (19)

Data on “final” GDP growth is released around the end of the fol-
lowing quarter, so the reporting lag can vary between one and two
quarters. In cases where the reporting lag is one quarter,

Yt = AW g, 4 Ug(1)> (20)
and when the lag is two quarters,
Yy = AQ(Z)CL‘t + Ug(r)- (21)

I model the links between the daily contributions to GDP growth
and the monthly macrovariables in a similar manner. Let AM®)g,
denote the monthly contribution to quarterly GDP growth ending
on day M(7,j — i), where M(7,j) denotes the last day of the most
recently completed month and ¢ > M(7, j). The contribution to GDP
growth in the last (completed) month is given by

AM(I)It =(1-\ AM(I)ZEt—l + A8, (22)

and the contribution from ¢ (> 1) months back is

AMO gy = (1= X AMO g 4 XMAMED g, (23)
These equations are analogous to (16) and (17). If ¢ is the first day
of a new month, \}' = 1, so AM(I)J/‘I\{(T’]’)_H = sﬁ(m.) = AMZy(r )

and AM(i)xM(TJ)H = AM(ifl)xM(m) for j = 1,2,3. On all other days,
AV g, = AMOg, ;. The AMPz, variables link the monthly data
releases, z{, to quarterly GDP growth. If the reporting lag for macro
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series ¢ is less than one month, the value released on day ¢ can be
written as

2= B,A Wy 4l (24)

In cases where the reporting lag is two months,
i _ M(2) 7
Zt — 5’LA mt + ut' (25)

As above, both equations allow for a variable within-month reporting
lag, R.i(7, J)—M,i (7, j).

Equations (24) and (25) accommodate all the monthly data re-
leases I use except for the index of consumer confidence, ¢ = 18. This
series is released before the end of the month in which the survey
data are collected. These data are potentially valuable for drawing
real-time inferences because they represent the only monthly release
before Q(7) that relates to activity during the last month of the quar-
ter. I incorporate the information in the consumer confidence index
(i = 18) by projecting 2/ on the partial sum s}':

7" = Brgsy +u. (26)

To complete the model, we need to specify the dynamics for the
daily contributions, Az;. I assume that

k
A.It = Z qbiAM(i)CEt + €, (27)
=1

where e; is an 1i.d.N(0,02) shock. Equation (27) expresses the
growth contribution on day ¢ as a weighted average of the monthly
contributions over the last k£ (completed) months, plus an error term.
This specification has two noteworthy features. First, the daily con-
tribution on day ¢ only depends on the history of Ax; insofar as
it is summarized by the monthly contributions, AM®z,. Thus, fore-

casts for Az, conditional {AM(i)xt}f:l are the same for horizons h
within the current month. The second feature of (27) is that the proc-
ess aggregates up to an AR(k) process for AMz,,, ;) at the monthly
frequency. As I shall demonstrate, this feature enables us to compute
real-time forecasts of future GDP growth over monthly horizons with
comparative ease.
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3. Estimation

Finding the real-time estimates of GDP and GDP growth requires
a solution to two related problems. First, there is a pure inference
problem of how to compute E[zq,[$2] and E[A%q;|€2;] using the
quarterly signaling equations (18)—(21), the monthly signaling equa-
tions (24)-(26), and the Az, process in (27), given values for all the
parameters in these equations. Second, we need to estimate these
parameters from the three data releases on GDP and the eighteen
other macro series. This problem is complicated by the fact that
individual data releases are irregularly spaced and arrive in a non-
synchronized manner: on some days there is one release, on others
there are several, and on some there are none at all. In short, the
temporal pattern of data releases is quite unlike that found in stan-
dard time-series applications.

The Kalman Filtering algorithm provides a solution to both prob-
lems. In particular, given a set of parameter values, the algorithm
provides the means to compute the real-time estimates E[rqr[S2]
and E[A%rq;)|€;]. The algorithm also allows us to construct a sam-
ple likelihood function from the data series, so that the model’s pa-
rameters can be computed by maximum likelihood. Although the
Kalman Filtering algorithm has been used extensively in the ap-
plied time-series literature, its application in the current context has
several novel aspects. For this reason, the presentation below con-
centrates on these features.*

3.1 The State-Space Form

To use the algorithm, we must first write the model in state-space
form comprising a state and observation equation. For the sake of
clarity, I shall present the state-space form for the model where Ax;
depends only on last month’s contribution (i.e., & = 1 in equation
[27]). Modifying the state-space form for the case where k£ > 1 is
straightforward.

4For a textbook introduction to the Kalman Filter and its uses in standard
time-series applications, see Harvey (1989) or Hamilton (1994).
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The dynamics described by equations (14)—(17), (22), (23), and
(27) with k = 1 can be represented by the matrix equation:

52 (1) 0
A% g, AP 1= ¢
A g, 0 AP

syt = 0 0
AMD g, 0 0
AM@) g, 0 0

i Axy ] 0 0
| S
AWy,
AQ(2) Ti_1
X Sitq
AMD) g,
AM@)g,
Azy_q

or, more compactly,

0
0

1—A¢

0
0

€t

0

0

0
- A

A

0

0

Zt = AtZt_l + Vt.

0 0 1
0 0 O
0 0 O
0 0 1

1-X 0 0

A 1= A0
& 0 0
(28)

Equation (28) is known as the state equation. In traditional time-
series applications, the state transition matrix A is constant. Here
elements of A; depend on the quarterly and monthly dummies, )\?
and A}, and so A; is time varying.
Next, we turn to the observation equation. The link between the
data releases on GDP and elements of the state vector are described
by (18), (19), (20), and (21). These equations can be rewritten as
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Gt 0 Qui(y) Qi 0 0 0 0
g | = |0 Qui(y) Qui(g) 0 0 0 0 |Z
Yt 0 Qui(y) QLi(y) 0 0 0 0
111 ér
+10 11 & | (29)
0 01 Vg

where QL:(3) denotes a dummy variable that takes the value of one
when the reporting lag for series s lies between ¢ — 1 and ¢ quar-
ters, and zero otherwise. Thus, QL}(y) = 1 and QL?(y) = 0 when
“final” GDP data for the first quarter are released before the start
of the third quarter, while QL{ (y) = 0 and QL?(y) = 1 in cases where
the release is delayed until the third quarter. Under normal circum-
stances, the “advanced” and “preliminary” GDP data releases have
reporting lags that are less than a month. However, there was one
occasion in the sample period where all the GDP releases were de-
layed, so that the QL:(s) dummies are also needed for the §; and 7
equations.

The link between the data releases on the monthly series and ele-
ments of the state vector is described by (24)-(26). These equations
can be written as

=100 0 BM(z') BMLl(z)) Bmii(z)) 0 | Zi+ui,

(30)
for i =1,2,...,18. ML{(5) is the monthly version of QL%(5¢). ML ()
is equal to one if the reporting lag for series s lies between ¢ — 1 and

i months (i = 1,2), and zero otherwise. MLY(5¢) equals one when the

release day is before the end of the collection month (as is the case
with the index of consumer confidence). Stacking (29) and (30) gives
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Ut
Yt
Yt
z
28
0 QLi(9) QL (9) 0 0 0 0
0 QL{ () QL (%) 0 0 0 0
0 qri(y) QLi(y) 0 0 0 o,
= ¢
0 0 0 piMLY(zY)  pomit(zt)  piMmLE(zt) 0
0 0 0 BgML{(2'®) BigMLi(2'®) B1gMLE(2'®) 0
ér + é: + vy
et + vt
Ut
+ )
u
u)®
or
X; = CiZy + Uy (31)

This equation links the vector of potential data releases for day t,
X¢, to elements of the state vector. The elements of X; identify the
value that would have been released for each series given the current
state, Z;, if day t was in fact the release day. Of course, on a typical
day, we would only observe the elements in X; that correspond to
the actual releases that day. For example, if data on “final” GDP
and monthly series ¢ = 1 are released on day ¢, we would observe the



Vol. 1 No. 2 Real-Time Estimates of the Macroeconomy 145

values in the third and fourth rows of X;. On days when there are
no releases, none of the elements of X; are observed.

The observation equation links the data releases for day t to the
state vector. The vector of actual data releases for day ¢, Yy, is related
to the vector of potential releases by

Yy = B X,

where B, is an n x 21 selection matrix that “picks out” the n > 1
data releases for day t. For example, if data on monthly series i = 1
arereleasedonday t,B,=[0 0 0 1 0, ..... , 0 ]. Combining
this expression with (31) gives the observation equation:

Y; = B,C,Z; + B U. (32)

Equation (32) differs in several respects from the observation
equation specification found in standard time-series applications.
First, the equation only applies on days for which at least one data
release takes place. Second, the link between the observed data re-
leases and the state vector varies through time via C; as QL:(¢)
and ML} () change. These variations arise because the reporting lag
associated with a given data series change from release to release.
Third, the number and nature of the data releases vary from day
to day (i.e., the dimension of Y; can vary across consecutive data-
release days) via the B; matrix. These changes may be a source of
heteroskedasticity. If the U; vector has a constant covariance matrix
Q,, the vector of noise terms entering the observation equation will
be heteroskedastic with covariance B, B;.

3.2  The Kalman Filter and Sample Likelihood
Function

Equations (28) and (32) describe a state-space form that can be
used to find real-time estimates of GDP in two steps. In the first, I
obtain the maximum likelihood estimates of the model’s parameters.
The second step calculates the real-time estimates of GDP using the
maximum likelihood parameter estimates. Below, I briefly describe
these steps, noting where the model gives rise to features that are
not seen in standard time-series applications.

The parameters of the model to be estimated are 0 =

2 2 2 2 2 2 2 2 2
{ﬁlv s 7ﬁ217¢17 e 7¢k7 0¢y,05:,05,04,07,-- 'a018}7 where Oc; 055 0g,
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and o2 denote the variances of e;, &, é;, and vy, respectively. The
variance of u} is o2 for i = 1,...,18. For the purpose of estimation,
I assume that all variances are constant, so the covariance matrices
for V; and U; can be written as ¥, and 3, respectively. The sample
likelihood function is built up recursively by applying the Kalman
Filter to (28) and (32). Let n; denote the number of data releases
on day t. The sample log likelihood function for a sample spanning
t=1,...,Tis

T
n 1 1 _
o= Y {-Gmen - gkl - grenf, (3

t=1,n:>0

where 7, denotes the vector of innovations on day ¢ with n; > 0, and
wy is the associated conditional covariance matrix. The 7, and wy
sequences are calculated as functions of § from the filtering equations:

Lyjp = My pp—1 + Kemy, (34a)
St-‘rl't - At (I - Kt]Bt(Ct) St‘t—lA; + E”U) (34b)
where
My =Y — BiCeAZy _qp4-1, (35a)
Ke = St|t71C£B:€wt_lv (35b)
wy = IB%t(CtSﬂt_lC;B; + B X, B, (35¢)

if ny > 0, and

Lyjp = MaZy_1)—1, (36a)
Sty1e = AtSt\t—lAg + X, (36b)
when n; = 0. The recursions are initialized with Sy = ¥, and

Zg|p equal to a vector of zeros. Notice that (34)-(36) differ from the
standard filtering equations because the structure of the state-space
form in (28) and (32) changes via the A, C;, and B; matrices. The
filtering equations also need to account for the days on which no
data is released.

As in standard applications of the Kalman Filter, we need to
ensure that all the elements of 6 are identified. Recall that equation
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(1) includes an error term v; to allow for annual revisions to the
“final” GDP data that take place after the release day R, (7). The
variance of vy, 02, is not identified because the state-space form
excludes data on the annual revisions. Rather than amend the model
to include these data, I impose the identifying restriction: o2 = 0.5
This restriction limits the duration of uncertainty concerning GDP
growth to the reporting lag for the “final” GDP release. In section
5, I show that most of the uncertainty concerning GDP growth in
quarter 7 is resolved by the end of the first month in quarter 7 + 1,
well before the end of the reporting lag. Limiting the duration of
uncertainty does not appear unduly restrictive.

3.8  Calculating the Real-Time Estimates of GDP

Once the maximum likelihood estimates of 6 have been found, the
Kalman Filtering equations can be readily used to calculate real-
time estimates of GDP. Consider, first, the real-time estimates at
the end of each quarter A%y o). By definition, Z,; denotes the
expectation of Z; conditioned on data released by the end of day 7,
E[7Z+€;]. Hence, the real-time estimates of quarterly GDP growth
are given by

A%q(ryja(r) = Elsgen Qam)] = MZoa(m), (37)

forT=1,2,..., where h; is a vector that selects the ith element of Z;.
Zy); denotes the value of Z;; based on the MLE of # computed from
(34)—(36). The Kalman Filter allows us to study how the estimates
of A%z, change in the light of data releases after the quarter has
ended. For example, the sequence A%rqy, = tht|t, for (1) <
t <Q(7 + 1), shows how data releases between the end of quarters 7
and 7 + 1 change the real-time estimates of A%rq(,).

SIn principle, the state-space form could be augmented to accommodate the
revision data, but the resulting state vector would have forty-odd elements be-
cause revisions can take place up to three years after the “final” GDP data is
released. Estimating such a large state-space system would be quite challenging.
Alternatively, one could estimate o2 directly from the various vintages of “fi-
nal” growth rates for each quarter, and then compute the maximum likelihood
estimates of the other parameters conditioned on this value.
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We can also use the model to find real-time estimates of GDP
growth before the end of the quarter. Recall that quarterly GDP
growth can be represented as the sum of daily increments:

D(T)
A®zqiry = Y Azgir_1)4i (7)
=1

Real-time estimates of A%,y based on information s, where Q(7—
1) <t < Q(7), can be found by taking conditional expectations on
both sides of this equation:

Q(7)
Aoy = ElsP | + ) E[Azyn|0]. (38)
h=1

The first term on the right-hand side is the real-time estimate of
the partial sum s? defined in (12). Since s is the first element
in the state vector Z;, a real-time estimate of s can be found as
E[s?|] = hlzﬂt. The second term in (38) contains real-time fore-
casts for the daily increments over the remaining days in the month.
These forecasts can be easily computed from the process for the in-

crements in (27):

k
E[Azp]Q] =) ¢, E[AM D2 |0]. (39)

i=1

Notice that the real-time estimates of AM®z, on the right-hand side
are also elements of the state vector Z¢, so the real-time forecasts can
be easily found from Z;;. For example, for the state-space form with
k = 1 described above, the real-time estimates can be computed as
AQxQ(7)|t = |:h1 + h5$1(Q(7) - t):| Zt‘t) where &)1 is the MLE of ¢1.

The model can also be used to calculate real-time estimates of
log GDP, zq(r);- Once again, it is easiest to start with the end-
of-quarter real-time estimates, xq(;)q(r)- Iterating on the identity
AT (r) = Tq(r) — Tg(r—1), We can write

Tair) = Y A%q) + To(). (40)

=1
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Thus, log GDP for quarter 7 can be written as the sum of quarterly
GDP growth from quarters 1 to 7, plus the initial log level of GDP
for quarter 0. Taking conditional expectations on both sides of this
expression gives

Tomlam = O BlA% a0 Qq(r)] + Elgo) Qo) (41)
=1

Notice that the terms in the sum on the right-hand side are not the
real-time estimates of GDP growth. Rather, they are current esti-
mates (i.e., based on ;) of past GDP growth. Thus, we cannot
construct real-time estimates of log GDP by simply aggregating the
real-time estimate of GDP growth from the current and past quar-
ters.

In principle, Zg(7)qr) could be found using estimates of
E[A®%zq;)[Qq(r)] computed from the state-space form with the aid of
the Kalman Smoother algorithm (see, for example, Hamilton 1994).
An alternative approach is to apply the Kalman Filter to a modified
version of the state-space form:

7y = AYZE + Vi, (42a)
Y, = B,C¢Z% + B,U,, (42b)
where
Ly Ay O I7
7y = , AY = , Vi= V¢, and
Tt h7 1 h?
C¢ = [ C;, 0 ] .

This modified state-space form adds the cumulant of the daily in-
crements, r; = 25:1 Az; + z4(0), as the eighth element in the aug-
mented state vector Z¢. At the end of the quarter when ¢ = Q(7), the
cumulant is equal to zq(). So a real-time end-of-quarter estimate of

log GDP can be computed as zq(r)|q(r) = thg(T) where 72, is

a(r)’ tt
the estimate of Z¢ derived by applying that Kalnla;)Filter to (1‘12),
and h{ is a vector that picks out the ith element of Z.

Real-time estimates of log GDP in quarter 7 based on information
available on day t < Q(7) can be calculated in a similar fashion. First,

we use (7) and the definition of x; to rewrite (40) as
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Q(7)

Tqo(r) = Tt =+ Z A.Q;‘h.
h=t-+1

As above, the real-time estimate is found by taking conditional ex-
pectations:

Q(7)
T = Elzd|] + > E[Azy|0). (43)
h=tt1

The real-time estimate of log GDP for quarter 7, based on informa-
tion available on day ¢ < Q(7), comprises the real-time estimate of
x4 and the sum of the real-time forecasts for Az, over the remain-
der of the quarter. Notice that each component on the right-hand
side was present in the real-time estimates discussed above, so find-
Ing q(r)¢ involves nothing new. For example, in the & = 1 case,
Lot = [h§ + h5oy (Q(T) — )] ZY,.

To this point, I have concentrated on the problem of calculating
real-time estimates for GDP and GDP growth measured on a quar-
terly basis. We can also use the model to calculate real-time estimates
of output flows over shorter horizons, such as a month or week. For
this purpose, I first decompose quarterly GDP into its daily compo-
nents. These components are then aggregated to construct estimates
of output measured over any horizon.

Let d; denote the log of output on day ¢. Since GDP for quarter
7 is simply the aggregate of daily output over the quarter,

()
To(r) = In (ijl exp (dQ(T—l)-H)) ) (44)

where D(7) = Q(7)—Q(7 — 1) is the duration of quarter 7. Equa-
tion (44) describes the exact nonlinear relation between log GDP for
quarter 7 and the log of daily output. In principle, we would like to
use this equation and the real-time estimates of zy(;) to identify the
sequence for d; over each quarter. Unfortunately, this is a form of
nonlinear filtering problem that has no exact solution. Consequently,
to make any progress, we must work with either an approximate so-
lution to the filtering problem or a linear approximation of (44).
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I follow the second approach by working with a first-order Taylor
approximation to (44) around the point where d; = x(;) — InD(7):

D

b
D(T) £

—~

7)

{do(r—1)i +nD(7)}. (45)
1

To(r)

Combining (45) with the identity A%rq ;) = 2q(r) — Tq(r—1) gives

=
3

1 )

n(r) 2=

Ay = {do¢r—1)4i = (zo(r—1) —InD(7)) } . (46)

This expression takes the same form as the decomposition of quar—
terly GDP growth in (7) with Az, & {d; — 2q(;—1) + InD(7)} /D(7
Rearranging this expression gives us the following approximation for
log daily output:

di = zq(;—1) + D(7)Az; — InD(7). (47)

According to this approximation, all the within-quarter variation
in the log of daily output is attributable to daily changes in the
increments Ax;. Thus, changes in x; within each quarter provide an
approximate (scaled) estimate of the volatility in daily output.

The last step is to construct the new output measure based on

(47). Let x} denote the log flow of output over h days ending on
day t: 2} = In <Z?:_01 exp (dt_i)). As before, I avoid the problems
caused by the nonlinearity in this definition by working with a first-
order Taylor approximation to :1;? around the point where d; = a:,’} —
In h. Combining this approximation with (47) and taking conditional

expectations gives

—_

h—
0= h Z [Ta(re_i—1)[2¢] + D(T1—i) E[Azy—;|$2]

— l D(T4—;) +1nh}, (48)

where 7; denotes the quarter in which day ¢ falls. Equation (48)
provides us with an approximation for the real-time estimates of
z} in terms that can be computed from the model. In particular,

if we augment the state vector to include zq(,, ,_1) and Az;_; for
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i=1,...,h—1, and apply the Kalman Filter to the resulting mod-
ified state space, the estimates of E[zq,,_,—1)|%] and E[Ax;;|Q]

Tt—i

can be constructed from Z;l' ”

4. Empirical Results

4.1 Data

The macroeconomic data releases used in estimation are from In-
ternational Money Market Services (MMS). These include real-time
data on both expected and announced macrovariables. I estimate the
model using the three quarterly GDP releases and the monthly re-
leases on eighteen other variables from April 11, 1993, through June
30, 1999. In specification tests described below, I also use market
expectations of GDP growth based on surveys conducted by MMS
of approximately forty money managers on the Friday of the week
before the release day. Many earlier studies have used MMS data to
construct proxies for the news contained in data releases (see, for
example, Urich and Watchel 1984; Balduzzi, Elton, and Green 2001;
and Andersen et al. 2003). This is the first paper to use MMS data
in estimating real-time estimates of macroeconomic variables.

The upper panel of table 1 lists the data series used in estima-
tion. The right-hand columns report the number of releases and the
range of the reporting lag for each series during the sample period.
The lower panel shows the distribution of data releases. The sam-
ple period covers 1,682 workdays (i.e., all days excluding weekends
and national holidays).® On approximately 55 percent of these days,
there was at least one data release. Multiple data releases occurred
much less frequently, on approximately 16 percent of the workdays
in the sample. There were no occasions when more than four data
releases took place.

The release data were transformed in two ways before being in-
corporated in the model. First, I subtracted the sample mean from

5 Although economic activity obviously takes place on weekends and holidays,
I exclude these days from the sample for two reasons. First, they contain no data
releases. This means that the contribution to GDP on weekends and holidays
must be exclusively derived from the dynamics of (27). Second, by including only
workdays, we can exactly align the real-time estimates with days on which U.S.
financial markets were open. This feature will be very helpful in studying the
relation between the real-time estimates and asset prices.
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Table 1. Data Series (April 11, 1993—June 30, 1999)
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Release Obs. Reporting Lag
Quarterly Advanced GDP 26 1-2 Months
Preliminary GDP 25 2—-3 Months
Final GDP 26 3-4 Months
Monthly
Real Activity Nonfarm Payroll Employment 78 3-9 Days
Retail Sales 78 12-15 Days
Industrial Production 78 15-18 Days
Capacity Utilization 78 15-18 Days
Personal Income 76 30-33 Days
Consumer Credit 78 33—40 Days
Consumption Personal Consumption 76 30-33 Days
Expenditures
New Home Sales 77 27-33 Days
Investment Durable Goods Orders 77 24-29 Days
Construction Spending 7 31-34 Days
Factory Orders 76 29-35 Days
Business Inventories 78 38-44 Days
Government Government Budget Deficit 78 15-21 Days
Net Exports Trade Balance 78 44-53 Days
Forward Looking Consumer Confidence Index 78 —8-0 Days
NAPM Index 78 0-6 Days
Housing Starts " 14-20 Days
Index of Leading Indicators 78 27-45 Days
Distribution of Data Releases
Releases per Day Fraction of Sample Observations
0 45.48% 765
1 38.76% 652
2 10.46% 176
3 4.34% 73
4 0.95% 16
>0 54.52% 917

each of the GDP releases. This transformation implies that the real-
time estimates presented below are based on the assumption that
long-run GDP growth remained constant over the sample period. If
the span of my data were considerably longer, I could identify how
the long-run rate of GDP growth has varied by estimating a modified
form of the model that replaced (27) with a process that decomposed
Az, into short- and long-run components. I leave this extension of
the model for future work.
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The second transformation concerns the monthly data. Let 'g;(m')
denote the raw value for series i released on day ¢t =R(7,j). The
modgl incorpor;tes transfgrmed series zf{(m) = (Eé(m.) — 7 —
ai(élf{(mil) — z'), where z' is the sample mean of Z'. Recall that
in the model, the monthly series provide noisy signals on the
monthly contribution to GDP growth (see equations [24]-[26]).
Quasi-differencing in this manner allows each of the raw data se-
ries to have a differing degree of persistence than the monthly con-
tribution to GDP growth without inducing serial correlation in the
projection errors shown in (24)—(26). The degree of quasi-differencing
depends on the «; parameters which are jointly estimated with the

other model parameters.

4.2 FEstimates and Diagnostics

The maximum likelihood estimates of the model are reported in
table 2. There are sixty-three parameters in the model, and all are
estimated with a great deal of precision. T-tests based on the asymp-
totic standard errors (reported in parentheses) show that all the
coefficients are significant at the 1 percent level. Panel A of the ta-
ble shows the estimated parameters of the daily contribution proc-
ess in (27). Notice that the reported estimates and standard er-
rors are multiplied by twenty-five. With this scaling, the reported
values for the ¢; parameters represent the coefficients in the time-
aggregated AR(6) process for AI\"IJJI\,I(TJ) in a typical month (i.e., one
with twenty-five workdays). I shall examine the implications of these
estimates for forecasting GDP below.

Panel B reports the estimated standard deviations of the differ-
ence between the “advanced” and “final” GDP releases, w, = 9 — v,
and the difference between the “preliminary” and “final” releases,
wp = Y — Y. According to equations (5) and (6) of the model,
V(w,) = V(w,) +V(ég(r)), so the standard deviation of w, should be
at least as great as that of w,. By contrast, the estimates in panel
B imply that V(w,) < V(wp).7 This suggests that revisions the BEA
made between releasing the “preliminary” and “final” GDP data
were negatively correlated with the revisions between the “advanced”

"To check robustness, I also estimated the model with the V(w,) = V(w,) +
V(éx(ry) restriction imposed. In this case, the MLE of V(éy(-)) is less than 0.0001.
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Table 2. Model Estimates

A. Process for Ax;

ot o @3 N @5 b6 Te

estimate™* -0.384 0.296 0.266 |-0.289 | —0.485 | 0.160 | 3.800
standard error**  (0.004) (0.003) | (0.003) |(0.003)| (0.003) |(0.004)| (0.010)

B. Quarterly Data

Releases
V(wi) std(w;)*
a | Advanced GDP Growth 0.508 (0.177)
p | Preliminary GDP Growth 1.212 (0.312)
C. Monthly Data
Releases

o std(ei)* | B; std(B;)*| o; |std(o:)*
1| Nonfarm Payroll Employment 0.007 (0.218) 0.656 | (0.301) 0.932| (0.171)
2| Retail Sales ~0.047 | (0.282) | 0.285| (0.136) | 0.381| (0.082)
3| Industrial Production ~0.028 | (0.145) | 0.189| (0.090) | 0.229 (0.035)
4| Capacity Utilization 0.924 (0.088) 0.125 | (0.114) 0.382| (0.020)
5| Personal Income ~0.201 | (0.219) | 0.038| (0.126) | 0.227] (0.040)
6| Consumer Credit 0.380 | (0.300) |-0.160| (0.966) | 2.961 (0.494)
7| Personal Cons. Expenditures -0.405 (0.206) 0.133 | (0.074) 0.111| (0.029)
8| New Home Sales 0.726 (0.170) |-0.011| (0.171) 0.473| (0.071)
9| Durable Goods Orders -0.224 (0.258) 0.989 | (0.753) 1.999 | (0.413)
10| Construction Spending 0.312 (0.197) |-0.135| (0.233) 0.655| (0.123)
11| Factory Orders ~0.194 | (0.288) | 0.997 | (0.489) |-0.856 (0.306)
12| Business Inventories 0.128 (0.277) |-0.019 | (0.061) 0.228| (0.032)
13| Government Budget Deficit —0.359 (0.418) |-0.992 | (1.423) 3.262| (0.508)
14| Trade Balance 0.819 | (0.189) | 0.361| (0.602) | 1.585| (0.344)
15| Consumer Confidence Index 0.977 (0.076) 0.208 | (0.136) |-0.482| (0.084)
16| NAPM Index 0.849 | (0.115) |-0.008 | (0.047) | 0.151| (0.024)
17| Housing Starts 0.832 | (0.175) | 0.002| (0.026) | 0.071] (0.014)
18| Index of Leading Indicators 0.107 (0.240) 0.212| (0.077) 0.231| (0.033)

Note: * and ** indicate that the estimate or standard error is multiplied by 100 and 25,
respectively.

and “preliminary” releases. It is hard to understand how this could
be a feature of an optimal revision process within the BEA. How-
ever, it is also possible that the implied correlation arises simply by
chance because the sample period only covers twenty-five quarters.

Estimates of the parameters linking the monthly data releases
to GDP growth are reported in panel C. The first column shows
that there is considerable variation across the eighteen series in the
estimates of ;. In all cases, the estimates of a; are statistically sig-
nificant, indicating that the quasi-differenced monthly releases are
more informative about GDP growth than the raw series. The «;
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estimates also imply that the temporal impact of a change in growth
varies across the different monthly series. For example, changes in
GDP growth will have a more persistent effect on the consumer con-
fidence index (&5 = 0.977) than on nonfarm payroll employment
(&1 = 0.007). The (3, estimates reported in the third column show
that twelve of the eighteen monthly releases are procyclical (i.e.,
positively correlated with contemporaneous GDP growth). Recall
that all the coefficients are significant at the 1 percent level, so the
B, estimates provide strong evidence that all the monthly releases
contain incremental information about current GDP growth beyond
that contained in past GDP data releases.

The standard method for assessing the adequacy of a model es-
timated by the Kalman Filter is to examine the properties of the
estimated filter innovations, 7, defined in (35a) above. If the model
is correctly specified, all elements of the innovation vector 7, should
be uncorrelated with any elements of {;_1, including past innova-
tions. To check this implication, table 3 reports the autocorrelation
coeflicients for the innovations associated with each data release. For
example, the estimated innovation associated with the “final” GDP
release for quarter 7 on day R(7) is 7]?{(7) = Yn(r) — E[yR(T)]QR(T),l].
For the quarterly releases, the table shows the correlation between
ngm and 77%’{(77”) for n = 1 and 6. In the case of monthly release 1,

the innovation is "7;,(7,]-) = z;(m) - E[z;(m)@,‘(ﬂj)_l] and the table

shows the correlation between n;(m.) and n;( ) for n = 1 and

T,j—n
6. Under the BPQ(j) headings, the table also reports p-values com-
puted from the Box-Pierce Q statistic for joint significance of the
correlations from lag 1 to j. Overall, there is little evidence of se-
rial correlation in the innovations. Exceptions arise only in the case
of “preliminary” GDP at the six-quarter lag, and in the cases of
consumer credit and business inventories at the six-month lag.
Panel A of table 4 (shown on page 158) compares model-based
forecasts for “final” GDP against the provisional data releases. Un-
der the Data Revision columns, I report the mean and mean squared
error (MSE) for the data revisions associated with the “advanced”
and “preliminary” data releases (i.e., Yp(r)— Ur(r) a0d Yr(7r) = Jr(r))-
The mean and MSE for the difference between “final” GDP, yg(r),
and the estimates of E[yg(r)|Qpr(r)], where DR(7) denotes the date
of the day of either the “advanced” or “preliminary” release (i.e.,
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Table 3. Model Diagnostics
Innovation Autocorrelations 3 BPQ(1)| pg | BPQ(6)
Quarterly Releases
Advanced GDP 0.058 | (0.766) |—0.061| (0.889)
Preliminary GDP —-0.364 | (0.069) |—0.034| (0.012)
Final GDP 0.001 | (0.996) |-0.172| (0.729)
Monthly Releases
i = 1|Nonfarm Payroll —-0.023 | (0.841) | 0.051| (0.902)
Employment
2|Retail Sales 0.005 | (0.966) |—0.028| (0.789)
3|Industrial Production 0.005 | (0.963) | 0.003| (0.981)
4|Capacity Utilization -0.029 | (0.800) | 0.147| (0.885)
5|Personal Income —-0.069 | (0.687) | 0.057| (0.770)
6|Consumer Credit —-0.091 | (0.422) | 0.310| (0.040)
7|Personal Consumption 0.122 | (0.477) |-0.021| (0.427)
Expenditures
8|New Home Sales -0.219 | (0.084) |-0.056| (0.220)
9|Durable Goods Orders -0.094 | (0.418) |-0.121| (0.650)
10|Construction Spending 0.064 | (0.699) | 0.131| (0.798)
11|Factory Orders —-0.161 | (0.327) |—-0.113| (0.483)
12|Business Inventories —-0.068 | (0.552) | 0.339| (0.000)
13| Government Budget Deficit | -0.091 | (0.421) |-0.137| (0.100)
14| Trade Balance -0.203 | (0.077) | 0.087| (0.578)
15|Consumer Confidence Index| 0.047 | (0.678) |-0.111| (0.624)
16|NAPM Index ~0.067 | (0.556) |-0.017| (0.639)
17|Housing Starts —-0.160 | (0.161) |-0.127| (0.518)
18|Index of Leading Indicators | 0.021 | (0.850) | 0.043| (0.525)
Note: p; denotes the sample autocorrelation at lag 7. p-values are calcu-
lated for the null hypothesis of p, = 0.
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Table 4. Forecast Comparisons
A. Data Revision Model
Mean MSE Mean MSE

Advanced 0.246 | (0.446) | 0.090 | (0.441)
Preliminary 0.038 | (0.067) | 0.040 | (0.066)
Combined 0.142 | (0.257) | 0.065 | (0.254)
B. MMS Model
Mean | MSE | Mean | MSE
In-Sample
Advanced 0.729 | (1.310) | 0.190 | (1.407)
Preliminary 0.160 | (0.249) | 0.096 | (0.418)
Final 0.042 | (0.062) | 0.080 | (0.395)
Combined 0.310 | (0.540) | 0.122 | (0.740)
Out-of-Sample
Advanced 0.985 | (1.464) | 0.380 | (1.500)
Preliminary | 0.046 | (0.178) | 0.178 | (0.801)
Final 0015 | (0.057) | 0.099 | (0.208)
Combined 0.338 | (0.566) | 0.219 | (0.836)

Rg(T) or Rz(7)), are reported under the Model columns. Note that
the provisional data are part of the information set {2;,z() used to
compute the model-based forecasts. If g () and gg(7) are close to the
best forecasts of “final” GDP on days Ry(7) and Ry(7), there should
be little difference between the data revisions and the estimated fore-
cast errors, Yp(r) — E[yR(T)\QDR(T)].B The table shows that the mean

8The model does not impose the assumption that the provisional data are
equal to the best forecast of “final” GDP on day DR(7). Rather, equation (34a)
of the Kalman Filter implies that the model forecasts for “final” GDP on these
days are given by

E[yR(‘r) |QDR(T>] = E[yR(‘r) |QDR(T>*1] + KgR(T) (gR(T) - E[@R(T)|QDR<7)*1])
+ K;(T) (%R(T) - E[%R,(T)‘QDR(T)—l]%

where Fi(r) = {Gn(r), Un(r) } and () denotes the vector of other data releases on

DR(T). K., and K¥ - are elements of the Kalman Gain matrix on release days.
Inspection of this equation reveals that E[yu(-)|Qor(r)] = Un(r) if Ky, =1and

K* s a vector of zeros. These conditions cannot be exactly satisfied when there

DR(T)

is any noise in (5) and (6), but they could hold approximately if the noise variance
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and MSE of revision errors based on the “preliminary” data releases
are comparable to those based on the model forecasts. In the case
of the “advanced” releases, by contrast, the mean revision error is
roughly two and one-half times the size of the forecast error. This
finding suggests that the “advanced” releases contain some “noise”
and do not represent the best forecasts for “final” GDP that can be
computed using publicly available data. It is also consistent with the
regression findings reported by Dynan and Elmendorf (2001).

Panel B of table 4 compares the forecasting performance of the
model against the survey responses collected by MMS. On the Fri-
day before each scheduled data release, MMS surveys approximately
forty professional money managers on their estimate for the upcom-
ing release. Panel B compares the median estimate from the sur-
veys against the real-time estimate of GDP growth implied by the
model on survey days. For example, in the first row under the MMS
columns, I report the mean and MSE for the difference between
Yr(r), and the median response from the survey conducted on the
last Friday before the “advanced” GDP release on day s(7). The
mean and MSE of the difference between yg(;) and the estimate of
E[yr(r)|Qs(r)] derived from the model are reported under the Model
columns. As above, all the survey and model estimates are compared
against the value for the “final” GDP release. This means that the
forecasting horizon, (i.e., the difference between R(7) and s(7)) falls
from approximately eleven weeks in the first row, to five weeks in the
second, and less than one week in the third. The fourth row reports
the mean and MSE at all three horizons.

The upper portion of panel B compares the survey responses
against model-based forecasts computed from parameter estimates
reported in table 2. These estimates are derived from the full data
sample and so contain information that was not available to the
money managers at the time they were surveyed. The lower portion
of panel B reports on a pseudo out-of-sample comparison. Here the
model-based forecasts are computed from model estimates obtained
from the first half of the sample (April 11, 1993-March 31, 1996).
These estimates are then used to compute model-based forecasts of
“final” GDP on the survey days during the second half of the sample
(April 1, 1996-June 30, 1999). The table compares the mean and

is small relative to the variance of other shocks. Under these circumstances, the
provisional data could closely approximate the model’s forecasts for “final” GDP

(i-e., Elyr(r) |Qorr)] = rir))-
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MSE of these out-of-sample forecasts against the survey responses
during this latter period.

The table shows that both the mean and MSE associated with
both the survey and model forecasts fall with the forecasting horizon.
In the case of the in-sample statistics, the median survey response
provides a superior forecast than the model in terms of mean and
MSE at short horizons. Both the mean and MSE are smaller for
survey responses than the model forecasts in the third row. Moving
up a row, the evidence is ambiguous. The model produces a smaller
mean but larger MSE than the median survey. In the first row, the
balance of the evidence favors the model; the MSE is slightly higher
but the mean is much lower than the survey estimates. This general
pattern is repeated in the out-of-sample statistics. The strongest sup-
port for the model again comes from a comparison of the survey and
model forecasts conducted one week before the “advanced” release.
In this case, the mean forecast error from the model is approxi-
mately 60 percent smaller than the mean survey error. Over shorter
forecasting horizons, the survey measures dominate the model-based
forecasts.

Overall, these forecast comparisons provide rather strong sup-
port for the model. It is clear that the in-sample comparisons use
model estimates based in part on information that was not avail-
able to the money managers at the time. But it is much less clear
whether this puts the managers at a significant informational dis-
advantage. Remember that the money managers had access to pri-
vate information and other contemporaneous data that is absent
from the model. Moreover, we are comparing a model-based forecast
against the median forecast from a forty-manager survey. In the out-
of-sample comparisons, the informational advantage clearly lies with
the managers. Here the model forecasts are based on a true subset of
the information available to managers, so the median forecast from
a forty-manager survey should outperform the model. This is what
we see when the forecasting horizon is less than five weeks. At longer
horizons, the use of private information imparts less of a forecasting
advantage to money managers.? In fact, the results suggest that as

9This advantage might be further reduced if each of the model forecasts were
computed using parameter estimates that utilized all the data available on the
survey date rather than a single set of estimates using data from the first half
of the sample. A full-blown real-time forecasting exercise of this kind would be
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we move the forecasting day back toward the end of quarter 7, both
the in- and out-of-sample model-based forecasts outperform the sur-
veys. When the forecasting day is pushed all the way back to the
end of the quarter, the model-based forecast gives us the real-time
estimates of GDP growth. Thus, the results in panel B indicate
that real-time estimates derived from the model should be at least
comparable to private forecasts based on much richer information
sets.

5. Analysis

This section examines the model estimates. First, I consider the re-
lation between the real-time estimates and the “final” GDP releases.
Next, I compare alternative real-time estimates for the level of GDP
and examine the forecasting power of the model. Finally, I study how
the monthly releases are related to changes in GDP at a monthly fre-
quency.

5.1 Real-Time Estimates over the Reporting Lag

Figure 2 allows us to examine how the real-time estimates of GDP
growth change over the reporting lag. The solid line with stars plots
the “final” GDP growth for quarter 7 released on day Ry (7). The
intermittent line plots the real-time estimates of the GDP growth
last month, A%y, where Q(7) <t < Ry(7) for each quarter. The
vertical dashed portion represents the discontinuity in the series at
the end of each quarter (i.e., on day Q(7)).1Y Several features of
the figure stand out. First, the real-time estimates vary considerably
in the days immediately after the end of the quarter. For example,

computationally demanding because the model would have to be repeatedly esti-
mated, but it should also give superior model-based forecasts. For this reason, the
out-of-sample exercise undertaken here probably understates the true real-time
forecasting potential of the model.

10T cases where the reporting lag is less than one quarter, the discontinuity
occurs (a couple of days) after Ry (7), so the end of each solid segment meets the
turning point “x” identifying the “final” GDP release. When the reporting lag
is longer than one quarter, there is a horizontal gap between the end of a solid
segment and the next turning point “x” equal to Ry (7)—Q(7 + 1) days.
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Figure 2. Real-Time Estimates of Quarterly GDP Growth
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Note: The intermittent solid line is the real-time estimate of quarterly GDP
growth, A%zq -, where Q(7) < t < |Ry(7), and the solid line with stars
is the “final” release for GDP, yg (7).

at the end of 1994, the real-time estimates of GDP growth in the
fourth quarter change from approximately 1.25 percent to 2.25 per-
cent and then to 1.5 percent in the space of a few days. Second,
in many cases there is very little difference between the value for
“final” GDP and the real-time estimate immediately prior to the
release (i.e., Yp(r) = A%qg(r)r(r)—1)- In these cases, the “final” re-
lease contains no new information about GDP growth that was not
already inferred from earlier data releases. In cases where the “fi-
nal” release contains significant new information, the intermittent-
line plot “jumps” to meet the solid-line-with-stars plot on the release
day.

Figure 3 provides further information on the relation between
the real-time estimates and the “final” data releases. Here I plot
the variance of A%rq;) conditioned on information available over
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Figure 3. Relation between Real-Time Estimates and the
“Final” Data Releases
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Note: The solid line is the sample average of V(A%2q(r)|Qq(r)44) for 0 < i <
Ry(7)—Q(7), and the dashed lines denote the 95 percent confidence band.
The horizontal axis marks the number of days 7 past the end of quarter
Q(7).

the reporting lag: V(A%q(;)[Qq(r)4i) for 0 < i < Ry(7)—Q(7).
Estimates of this variance are identified as the second diagonal el-
ement in S;;; obtained from the Kalman Filter evaluated at the
maximum likelihood estimates. Figure 3 plots the sample average of
V(A% 4(7)[Qq(r)44) together with a 95 percent confidence band. Al-
though the path for the conditional variance varies somewhat from
quarter to quarter, the narrow confidence band shows that the aver-
age pattern displayed in the figure is in fact quite representative of
the variance path seen throughout the sample.

Figure 3 clearly shows how the flow of data releases during the re-
porting lag provides information on A%rq;). In the first twenty days
or so, the variance falls by approximately 25 percent as information
from the monthly releases provides information on the behavior of
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GDP during the previous month (month 3 of quarter 7). The vari-
ance then falls significantly following the “advanced” GDP release.
The timing of this release occurs between nineteen and twenty-three
working days after the end of the quarter, so the averaged variance
path displayed by the figure spreads the fall across these days. There-
after, the variance falls very little until the end of the reporting lag
when the “final” value for GDP growth is released.!’ This pattern
indicates that the “preliminary” GDP release provides little new
information about GDP growth beyond that contained in the “ad-
vanced” GDP release and the monthly data. The figure also shows
that most of the uncertainty concerning GDP growth in the last
quarter is resolved well before the day when the “final” data is re-
leased.

5.2 Real-Time FEstimates of GDP and GDP Growth

Figure 4 compares the real-time estimates of log GDP against the
values implied by the “final” GDP growth releases. The solid line
plots the values of (), computed from (43):

Q(r)—t

xQ(7)|t == E[l‘t|9t] + Z E[A$t+h|9t]‘ (43)
h=1

Recall that zq(;) represents log GDP for quarter 7, s0 zq(7); includes
forecasts for Ax;yp over the remaining days in the quarter when
t < Q(7). To assess the importance of the forecast terms, figure 4
also plots E[x¢|Q] as a dashed line. This series represents a naive
real-time estimate of GDP since it assumes E[Az;14|%] = 0 for
1 < h <Q(71) — t. The dash-dot line in the figure plots the cumulant
of the “final” GDP releases » |_, Yr(i) With a lead of sixty days. This
plot represents an ex-post estimate of log GDP based on the “final”
data releases. The vertical steps identify the values for “final” GDP
growth sixty days before the actual release day.

1 Although the variance falls immediately to zero on the day of the release,
the averaged variance falls to zero over several days in the figure because the
reporting lag varies from fifty-eight to sixty-five workdays in the sample.
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Figure 4. Real-Time Estimates of Log GDP and “Final”
GDP Releases
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Note: The solid line is the real-time estimate of log GDP, x(7y|;, the dashed

line shows E[x;|€], and the dash-dot line is the cumulant of “final” GDP
releases.

Figure 4 displays three notable features. First, both sets of the
real-time estimates display a much greater degree of volatility than
the cumulant series. This volatility reflects how inferences about cur-
rent GDP change as information arrives in the form of monthly data
releases during the current quarter and GDP releases referring to
growth in the previous quarter. The second noteworthy feature con-
cerns the relation between the real-time estimates. The vertical dif-
ference between the solid-line plots and the dashed-line plots repre-
sents the contribution of the Az, forecasts to xq(;);. As the figure
shows, these forecasts contributed significantly to the real-time es-
timates in 1996 and 1997, pushing the real-time estimates of xq ;)
well below the value for E[z;|€2]. The third noteworthy feature of the
figure concerns the vertical gap between the solid-line and dash-dot
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line plots. This represents the difference between the real-time esti-
mates and an ex-post estimate of log GDP based on the “final” GDP
releases. This gap should be insignificant if the current level of GDP
could be precisely inferred from contemporaneously available data
releases. Figure 3 shows this to be the case during the third and
fourth quarters of 1995. During many other periods, the real-time
estimates were much less precise.

5.8  Forecasting GDP Growth

The model estimates in table 2 show that all of the ¢, coefficients
in the daily growth process are statistically significant. I now ex-
amine their implications for forecasting GDP growth. Consider the
difference between the real-time estimates of x;y,, and x;y, based
on information available on days ¢t + m and t 4+ n, where m > n:

t+m
Titmlt+m — Titnlt4n = Z E [Azp|Q:] + (xt+m\t+m - $t+m\t)
h=t+n+1
- ($t+n|t+n - $t+n\t) . (49)

This equation decomposes the difference in real-time estimates of x;
into forecasts for Ax; over the forecast horizon between ¢ + n and
t +m, the revision in the estimates of z;1,, between ¢t and ¢ +m and
T4y between t and ¢t + n.

Since both revision terms are uncorrelated with elements of €,
we can use (49) to examine how the predictability of Ax; implied
by the model estimates translates into predictability for changes in
74 In particular, after multiplying both sides of (49) by 4 t4m —
Tyin|i+n and taking expectations, we obtain

. ZZZT-‘,-TL-%I Cv (E [Azp €] y Ti4mlt+m — $t+n\t+n)

R? (m,n)
’ Vv ($t+m|t+m - $t+n|t+n)

This statistic measures the contribution of Ax; forecasts to the vari-
ance of Ty y|i4m — Tiyn|t4n- 1f most of the volatility in ;pp4m —
Ty in|t4+n 18 due to the arrival of new information between ¢ and ¢ +m
(i.e., via the revision terms in [49]), the R? (m,n) statistic should
be close to zero. Alternatively, if the daily growth process is highly
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Table 5. Forecasting Real-Time GDP

m ‘ R%(m,n) (std.)
Monthly (n = m — 20)

20 0.196 (0.015)

40 0.186 (0.014)

60 0.180 (0.013)

80 0.163 (0.013)
100 0.138 (0.012)
120 0.125 (0.011)
140 0.097 (0.010)
160 0.061 (0.007)
180 0.032 (0.006)
200 0.035 (0.006)
220 0.027 (0.006)
240 0.005 (0.006)

Quarterly (n = m — 60)

60 0.144 (0.008)
120 0.079 (0.006)
180 0.031 (0.003)
240 0.006 (0.002)
Note: The table reports estimates of
R*(m,m — 20) computed as the slope
coefficient  4,, from  the regression

tem—10 EIATH Q] = Sun(@rmierm—
Jft-;—m—20|t+m—20) + &4y computed in daily
data from the maximum likelihood esti-
mates of Tiimittm — Tigm—20/t+m—20 and
E [Azp|Q4] . OLS standard errors are reported
in the right-hand column.

forecastable, much less of the volatility in iy |t4m — Tipnjtrn Will
be attributable to news, and the R? (m, n) statistic will be positive.

Table 5 reports estimates for R?(m,n) for various forecasting
horizons. The estimates are computed as the slope coefficient in the
regression of Zi:fﬁrnﬂ E[Azp|%] on Ty pmjtym — Tignjt4n in daily
data. The table also reports OLS (ordinary least squares) standard
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errors in parentheses.!? The upper panel shows how predictable the
monthly changes in the real-time estimates of z; are for horizons
m of 20 to 240 days. The estimated process for Az; implies a rea-
sonable high degree of predictability: the R? estimates fall from ap-
proximately 20 to 10 percent as the horizon rises from 20 to 140
workdays. Estimates of R?(m,n) for quarterly changes in the real-
time estimates are reported in the lower panel of the table. These are
somewhat smaller, but again clearly indicate the presence of some
predictability.

The results in table 5 relate to the change in the real-time es-
timates of z; rather than GDP growth. Recall from (43) that the
real-time estimate of log GDP on day t in quarter 7 is Tq(r,); =

Elz:|Q:] + Zggj_l E[Azp|Q4], so the growth in quarterly GDP be-
tween quarters 7 and 7+ 1 based on the real-time estimates available

att+mand t +n (wheret+n < Q(r) <t+m< Q(r+1))is

Lo(r4+1)[t+m — Lo(7)|t+n = (ﬂft+m|t+m - l’t+n|t+n)
Q(T+1)
+ Z E[Axh‘QH—m]
h=t+m+1
Q(7)
— Y E[Az Q). (50)
h=t+n-+1

This equation shows that changes in the real-time estimates of x;
are only one component of the estimated quarterly growth in GDP.
Moreover, since the second and third terms on the right-hand side
of (50) will generally be correlated with the first term, the results
in table 5 may be an unreliable guide to the predictability of GDP
growth.

We can examine the predictability of GDP growth by combining
(49) and (50) to give

To(r41)jt+m — Lo(r)lt+n = ElZ(r+1) = Ta(r)+1[82] + St4m,

12These statistics only approximate to the true standard errors for two reasons.
First, the regressor is computed from the maximum likelihood estimates and so
contains some sampling errors. Second, there is no correction for the moving
average process induced by the overlapping forecast horizons in the regression
residuals.
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Figure 5. Real-Time Estimates of Quarterly GDP Growth
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Note: The solid line is the real-time estimate of quarterly GDP growth,
Tq(r4+1)[t+60 — Tq(r)t» and the dashed line is the forecast, Elzq,41) —

xQ(.,.) |Qt] .

where ¢y, is an error term that depends on news that arrives be-
tween t and t + m. This equation shows that GDP growth should
be predictable in the model because the process for Ax; implies
that E[zq(r41) — Tq(r)41/%] changes over the sample. Figure 5 plots
the estimates of E[zq(r41) — Tq(r)1/8%) and Zori1)jt4m — To(r)|t+n
for m = 60 and n = 0. Clearly, news contributes significantly
to the volatility of GDP growth since the E[zqr11) — Tq(r)41[S2%]
series is much less volatile than zq(ri1)[t4m — To(r)ji4n- In fact,
only 6 percent of the variance in Zo(r41)|t4m — Tq(r)|t+n can be at-
tributable to Elrq(r41) — Zg(r)41/€2] over the sample. While this
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implies a rather modest degree of predictability, close inspection of
figure 5 suggests that predicting the future direction of GDP growth
may be a little more successful. Indeed, the model estimates of
E[zg(r41) = Tq(r)+1|%] correctly predict the direction of GDP growth
59 percent of the time.

For perspective on these forecasting results, I also estimated an
AR(2) model for quarterly GDP growth using the sequence of “fi-
nal” GDP releases. This model provides a simple time-series forecast
for GDP growth (approximately) one quarter ahead, based on the
two most recent releases. In contrast to the results presented above,
estimates of the AR(2) model do not indicate that quarterly GDP
growth is at all predictable: the coefficients are small and statis-
tically insignificant, and the R? statistic is only 3 percent. These
results are hardly surprising. Remember that the sample mean was
removed from all the GDP growth releases, so we are attempting
to forecast future deviations in GDP growth. Figure 2 shows that
these deviations display little serial correlation. Thus, it is not sur-
prising that the history of GDP releases has little forecasting power.
These observations also point to the significance of the forecasting
results displayed in table 5 and figure 5. In particular, they show that
monthly data releases contain information that is useful for both es-
timating the current state of the GDP and for forecasting its future
path. This aspect of the model ties in with recent research that har-
nesses the information in a large number of indicators for forecasting
(see, for example, Stock and Watson 2002). The results from these
studies suggest that the real-time forecasting performance of this
model may be further enhanced by addition of other macroeconomic
and financial indicators.

5.4  Monthly Estimates of GDP Growth

One of the unique features of the model is its ability to provide us
with high-frequency estimates of log GDP and GDP growth. I now
examine how the monthly data releases relate to the changing real-
time estimates of log GDP. My aim is to provide a simple description
of the complex inference problem solved by the model regarding the
current state of GDP.

Let t and t 4+ 20 be workdays in quarters 79 and 7; with ¢ <
Q(70) and t + 20 < Q(71). (Note that 79 and 71 can refer to the
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same quarter.) I consider two regression models. The first relates the
monthly change in the real-time estimates of log GDP to all eighteen
monthly releases:

18
Ta(ry)lt+20 — Ta(rolle = O @iTipa0 — 1) + Crya0, (51)

i=1
where ! denotes the last value released for series i on day t. Thus,
the value of ri remains the same from day to day unless ¢ is the
day on which a data release for series i takes place. This means that
T, 90—} identifies the change in the latest value for series i released
during the twenty workdays ending on t + 20. The second model
relates the change in the real-time estimates to each monthly release

separately:

To(ry)[t4+20 — Ta(ro)t = bi(Tira0 — T1) + Cryo0, (52)

for ¢ = 1,2,...,18. Notice that the regressors in both models are
available on a daily basis. Estimates of the a; and b; coefficients there-
fore summarize how the complex inference imbedded in the model
relates to observable changes in the information set comprised of
monthly data releases.

Table 6 reports the estimates of equations (51) and (52). The
left-hand columns show that the a; estimates are statistically sig-
nificant for data on nonfarm payroll employment, retail sales, in-
dustrial production, personal consumption, factory orders, the trade
balance, the index of consumer confidence, and housing starts. Each
of these data releases provides significant incremental information
about the change in the real-time estimates. The eighteen monthly
releases account for approximately 57 percent of the variance in
To(r)|t420 — To(ro)lt- Lhis means that more than 40 percent of the
variation in the real-time estimates is not captured by the simple
linear specification. The right-hand columns report the results from
estimating equation (52). The most noteworthy aspects of these es-
timates can be seen for ¢ = 1,2, 3. Changes in both nonfarm payroll
employment and retail sales appear strongly linked to changes in
the real-time estimates. Based on the R? statistics (in the right-
hand column), these variables account for 23 and 19 percent of the
variance in the real-time estimates. The results for i = 3 provide
some justification for the frequent use of industrial production as a
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Table 6. Monthly Indicator Estimates

Data Release a; std(a;) b; std(b;) R?
1 | Nonfarm Payroll Employment 0.224" (0.033) 0.330" (0.050) | 0.233
2 Retail Sales 0.520* (0.074) 0.838™ (0.099) 0.186
3 | Industrial Production 0.745* (0.116) 1.047* (0.142) | 0.233
4 | Capacity Utilization ~0.006 | (0.034) | 0.066 | (0.057) | 0.010
5 | Personal Income -0.110 (0.132) 0.163 (0.224) | 0.003
6 | Consumer Credit 0.001 (0.012) | -0.002 (0.019) | 0.000
7 | Personal Consumption 0.377* (0.182) 0.603™ (0.277) | 0.033
Expenditures
8 | New Home Sales 0.016 | (0.069) | 0.181* | (0.088) | 0.039
9 | Durable Goods Orders 0.013 (0.021) 0.064* (0.027) | 0.030
10 | Construction Spending —-0.050 (0.051) | -0.102 (0.060) | 0.015
11 | Factory Orders 0.097* | (0.038) | 0.160* | (0.043) | 0.066
12 | Business Inventories -0.013 (0.152) 0.289 (0.247) | 0.008
13 | Government Budget Deficit -0.008 (0.011) | -0.017 (0.016) | 0.005
14 Trade Balance -0.071* (0.021) -0.068™ (0.030) 0.042
15 | Consumer Confidence Index 0.068™ (0.028) 0.060 (0.037) | 0.021
16 | NAPM Index ~0.001 | (0.145) | 0.514* | (0.216) | 0.046
17 Housing Starts -1.330" (0.421) 0.705 (0.546) 0.012
18 | Index of Leading Indicators 0.164 (0.179) 0.476* (0.199) | 0.038
Note: The table reports the OLS estimates of a; and b; from equations (51) and (52).
Both equations are estimated at the daily frequency, and the standard errors are
corrected for the moving average (19) process induced by the overlapping data. The
right-hand column reports the R? statistic from estimating equation (52). *denotes
significance at the 5 percent level.

monthly proxy for GDP growth. The estimate for b3 indicates that
the real-time estimates of log GDP change approximately one-for-
one with change in industrial production between releases. Notice,
however, that the R? statistic is only 0.233. Industrial production
does not account for most of the variance in the real-time estimates.

6. Conclusion

In this paper, I have presented a method for estimating the current
state of the economy on a continual basis using the flow of infor-
mation from a wide range of macroeconomic data releases. These
real-time estimates were computed from an econometric model that
allows for variable reporting lags, temporal aggregation, and other
complications that characterize the daily flow of macroeconomic
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information. The model can be applied to find real-time estimates of
GDP, inflation, unemployment, or any other macroeconomic variable
of interest.

In this paper, I focused on the problem of estimating GDP in
real time. This application of the estimation procedure should be
of particular interest to policymakers concerned with the lack of
timely information about economy-wide real activity. The real-time
estimates I calculate have several noteworthy features: First, the es-
timates of log GDP display a good deal of high-frequency volatility.
This volatility reflects how inferences about current GDP change
as information arrives in the form of monthly data releases during
the quarter. Second, the gaps between the real-time estimates and
ex-post GDP data are on occasion both persistent and significant.
These findings suggest that the ex-post data should not be viewed
as a close approximation to what was known at the time. Third, the
model estimates reveal that the monthly data releases contain infor-
mation that is useful for forecasting the future path of GDP. Finally,
my comparison of the real-time estimates with the monthly data
series shows that standard proxies for real activity at the monthly
frequency capture only a fraction of the variance in the real-time
estimates.

These findings give but a flavor of the possible uses for real-
time estimates. One obvious topic for the future concerns the ability
of the real-time estimates and forecasts to identify turning points in
the business cycle. This issue could be readily addressed if the model
were reestimated over a much longer time span than was undertaken
here. The use of real-time estimates may also bring new perspective
to the link between asset prices and macroeconomic fundamentals.
Evans and Lyons (2004b) use the methods described here to con-
struct real-time estimates for GDP, inflation, and money supplies
for the United States and Germany. With the aid of these estimates,
they then show that foreign exchange transactions contain significant
information about the future path of fundamentals. Since transaction
flows also exert a very strong influence on exchange rate dynamics
in the short run, this finding points to a much stronger link between
fundamentals and exchange rates than previous research has uncov-
ered. It remains to be seen whether the use of real-time estimates
will similarly illuminate the links between macrofundamentals and
other asset prices.
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Dollar Shortages and Crises*

Raghuram G. Rajan and Ioannis Tokatlidis

International Monetary Fund

Emerging markets do not handle adverse shocks well. In
this paper, we lay out an argument about why emerging
markets are so fragile, and why they may adopt contractual
mechanisms—such as a dollarized banking system—that in-
crease their fragility. We draw on this analysis to explain why
dollarized economies may be prone to dollar shortages and twin
crises. The model of crises described here differs in some im-
portant aspects from what are now termed the first-, second-,
and third-generation models of crises. We then examine how
domestic policies, especially monetary policy, can mitigate the
adverse effects of these crises. Finally, we consider the role, po-
tentially constructive, that international financial institutions
may undertake both in helping to prevent the crises and in
helping to resolve them.

JEL Codes: E5, F3, G2.

There is a strong correlation between the stoppages of capital
flows to a country, the extent of dollarization of the country’s bank-
ing system, and the prevalence of banking crises. Between 1974 and
2003, 56 percent of all episodes where capital flows underwent a
“sudden stop” ended in a banking crisis; the same proportion rises
to 75 percent in those episodes where the country also had a high
level of dollarization, and to 100 percent if, in addition to a high
level of dollarization, the country had in place a fixed exchange rate
(see Inter-American Development Bank 2005). What accounts for
these correlations? Are there domestic policies that can mitigate
such risks? How can international financial institutions (IFIs) help

*This paper reflects our opinions and is not meant to represent the views of
the International Monetary Fund or its member countries. We thank Douglas
Diamond, Olivier Jeanne, Se-Jik Kim, and Ashok Mody for helpful comments.
The paper is based on talks Rajan gave at the Central Bank of Argentina and
the Central Bank of Chile.
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their member countries avoid or diminish the consequences of such
a predicament? We address these questions in this paper.

We review, first, why emerging markets may adopt contractual
mechanisms—such as a dollarized banking system—that accentuate
rather than lessen their vulnerabilities. We argue that weak institu-
tions in emerging markets tend to make it harder for the emerging
markets to cope properly with economic adversity. The burden of
downturns, instead of being shared in predictable ways, is spread
in a haphazard manner through, for example, selective defaults and
high inflation. In such an environment, and with limited contract
enforcement, the best protection for investors against risks may well
be a domestic deposit denominated in foreign currency (following
the convention in this literature, we will call the foreign currency
“dollars”).

Having enough dollars at all times is critical to the functioning
of a dollarized banking system. We argue that an incipient dollar
shortage, brought about by excessive government borrowing, or an
external “liquidity” shock, or an overvalued exchange rate, can be
magnified by a dollarized banking system into a total collapse of
the financial system, the exchange rate, and other asset prices. Our
explanation of crisis differs in some important aspects from what are
now termed the first-, second-, and third-generation models of crises.

The links between the government and the banking system can
come about simply because both dip into a common pool of dollars.
Difficulties for one may create difficulties for the other even if the
banking system does not hold significant amounts of government
debt or the government does not bear the contingent liabilities of
the banking system. Similarly, the collapse in the exchange rate and
the collapse in the banking system can occur close together, not just
because the corporate or banking system’s liabilities explode in value
after depreciation, but also because the depreciation is a result of the
banking system’s desperation for dollars. While dollar shortages can
cause banking system crises, the reverse is also possible. By no means
do we imply that any of the other channels already identified in the
literature are unimportant (see Burnside, Eichenbaum, and Rebelo
[2001a] or Aghion, Bachetta, and Banerjee [2001] for models that
emphasize these other channels). Rather, we focus on one particular
channel, the banking system’s need for dollar liquidity, which can tie
many of these effects together.
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Then, we explore various possible policy interventions to mitigate
the effects of dollar shortages, including whether the multilateral fi-
nancial institutions have a role to play. If dollarization arises primar-
ily from institutional infirmities rather than a distorted incentive to
take on risk, it may be costly to legislate it away. Countries may
have to learn to live with dollarization for awhile. At the same time,
if poor institutions rather than poor incentives are to blame, inter-
ventions to mitigate the effects of dollarization need not exacerbate
typical sources of moral hazard.

In the rest of the paper, we lay out first the basic argument and
provide evidence for some of its assumptions. We then examine vari-
ous interventions domestic authorities could undertake, and end with
a discussion of possible interventions by the multilateral institutions.

1. A Framework

1.1 Why Are Emerging Markets Different?

A growing number of economists identify the quality of institutions
as producing important differences between emerging markets and
developed economies. Broadly speaking, economic institutions may
be basic or narrow. By basic, we mean fundamental institutions,
such as those that ensure the security of property, including through
the prevention of arbitrary taxation, or those that help enforce con-
tracts. Basic institutions create the broad enabling environment for
transactions between private agents and the state, and between pri-
vate agents themselves. By narrow, we mean more detailed features
of the institutional environment, such as whether the central bank is
de-facto independent or whether there is a functioning bankruptcy
code. Although not without exceptions, a country with weak basic
institutions also finds it difficult to build effective narrow institu-
tions.

One important role played by basic institutions is to mediate
the process and outcome of social conflicts, particularly in times of
adversity. Typically, in a growing economy, differences between social
actors may be papered over. A downturn, though, usually brings out
or sharpens latent social tensions.

Why growth seems to be easier to share than adversity is no
trivial question. If consumption is shaped by habit, an income loss
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is much harder to swallow, while satisfaction from additional gains
is less important to fight for. Individual aversion to losses in wealth
is well documented in behavioral science. On the other hand, con-
flict may dissipate growth opportunities more easily than it may
worsen an already stagnant situation. For example, squabbling be-
tween workers and management may drive investors away, chasing
away the chance to start new projects; however, if there are no new
investment opportunities on the horizon, squabbling is less costly, as
the existing plant and machinery is already a sunk investment.

Regardless of why conflicts are greater in times of economic ad-
versity, how a society deals with such conflicts depends on the kind
of conflict management institutions it has. In a comprehensive study
of failed states, Collier et al. (2003) find that years of poor economic
growth precede civil war. Even after concluding a peace, the proba-
bility of these states lapsing back into war is high. Not surprisingly,
these states typically have weak conflict management institutions,
such as patchy law enforcement, limited adherence to democratic
principles, and few meaningful checks and balances on the govern-
ment. Similarly, Rodrik (1999) finds that the countries that expe-
rienced the sharpest drops in growth after 1975 were those with
divided societies and weak conflict management institutions (as prox-
ied for by indicators of the quality of government institutions, rule
of law, democratic rights, and social safety nets).

Acemoglu et al. (2003) find that countries with poor institu-
tions have the highest volatility of growth and higher levels of in-
flation than countries with well-functioning institutions. Satyanath
and Subramanian (2004) show that over and above the effect of poli-
cies, the quality of political institutions affects the extent of nominal
macroeconomic instability in a country.

Societies with well-functioning institutions allocate burden shar-
ing in times of distress in predictable ways. For example, those who
suffer the most adversity can fall back on an explicit social safety
net—a minimum level of unemployment insurance. Debtors and cred-
itors can appeal to bankruptcy proceedings to determine their rel-
ative shares. With an explicit and contingent institutional sharing
mechanism dictating the division of pain in place, there is no need
to take to the streets, the backrooms, or to the money printing press
to settle outcomes.
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By contrast, when institutions are too weak to offer predictable
and acceptable settlements, or protect existing shares, everyone has
an incentive to jockey for a greater share of the pie. Outcomes will
be mediated more by the relative bargaining power of actors than
by preexisting implicit or explicit contracts.

Often, bargaining will break down. Then, a government without
the institutional capacity to allocate the burdens of adversity among
its citizenry fairly will be tempted to spread it through the easi-
est means available—inflation. Nominal instability will accompany
real instability in countries with weak institutions, lending support
to the view that while the proximate cause for inflation may be
monetary expansion, inflation is always and everywhere a political
phenomenon!

1.2 FEwvidence for the Link Between Inflation and Poor Growth

We want to establish two facts here, which are a little different from
the work cited so far. First, we want to test whether the inflation
“tax” is higher in downturns, and second, whether this phenomenon
is particularly acute for countries with poor institutions. To check
this, we have data on the value of the inflation tax, which is meas-
ured as ACPI /(1 + ACPI), where ACPI is the change in the con-
sumer price index in the country over the year. This is computed
every year from 1965 through 2002 for 165 countries. In table 1, we
present summary statistics and cross-correlations for the inflation
tax, the standard deviation of the inflation tax computed over the
preceding five years, the growth rate in GDP, and the quality of insti-
tutions measured by four different indices: government efficiency, rule
of law, quality of regulation, and control of corruption. These indices
are from the Governance Matters III database (see Kaufman, Kraay,
and Mastruzzi 2004). We also report an index of institutional qual-
ity constructed using the International Country Risk Guide (ICRG)
indicators; this second institutional index approximates the one used
by Knack and Keefer (1995).

In figure 1 (shown on page 184), we plot the real growth of a
country’s GDP, averaged over 1980 to 1995, against average inflation
tax over the same period. This is plotted separately for countries with
below-median levels of government effectiveness and for countries
with above-median levels. The negative slope is steeper in the former,
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suggesting that slower growth is correlated with more inflation in
countries with weak institutions.

Rather than average correlations, we are interested in the time-
series patterns across countries. In table 2 we use a panel of yearly
observations from 1965 through 2002 where the dependent variable
is the inflation tax in a year in a country. In column 1, we estimate
a random effects GLS (generalized least squares) model where the
explanatory variables are a constant and the growth rate in GDP.
The coefficient of the GDP growth rate is negative and highly sig-
nificant, suggesting that the inflation tax is highest in periods of
low GDP growth. A standard deviation increase in the growth rate
is associated with a reduction in the inflation tax by .0241, which
is 20 percent of its sample standard deviation. In column 2, we in-
clude the index of government efficiency (the results with the other
“Governance Matters” institutional variables are qualitatively simi-
lar) and the interaction of GDP growth with the index. As the prior
literature has found, countries with a better institutional environ-
ment tend to experience lower inflation tax. Particularly interesting
is that the positive significant coefficient of the interaction term sug-
gests, as predicted, that the inflation tax in countries with better
institutions is less sensitive to growth. In column 3, we estimate the
model including country fixed effects, and find no qualitative change
in the coefficients of interest.!

One problem with the estimated model is that we cannot tell the
direction of causality. High inflation may, in fact, cause low growth,
though why this should be more pronounced in countries with poor
institutions is harder to say. Nevertheless, it is important to examine
the effect of the exogenous component of growth on the inflation tax.
Typically, a country will be affected by similar exogenous shocks
as its neighbors—if not directly, then via trade. So one plausible
instrument for a country ¢’s growth is EXTGROWTH, which is the
weighted average growth of all other countries j, with each country
j’s growth weighted by that country’s log GDP and divided by the
square of the distance between i and j. In column 4, we reestimate the
fixed-effects model, using EXTGROWTH to instrument for growth.

We also cluster by country and include year indicators with no qualitative
change in the interaction coefficient.
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The coefficient of the interaction is now larger in magnitude and
stronger in significance.

Large countries may affect the growth of their neighbors, so there
is a case for arguing the instrument is purer for small countries. One
should ask if the coefficient estimate for the interaction differs for
small countries. In column 5, we reestimate the fixed-effect instru-
mented regression with an additional term, the interaction multiplied
by an indicator for countries whose GDP is below the ninetieth per-
centile GDP. The coefficient estimate for the indicator is statistically
insignificant and small, suggesting that small countries do not have a
different estimated interaction coefficient than large countries. This
lends confidence to the instrument for growth.

There could, however, be some concern about our measure for
institutional quality. It may be that the proxy for institutions is
simply a proxy for per capita GDP. In column 6, we also include the
interaction between initial GDP for the country (in 1965 or the first
year for which we have GDP) and the country’s growth rate. The
coefficient of the interaction between institutions and growth is now
slightly higher in magnitude, and still strongly significant.

We have assumed that institutions are slow moving, and have
thus taken the index of government efficiency from Kaufman, Kraay,
and Mastruzzi (2004)—averaged over the years 1996, 1998, and
2000—as the measure of institutional quality in a country for the
period 1965-2002. One concern is that this measure is not predeter-
mined and exogenous. There is some controversy about what instru-
ments are appropriate for institutions. Following Acemoglu, Johnson,
and Robinson (2002), we use the log of a country’s population density
in 1500 (countries that had less of a native population were less likely
to have an exploitative colonial structure imposed on them and have
better institutions today) as an instrument for institutional quality
in column 7. While we lose a number of countries, the coefficient of
the interaction is still positive, large, and statistically significant.?

The opposite concern would be that the measure of institutional
quality is too static, that it does not reflect changes that take place
in a country over time. The problem is that detailed measures of

20f course, while the instrument for institutional quality is exogenous and
predetermined, whether it satisfies exclusion restrictions depends on what else
we think might explain the institutions-growth interaction. Since we have put
forward no such alternative explanation, we do not pursue this issue.
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institutional quality going back to 1965 are simply not available.
However, the index we have constructed from ICRG data is one
measure of institutional quality that does go back to 1985.% In col-
umn 8, we use the data from 1985, with the time-varying index as
our measure of institutional quality, and find that the interaction
variable is positive and significant as predicted.

The bottom line is that the inflation tax is higher when countries
experience poor growth (as also in Kaminsky, Reinhart, and Vegh
2005), and it is particularly high when those countries have poor
institutions. Poor societies with weak institutions do not share the
burden of distress well.*

1.8 Contractual Adaptation

If the country’s underlying basic and narrow institutions do not per-
mit a contingent, speedy, and predictable sharing of adverse eco-
nomic circumstances, and the tendency of the government is to
spread the burden along the path of least resistance, economic agents
will take steps to protect themselves. But without a reliable and ef-
fective legal system, what can they do? Clearly, the answer is to use
instruments that depend in a very limited way on the legal system
for enforcement.

One approach is to use inflexible, noncontingent contracts, whose
violation is easily detected. For example, labor contracts in many
developing countries effectively do not permit employees to be fired.
This is seen as inefficient because it does not allow firms to react
quickly to business conditions. Often, these prohibitions are ascribed
to overly strong unions that hold the economy to ransom. But if
courts are slow and corrupt, so that a worker who is wrongfully
fired has no redress, perhaps the prohibition of firing—because vio-
lations are so easily and publicly observable and can be responded
to through mass protests—is the only way to protect workers from

3We try to approximate the index created by Knack and Keefer (1995). The
ICRG measures for quality of bureaucracy, rule of law, corruption, and invest-
ment protection (including risk of expropriation, contract repudiation, and repa-
triation of profits) are all normalized to be between zero and one. The index is
the weighted sum of these four measures, with the first three having a weight of
0.2, and the last having a weight of 0.4.

“This contrasts with the view in Lane and Tornell (1998) where developing
countries do not share windfalls well and overspend them.
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arbitrary decisions by employers (also see Glaeser and Shleifer 2001).
Job tenure may also act as a form of social security because the gov-
ernment does a miserable job providing a safety net, and private
insurance markets do not exist. Thus an inflexible contract can pro-
tect workers when the preponderance of bargaining power is with
firms.

This is not to argue that such contractual arrangements should
never be reformed—they may outlive their initial usefulness if the
legal system improves, but may continue to be supported by vested
interests. The arguments we have made may be trotted out as a
defense long after they are valid.

1.3.1 Demandable Debt

Another form of a rigid contract, but one with special features, is
a bank demand deposit. Essentially, a demand deposit has two fea-
tures that make it virtually self-enforcing. First, the bank is required
to honor the claim when it is presented at the teller window. If it is
slow in doing so, or attempts in any way to renege, the news spreads
quickly since the refusal to honor a demand deposit is such a clear
and incontrovertible event. Second, the bank honors withdrawals in
the order they are presented until no more depositors want to with-
draw or the bank fails. “Sequential service” implies that when de-
positors sense even the slightest hint of potential distress, they have
a strong incentive to withdraw their money—if they do, at worst
they have the trouble of redepositing if the bank later turns out to
be safe; if they don’t, they may end up penniless as the bank fails.
The two features ensure that the ordinary depositor has a fairly
secure claim, supported by other depositors. The threat of a bank
run plays the same role as the threat of a labor strike—if bank man-
agement reneges on the commitment to repay the deposit contract,
it will face a depositor run, which will close it down. So except in the
case where it absolutely cannot pay, bank management will honor
deposit contracts (see Calomiris and Kahn [1991] and Diamond and
Rajan [2001]). This may be one reason why banks are such an im-
portant component of the financial sector in emerging markets.
The broader point is that anticipating little power over outcomes
in downturns, weaker agents might demand contractual options that
will protect them in those states. For labor, it is the option to keep
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a job; for depositors, it is the option to get their money. For the
economy as a whole, however, the exercise of these options adds to
the difficulty of adjustment in downturns, exacerbating the problems
created by institutional weakness.

In the rest of the paper, we will examine these problems further,
specifically focusing on how demandable debt raises the risks of fi-
nancing industry in emerging markets. But before we explore that,
let us add two more ingredients.

1.3.2  Domestic Liability Dollarization

Inflation is a greater systematic risk, in the financial sense, in emerg-
ing markets. When it is likely to explode in downturns there, depos-
itors will demand an extraordinarily high risk premium for holding
inflation risk. Issuers who want to minimize expected debt service—
perhaps because of short horizons, or because they are liquidity
constrained—will opt to issue real instruments (see Caballero and
Krishnamurthy [2003] for a related explanation, and Ize and Levy-
Yeyati [2003] and Jeanne [2005] for other theories of why inflation
risk could lead to dollarization).

If there is high volatility in inflation (which usually accompanies a
high inflation rate) in addition to weak institutions, inflation-indexed
instruments may not be attractive to the public. Uncertainty about
the measurement of inflation, delays in producing an accurate esti-
mate, and fears that the measurement will be manipulated can in-
crease their risks. The natural alternative to issuing inflation-indexed
bonds is to denominate them in a foreign currency. This way, suspi-
cion about the official actions in a downturn may lead quite naturally
to domestic liability dollarization.

1.3.8 FEwvidence on Liability Dollarization

What evidence do we have for this conjecture? Nicolo, Honohan,
and Ize (2003) find that in a cross-section of countries, the extent
of dollarization (dollar deposits to total deposits) is positively and
significantly correlated with the log of inflation. However, when a
proxy for institutional quality is included, inflation no longer en-
ters significantly. The evidence is consistent with weak institutions
driving inflation, which in turn leads to greater dollarization.
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Again, however, we want to test a more nuanced version. We
also want to see if there is a relationship between the sensitivity
of inflation tax to growth (which, we have seen, appears to reflect
the ability of a country to allocate the costs of economic adversity)
and the level of dollarization. We also want to see if the extent of
dollarization is related to the volatility of inflation, over and above its
correlation with the level of inflation. In table 3, we present summary
statistics and cross-correlations. The extent of liability dollarization
is measured by the ratio of foreign currency deposits to total deposits
(FCDTD) in a country’s banking system averaged over the 1990s,
using the Nicolo, Honohan, and Ize (2003) data. The sensitivity of
inflation tax to growth for a country (henceforth “sensitivity”) is the
coefficient estimate on GDP growth in a regression of the inflation
tax on GDP growth for that country for the period 1965-2002. The
standard deviation of inflation tax is measured for every period ¢ by
its standard deviation during the five years from ¢ — 4 to ¢; then for
the cross-section, we take the average of standard deviation over the
period 1965—2002.

In table 4, the dependent variable is liability dollarization in a
country in the 1990s. In column 1 we include the sensitivity of in-
flation tax to GDP growth and a constant as explanatory variables.
The coefficient estimate for the sensitivity is negative and signifi-
cant. Since the sensitivity is typically negative (lower growth, more
inflation tax), countries with a higher magnitude of the sensitivity
have greater deposit dollarization, as expected. In figure 2 (shown on
page 194), we plot the extent of dollarization against sensitivity. As
the graph suggests, the relationship is likely to be nonlinear. So in
column 2, we allow for a nonlinear specification of sensitivity by in-
cluding the square of sensitivity. The coefficient of the squared term
is positive and strongly significant. Greater sensitivity again is cor-
related with greater dollarization. If sensitivity changes from 0 to its
lower 1 percentile threshold (—0.029), dollarization increases by 33
percent, which is 140 percent of its standard deviation.

We check that this relationship persists even when we include the
“usual suspects.” In column 3, we include the average inflation tax
in the country, and in column 4 we add the standard deviation of the
inflation tax. While the coefficients for the nonlinear specification for
sensitivity are positive and statistically significant in both columns,
the coefficient for inflation tax is positive and significant only when
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included alone, but becomes insignificant when the standard devi-
ation of inflation tax is included. The estimates for sensitivity are
qualitatively similar if we include squared terms for inflation tax and
the standard deviation of inflation tax (estimates not reported). Fi-
nally, in column 5, we include both the log of per capita GDP and
the index of legal restrictions on dollarization compiled by Nicolo,
Honohan, and Ize (2003), which is available for only eighty-three of
the countries, and find qualitatively similar results.

One should not read too much into these last few “kitchen sink”
regressions since sensitivity, inflation tax, and the standard deviation
of the inflation tax measure various aspects of the same thing. All
we want to show the reader is that both sensitivity and the standard
deviation of inflation tax seem to be correlated with the extent of
dollarization as predicted by the earlier discussion, and seem to cap-
ture something more than just the level of the inflation tax, which
the prior literature has identified.

The evidence thus far is consistent with the following conclusions:
countries with weak institutions have greater sensitivity of inflation
to growth. In countries with higher sensitivity, investors have a higher
demand for real deposits. Because inflation is also very volatile, they
may prefer deposits denominated in foreign exchange rather than
deposits that are indexed.’

1.4 Aggregate Dollar Constraints/Sudden Stops

Let us now add the final ingredient to the model. Since emerging
markets with the weakest institutions for conflict management (and
the most divided societies) have the hardest time spreading the bur-
dens of distress, they are also likely to have the most difficulty rais-
ing resources to continue to service external debt. The tendency of
some countries to default repeatedly (Reinhart, Rogoff, and Savas-
tano 2003) may reflect the weakness of their capacity to manage

SThere is a sense in which this argument runs counter to the “Original Sin”
thesis (for example, see Eichengreen and Hausmann [2005] and Eichengreen,
Hausmann, and Panizza [2005a, 2005b]) because we attribute financial fragilities
to weak institutions rather than to other factors like country size. But Eichen-
green and Hausmann (2005) and Eichengreen, Hausmann, and Panizza (2005a,
2005b) focus on the currency denomination of public debt rather than on the
currency denomination of bank debt. For yet another view of institutional expla-
nations of financial system fragilities, see Mody (2004).
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economic adversity rather than any inherent lack of honesty on the
part of their governments. But this means that these countries are
likely to face aggregate constraints on external borrowing sooner
than other countries. Since in periods of adversity creditors will re-
duce their expectations of what the country will be able to repay,
they will also reduce what they are willing to lend. Such a “verti-
cal” constraint on dollars the country can borrow (as in Caballero
and Krishnamurthy [2000, 2004], or as a sudden stop in Calvo and
Reinhart [2002]), will interact with liability dollarization to produce
unfortunate consequences, which we now document.

2. Consequences: Overshooting, Liquidation, and
Contagion

Now that we have the ingredients, dollarized bank deposits and the
possibility of aggregate constraints on borrowing, let us sketch the
consequences.

2.1 The Sources of Dollar Shortage

In the normal course, dollar depositors will want to withdraw some of
their deposits. The reasons for this can range from normal liquidity
needs (such as importing foreign goods) to good dollar investment
opportunities outside the country. Clearly, if their bank has fewer
dollar reserves than the amount of withdrawals, it will buy dollars
on the market. Summing across banks, there will be an aggregate
demand for dollars, which will have to be met out of the country’s
reserves, dollar repatriation by exporters, and, if necessary, addi-
tional external borrowing. It does not really matter which domestic
entity (government or banks) does the external borrowing since the
aggregate available pool of dollar resources will determine whether
the aggregate domestic demand can be satisfied.

Problems arise when the aggregate demand exceeds the aggre-
gate supply (not including external borrowing) and the country has
difficulty borrowing the shortfall. One such situation is one where
the economy is booming but the (fixed) exchange rate is overval-
ued. Exporters may not earn enough and, far from bringing foreign
exchange into the country to repay loans, they may seek to draw
down their deposits to continue operations. Importers may have a
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huge demand for dollars because foreign goods appear cheap. When
added to the normal liquidity needs of depositors, the demand may
be so high that it even exceeds the willingness of foreign investors to
lend the shortfall. Another situation arises when the excess demand
is relatively small but the economy is in a bad way, or the govern-
ment has overborrowed, so foreign investors are unwilling even to
lend meager amounts of extra dollars needed. In fact, the govern-
ment can contribute to the private sector dollar shortage by adding
its own external financing needs.

Regardless of how the dollar shortage emerges (and we will
shortly see some examples), the dollarized banking system can exac-
erbate it (see Diamond and Rajan [2005] for a detailed model). Since
the banks have issued a nonrenegotiable promise to pay dollars, they
either have to convince their own depositors not to withdraw, by hik-
ing the interest rates paid on dollar deposits, or they have to attract
dollars away from other banks in the spot market. Higher rates may
quell some depositor demand, but a core liquidity demand that can-
not be deterred with higher rates will remain. If this still exceeds the
available dollars, the banks will compete with each other for scarce
dollars. Given that a bank fails if it does not come up with the needed
dollars, it will be willing to pay what it must for additional dollars.
With an overall shortage in place, however, banks can competitively
drive each other into failure.

Short banks will sell nondollar spot assets and long-term assets
for dollars. Thus the exchange rate (dollars per domestic currency)
will tend to fall and interest rates (both for long-term dollar assets
and for long-term domestic currency assets) will rise. In principle,
because the quantity of dollar demand and supply cannot adjust
readily, these prices can move very far from any notion of funda-
mental value. Both the exchange rate and the interest rate can over-
shoot during the scramble for dollar liquidity. Real decisions will be
affected during this scramble, with lasting consequences. Let us go
systematically through them.

2.2 Real Consequences

The first place banks will look for additional dollars is among those
who generate additional dollars and those who use them. Exporters
will be squeezed in an attempt to get them to speed up their own dollar
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receipts and hasten repayment of dollar borrowings to banks (on
average, across emerging markets, approximately 30 percent of do-
mestic loans made by banks are denominated in foreign currency). To
raise these amounts quickly, exporters will sell finished goods inven-
tories at steep discounts and reduce near-term sales prices. They will
shelve exports that are highly import intensive and abandon long-
term projects, especially those that require capital goods imports.

Clearly, all these actions will impair the economy’s medium-run
ability to export and thus its ability to generate dollars in the future.
The weaker a country’s institutions, the greater will be the discount
banks place on a future dollar generated by an exporter relative to
a current dollar (foreign investors will be willing to lend less against
the future), and the greater the long-run destructive consequences
of a scramble for dollars.

We will see these effects not only in the tradable sector, but also
in the nontradable sector. As domestic interest rates rise (because
long-run domestic assets are being sold for dollars), more and more
domestic projects will be shelved as they have to meet an impossible
hurdle rate.

As bank assets fall in value, some banks—typically the ones with
the greatest asset liability currency mismatch (though see later)—
will become insolvent. This will trigger a generalized run on the
banks’ assets, causing even those who had no desire to withdraw to
add to dollar demand.® The horizon of failing banks will be even
shorter, causing them to be even more indiscriminate in the squeeze
they put on borrowers. Even projects that could produce substantial
dollar revenues in the near term may be sacrificed for the immediate
need—for example, banks may stop offering working capital loans
and export credit even if these are essential for the exporter to gen-
erate revenues. As a result, the aggregate pool of dollars available
over the near term could fall as banks fail, and the aggregate excess
demand for dollars could increase, putting pressure on other banks.”
This form of contagion could imperil the entire banking system.

SNote that if the exchange rate is fixed but there are no capital controls,
domestic currency depositors have an even greater incentive to withdraw (and
convert) than dollar depositors because they will fear a devaluation.

"Clearly, a bank that fails will refuse to honor some of its dollar depositors. The
unsatisfied demand of these depositors will reduce aggregate demand. Therefore,
the effect of bank failure on the excess demand for dollars depends on whether
supply falls faster or slower than demand. See Diamond and Rajan (2005) for
conditions under which each is true.
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To summarize, when bank depositors demand repayment in dol-
lars but the economy cannot generate enough dollars to satisfy them,
the consequences can be very serious. Domestic dollar interest rates
will rise to draw in dollars and choke off depositor demands. If, how-
ever, there is a core group of depositors who absolutely want to
withdraw dollars, and a limit to which outsiders are willing to lend
to the country, the country’s banking system can face an excess de-
mand for dollars that it cannot meet. If so, other asset prices will
fall precipitously as banks scramble to capture enough dollars from
the common pool to save themselves. Domestic currency interest
rates will spike up, while the exchange rate will plummet. Banks
will squeeze borrowers, and aggregate activity will fall. Some banks
may become insolvent and such failures could be contagious.

Of course, in any such model, we could get multiple equilibria,
where outside lenders impose a sudden stop, which leads to the dol-
lar shortage, which leads to bank actions that reduce future dollar
receipts, which justify the stop. We do not need, however, to appeal
to multiple equilibria to explain the crisis—a spike upward in dol-
lar demand or downward in dollar supply, coupled with a “normal”
demand for liquidity, is sufficient to produce the effects.

2.8 Related Literature

Consider now how this model differs from earlier work. In a com-
prehensive survey, Frankel and Wei (2004) attempt to distinguish
between the three “generations” of crisis models on the basis on
their explanation of why the crisis occurs:

“Whose fault is the crisis? Generation I says domestic
macroeconomic policy, Generation II says volatile finan-
cial markets, and Generation III says financial structure.
In neutral language, the explanations are, respectively,
excessive macroeconomic expansion, ‘multiple equilibria,’
and moral hazard. In finger-pointing language, the
respective culprits are undisciplined domestic policy-
makers, crazy international investors, and crony
capitalists.”

The model in this paper is related to the third-generation mod-
els in that it focuses on structural problems associated with lending
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to emerging-market countries. However, in our paper, crises are not
necessarily caused by willful misbehavior. Instead, they stem from
adverse liquidity shocks that jolt a system that is necessarily rigid,
given the institutional inadequacies of the economy. Put another way,
better regulation and supervision may not necessarily eliminate the
possibility of a crisis. What is really needed is deep-rooted institu-
tional reform: susceptibility to crises in our framework ultimately
rests not in an incentive problem but a collective action problem.

A closely related paper is that of Calvo, Izquierdo, and Mejia
(2004), who also focus on a link between sudden stops, dollar-
ization, and banking crises. In their paper, sudden stops lead
to a devaluation—in order to maintain external balance—which
then causes problems in the dollarized banking system through
liability mismatches. In other words, macrocauses have micro-
consequences. In our model, the channel is not the need to
maintain external balance but, rather, bank liquidity. The sud-
den stop creates a dollar shortage, which leads banks to dump
assets, causing the exchange rate (and interest rates) to over-
shoot fundamentals, which then create balance sheet problems for
the banking system. Microcauses aggregate up to have macro-
consequences.

While we think both explanations have merit, there are differ-
ences. For instance, to the extent that a devaluation gives exporters
the ability to earn more (expansionary devaluation), there is no rea-
son for it to hurt the solvency of a dollarized banking system—since
banks typically make dollar loans to the exporters (see Nicola, Hono-
han, and Ize 2003). But to the extent that the capacity to earn future
dollars does not translate into current dollars, a liquidity mismatch
could persist, and banks could still go under in our framework.

2.4 Some Examples

Consider some examples.

2.4.1 Argentina (2001)

By the end of 2000, the Argentinean banking system had ap-
proximately $72 billion in foreign-currency-denominated assets and
about the same amount in liabilities. By most standards, it seemed
to have matched exposures. However, $25 billion of its assets
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were government securities, issued by a government that was
increasingly strapped for financing. Another $41 billion were
foreign-currency-denominated loans and securities issued by Argen-
tinean corporations, which clearly did not have the ability to repay
quickly, as exports amounted to only $31 billion. Of the liabilities,
$48.5 billion were foreign currency deposits.

In this fragile situation, depositor runs could start for two related
reasons. First, if the government could not draw in more external
resources to meet its own external debt service needs, or its new
borrowing requirements, the anticipated available dollar pool would
be severely constrained. The banking system’s liquidity needs would
compete with the government’s needs, pushing up interest rates and
leading, perhaps, to a devaluation.® Second, given the extensive bank
holdings of government assets, a government default could render
banks insolvent (though see below).

Depositor runs started in 2001. Bank liabilities fell by $24 bil-
lion (approximately 9 percent of GDP). In fact, Argentina lost more
as a result of the bank run than as a result of the inability of the
government to access external markets to meet financing needs. In-
terestingly, the fall in domestic-currency-denominated deposits was
far greater than the fall in foreign currency deposits, suggesting that
depositors feared a devaluation, perhaps from the liquidity shortage,
more than a bank default. Since bank holdings of government debt
could not be reduced—in fact, they increased—the run was financed
by curtailing private lending ($12 billion), running down bank liquid
assets (35 billion), and borrowing from the central bank ($9 billion).

Ultimately, the entire banking system was affected, deposits were
frozen, then loans and deposits were “pesified” at different rates.
The consequences are still being dealt with. The point to take away
is that a government may affect the dollarized domestic banking
system simply by crowding out access to dollars.

8This would not necessarily lead to a default by dollar borrowers. For in-
stance, Bleakley and Cowan (2002) find that the negative balance sheet effects
of devaluation are outweighed by the competitiveness gains for a sample of Latin
American firms.
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2.4.2  Uruguay (2002)

Uruguay experienced an almost reverse sequence of events: liquidity
problems in the banking sector triggered a crisis, a devaluation, and
problems for the government, which then had to restructure debt.
Let us examine how this happened.

Uruguay also had a highly dollarized banking system. Bank de-
posits were about 90 percent of GDP by the end of 2001; 90 percent
of these deposits were denominated in U.S. dollars. About half these
deposits were held by nonresidents, mostly Argentineans.

As the Argentineans saw their deposits in Argentina frozen, they
started withdrawing from Uruguayan banks. Their liquidity need
could have been met by Uruguay’s domestic holdings of liquid for-
eign currency assets. However, anticipating a shortage, Uruguayan
residents also began withdrawing deposits. With over 45 percent of
the foreign currency deposits withdrawn, the currency depreciated
precipitously, prompting further concerns about bank solvency. The
government declared a bank holiday to stop the run; eventually, it
successfully reopened the banking system with the help of a standby
arrangement from the International Monetary Fund (IMF) and a
rescheduling of deposits.

As a result of the depreciation, public debt, which was largely
denominated in foreign currency, ballooned from about 45 percent
of GDP by the end of 2001, to 100 percent of GDP by the end of
2002. Eventually, it had to be restructured. In this case, liquidity
problems in the banking sector created problems for the government
in servicing its public debt.

2.4.3 South Korea (1997-98)

It is generally accepted that the trigger for the Korean financial cri-
sis was a decline in export growth, especially in key areas like semi-
conductors. The weakening demand in importing partners and the
appreciation of the real exchange rate as the dollar—to which many
Asian currencies were implicitly pegged—strengthened against the
yen, were behind the pressure on the real external sector. In the case
of Korea, such initial pressure, emanating in the real external sector,
was compounded by a banking system that had issued a significant
amount of short-term external debt and thus was vulnerable to a
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liquidity shock. Contrast this with the liquidity shock that resulted
from the government’s losing access to external borrowing, in the
case of Argentina, or the liquidity shock set in motion by Argen-
tineans withdrawing their deposits abroad, in the case of Uruguay.

We will not describe the details of the crisis, which resembled in
many ways what we have described above (see Ghosh et al. [2002,
210] and Lindgren et al. [1999, 188] for details). Korean banks ini-
tially started facing difficulties in mid-1997. The government an-
nounced a guarantee of foreign borrowings by Korean banks, and the
central bank attempted to help foreign branches and subsidiaries of
Korean banks roll over their foreign currency borrowings. But this
depleted reserves, leaving the central bank with little to fight do-
mestic bank runs. The government simply did not have the neces-
sary dollars to back the guarantee it had announced. The won fell
sharply.

In early December, the IMF announced a standby arrangement
with Korea equivalent to $21 billion, with additional financing from
others of $37 billion. Yet this massive package was insufficient, and
the won continued falling. It was only when foreign private banks
agreed to maintain their exposure to Korean banks by exchanging
their interbank loans for short-term government-guaranteed bonds,
and when the IMF accelerated disbursement of the loan, that pres-
sure on the won abated. In terms of our framework, the shortage was
eliminated by reducing dollar demand and increasing dollar supply
and thus alleviating pressure on both the exchange rate and the in-
terest rate.

Interestingly, in the case of Korea, a liquidity crisis was averted
because the government had spare borrowing capacity and could
draw in dollars (with some help from the IFIs and developed coun-
try governments), which it then lent out to the banks. With a few
examples behind us, we can now discuss policy interventions in gen-
eral terms.

3. Interventions

Let us recapitulate what happens if no intervention takes place. Ob-
viously, the only way to eliminate a dollar shortage is to increase
supply or reduce demand for dollars. If dollar depositors who seek
to withdraw are not tempted to stay in the bank by higher dollar
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interest rates (for the same reason, perhaps, that higher interest rates
do not draw fresh foreign investors in), then banks will start com-
peting for scarce dollars. Since a bank has to satisfy every one of its
withdrawing dollar depositors in order to stay in business, it will be
willing to pay any feasible price for dollars if it is falling short. This is
why prices of nondollar assets can deviate so far from fundamentals—
the bank essentially faces a classic short squeeze where it has to de-
liver a specific asset in short supply, so it is willing to sell all other
assets, almost regardless of price.

The dollar shortage is a form of liquidity shortage for the bank-
ing system. However, it can affect the solvency of firms, banks, and
even the government, so it is extremely difficult to tell it apart from
a solvency problem. There are many ways solvency and liquidity can
interact. Consider two. First, the dollar shortage may stem from an
insolvent government not being able to roll over dollar liabilities (a
sudden stop). Too few dollars relative to demand can cause banks to
dump domestic assets, pushing up interest rates and depressing the
exchange rate, thus rendering firms with dollar liabilities insolvent.
Second, some banks may be insolvent because of bad loans. A run on
them may cause a squeeze on credit to exporters, a shortage of dol-
lars, and contagion in the banking system, rendering the government
insolvent through its contingent liabilities to the banking system.

Put another way, the practical challenge in the midst of a crisis
is to make a judgment call on whether the crisis is one of illiquidity.
If the judgment is in the affirmative, the proper intervention is to
lend freely to the healthiest banks the commodity that is in short
supply, in this case dollars (or alternatively, convince dollar demand-
ers to hold off pressing their claims). For, if the crisis is truly one of
illiquidity, prevailing market rates will fall, and weaker institutions
will regain market access rapidly. If the crisis is one of insolvency,
market rates will stay high, and the banking system will continue
to be fragile. Thus, except when failures are isolated or when as-
set values collapse for other reasons than high interest rates or low
exchange rates, it is typically only after intervening in a crisis and
seeing the consequences that one can tell whether the crisis was one
of illiquidity or insolvency.

Given the difficulty of telling illiquidity from insolvency, and
given the cost of a banking system meltdown, if the government
has dollar reserves, spare external borrowing capacity, or support
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from international financial institutions, it would sell dollars into
the banking system hoping to alleviate pressure. However, we have
defined a dollar shortage as one where the government itself has too
few resources to contribute. So let us turn to other interventions.

3.1  FEz-post Intervention by Country Authorities
3.1.1 Recapitalization

The authorities can recapitalize specific banks by offering them ad-
ditional domestic assets or guarantees (backed by domestic assets).
Often, what is termed “liquidity support” are simply loans by the
central bank to distressed banks without adequate collateral backing
the loans—in short, they are partial recapitalizations.

While targeted recapitalizations can prevent specific banks from
failing, they leave, on the aggregate, a dollar gap that has to be
closed somehow. Unless other banks are allowed to fail, the aggre-
gate dollar demand cannot be satisfied. This implies that a bank
recapitalization without any attempt to bridge the dollar gap only
forces other, potentially healthier, banks to fail. A blanket recapital-
ization or guarantee of all banks simply allows all banks to bid more
for dollars (that is, it increases the interest or exchange overshoot-
ing) without reducing the eventual extent of bank failures. This is
why it is best to close down some banks and thus resolve the dollar
shortage before offering indiscriminate guarantees.

3.1.2  Monetary Policy

The monetary authorities could be accommodative and buy long-
term domestic assets in exchange for domestic reserves (or do the
opposite). Monetary accommodation will reduce the extent to which
the burden of adjustment falls on the interest rate, and increase the
downward pressure on the exchange rate. If not reversed later, it will
increase inflationary pressures.

However, the proximate effect will be to shift the burden among
banks—the survival chances of banks with relatively more holdings
of long-term domestic assets will improve, while the chances of those
with more net dollar liabilities will weaken. Whether the new pattern
of failure reduces the overall dollar shortage depends on whether the
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newly failing banks subtract more dollar liquidity in failing than the
banks that would fail absent the intervention.

An exchange rate defense (keeping the exchange rate high by
tightening monetary policy) and an interest rate defense (keeping the
interest rate low by being accommodative) are different in this simple
framework only in that they select different sets of banks for failure.
The choice between them rests on which one allows the banking
system to come through the dollar shortage creating the minimum
long-term damage to the real economy—through the damage the
failing banks and their clients sustain. We are, of course, abstracting
from any issues of credibility here, though it would be hard to unam-
biguously relate monetary authority credibility gains to a particular
form of defense.

Caballero and Krishnamurthy (2004) also examine monetary pol-
icy in a situation of a dollar shortage. However, while our focus is on
the effects of monetary policy on the extent of failure and economic
damage (an ex-post analysis), their focus is on the ex-ante effects on
the incentive to hold dollars. An accommodative monetary policy is
unambiguously preferred in their analysis because it increases agent
incentives to hold dollars before the crisis. Since the main friction
in their model is that the price of dollars is too low ex-post (agents
who need them do not have the collateral to buy them), any policy
that enhances the price of dollars during the crisis enhances ex-ante
incentives.

If, however, such a policy did considerable damage to the banking
system (because, for example, moderately illiquid banks had many
dollar liabilities), an effect they abstract from, our analysis suggests
the policy would be dominated. In fact, such a preannounced policy
might have limited credibility ex-ante and thus limited incentive ef-
fects. On the other hand, unlike their paper, we assume no frictions
in trading dollars ex-post, so we abstract from the effects they focus
on. The two papers should therefore be seen as complementary.

Before proceeding to other interventions, we should note that
the monetary authority also has the ability to select banks that will
fail by allocating its limited foreign exchange reserves only to some
banks (i.e., at a subsidized price) and not to others. While such an
intervention is fraught with political difficulties (who will be chosen
and will the process be transparent), ultimately, it is an optimization
problem where regulators allocate scarce resources to minimize the
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overall cost of bank failures. Thus it is similar in consequence to the
interventions just discussed.

3.1.3 Forced Conversion/Suspension of Convertibility/Capital
Controls

Finally, consider even stronger interventions that violate the rights
of the depositors. These include forced conversion into domestic cur-
rency at a predetermined (typically below market) rate, the freezing
of foreign currency deposits, and the imposition of capital controls.
Clearly, such interventions can be implemented only by the country
authorities and not by the banks alone.

While these interventions do solve, to differing extents, the prob-
lem of dollar shortage, they do so at the expense of a substantial
loss in future credibility. Moreover, it is not clear that they can be
implemented effectively and for the long term. For instance, capital
controls tend to leak, and the longer they are in place, the more
they leak. Therefore, the authorities had better be confident that
the liquidity shortage is temporary, or else the breathing space these
measures give them will be insufficient to rectify the problem; the
problem will return with a vengeance with the added difficulty that
the authorities then have no credibility.

3.2 Ex-ante Intervention by Country Authorities

Thus far we have discussed measures that could be taken in the midst
of a crisis. Consider now measures that could be taken up front by
the economy.

3.2.1 Reserves

One way to bullet-proof an economy against dollar shortages is for
the authorities to build foreign reserves. Of course, there are costs to
holding reserves and to building them, including the fiscal costs and
possible distortions in the exchange rate. Furthermore, it is possible
that the level of dollarization in the economy increases as reserves,
and confidence, grow. As a result, the authorities may lose all control
over monetary policy and the transmission mechanism. Building a
moderate amount of reserves is clearly warranted, but the welfare



208 International Journal of Central Banking September 2005

effects of building a hoard large enough to buffer against most crises
are ambiguous.

A second question that arises with reserves is whether the coun-
try should use them to prepay debt. In other words, is spare debt
capacity not the same as holding reserves, and less costly to boot?
For the riskiest countries, though, prepaying debt may be dominated
by holding reserves: spare debt capacity is less fungible than reserves,
and may also disappear in a crisis. Also, by prepaying debt, the coun-
try loses the option to force a restructuring, which may be valuable
in times of stress.

3.2.2  De-dollarization and Shifting Dollarization

Given the risks associated with dollar shortages, some countries, in-
cluding Mexico and Bolivia in 1982 and Peru in 1985, have opted to
ban dollarization. But if the proximate cause, monetary instability,
is not eliminated, investors will demand significantly higher interest
rates to hold domestic currency deposits, and some may simply take
the money out of the country. Consistent with this, countries that
today have significant restrictions on dollarization—such as Brazil,
Colombia, and Venezuela—have particularly high loan spreads (see
Inter-American Development Bank 2005).

Also, domestic currency depositors are not passive. With less-
than-effective monetary authorities, banks could be subject to stress
even if they only issue domestic deposits. For instance, suppose the
authorities maintain an overvalued but fixed exchange rate. Fear-
ing an eventual return to equilibrium, depositors have an incentive
to withdraw and convert into foreign currency. This puts enormous
stress on the banking system, forcing it to pay high interest rates to
keep depositors in, with the level of interest rates being determined
by the degree of overvaluation rather than more typical determinants
like the return on investment and expected inflation. As described
earlier, domestic currency depositors were prominent in the Argen-
tinean bank runs in 2001.

The point is that dollarization is not necessarily an aberration
in the environment that gives birth to it. Instead, it may be a rea-
sonable adaptation. As Savastano (1996) and Balino, Bennet, and
Borensztein (1999) document, the consequence of banning dollariza-
tion in Mexico, Bolivia, and Peru was typically a severe contraction
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of intermediation that was reversed in Bolivia and Peru only when
dollar deposits were allowed again. Similarly, Nicolo, Honohan, and
Ize (2003) show that economies with high inflation tend to have more
monetary depth with dollarization than without.

Rather than banning liability dollarization altogether, authorities
may want to focus on removing the distortions that lead it to its
excessive practice, such as the dollar-liability issuers not internalizing
all the risks. More useful, of course, is to focus on changing the
underlying conditions that lead to dollarization in the first place, a
point we will touch on shortly.

Before concluding this section, note two points. First, the tran-
sition from an economy with liability dollarization to one where dol-
larization is banned implies either violating existing dollar contracts
and prohibiting new ones, or shifting dollar liabilities to another
domestic entity. The Brazilian government essentially took the lat-
ter route by taking on the dollar liabilities of its banking system—
through the issuance of dollar-denominated bonds to banks in 1998.
As a result, even though the Brazilian real depreciated substantially
in 199899, the banks were relatively immunized. Of course, govern-
ment debt ballooned as a result.

From a theoretical perspective, the government could improve
welfare by taking on the dollar liabilities of the banking sector. When
individual banks fail during a dollar shortage, we have seen that
they can worsen the aggregate shortage. When the government takes
over the liabilities of the banking sector, these individual failures are
eliminated, so the dollar shortage need not be as severe. Against
this, one should weigh the increased moral hazard if the government
is expected to step in every time banks anticipate trouble.

Second, as argued above, with a fixed exchange rate and full
convertibility, even domestic-currency-denominated liabilities may
become a source of vulnerability. This suggests that the choice of
exchange regime is not without consequence (also see, for example,
Burnside, Eichenbaum, and Rebelo [2001b] or Edwards [2004]). But
unfortunately, the very institutional requirements needed to main-
tain a monetary anchor with a floating exchange rate regime may be
missing in countries where fixed exchange regimes create vulnerabili-
ties. Therefore, there are trade-offs involved in the choice of exchange
regime, and as suggested by Calvo and Mishkin (2003), it may be
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more useful to focus on changing the underlying institutions rather
than on choosing a specific regime.

3.2.8 Institutional Reform

The root cause of deposit dollarization, we have argued, is weak ba-
sic institutions for conflict management. The more proximate causes
are inadequate fiscal and monetary institutions. Of course, it is
easier—though not easy—to reform the narrow institutions rather
than the basic ones. But without reforming the deeper basic insti-
tutions, which typically requires deep-rooted political change, how
successful can reform of narrow institutions be? We do not know
much about the process of institutional reform; countries like Chile,
Mexico, and South Korea that have improved their basic institu-
tions over a relatively short time, aided by good policies and rapid
economic growth, offer only a few successful examples. Understand-
ing what ingredients in this mix are essential, and what simply are
coincidental, is a topic of ongoing research on which, hopefully, re-
searchers will have more to say in the near future. For now, let us
turn to the role the international financial institutions can play.

3.3 What Can IFIs Do?

Clearly, the international financial institutions (IFIs) can provide
the technical support that will help countries adopt good policies
and improve their narrow institutions (such as their fiscal frame-
work or their inflation-targeting framework). They can also provide
the bilateral and multilateral economic surveillance that can alert
countries to possible sources of shocks. The International Monetary
Fund does all this. The million-dollar question, of course, is whether
IFIs should lend in such situations.

3.83.1  “Liquidity” Loans

A dollar shortage seems precisely the kind of temporary need that
certain IFIs like the International Monetary Fund were set up to
meet. By creating a common reserve pool of dollars, the IFIs can
substitute for costly reserve hoarding by countries.

The most persuasive case for lending is when the IFI alleviates
what is essentially a market-driven short squeeze on the country. It
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tides the country over its temporary exchange shortage, preventing
more destructive domestic sector real adjustment, and gets repaid
once the reasons for the temporary need vanish (e.g., exports re-
cover).

The difficulty, of course, even with this simple scenario, is that the
ultimate cause for a dollar shortage has to be that the country loses
access to international markets. Thus the IFT has to make the judg-
ment call of whether the loss of access is due to irrational /rational
uncoordinated behavior by market participants, or whether it stems
from genuine fears. If the former is the case, most would agree that
the IFI should act as a lender of last resort. The only remaining
concern would be whether this role creates bad incentives for market
participants, for the government, and for banks—the issue of moral
hazard, to which we will come in a moment.

If, however, the adverse shock precipitating the dollar shortage
reflects a genuine institutional infirmity in the country—for instance,
that the government has no fiscal discipline, it has reached borrowing
limits, and thus it is shut off from international capital markets—
matters become more difficult. It may well be that the country could
undertake reforms that would help it regain access. In this case, the
country is illiquid but solvent contingent on undertaking reforms.
Solvency, however, will not be restored until the markets gain confi-
dence that the reforms are irreversible. This implies that the lending
may well not be temporary.

If the alternative is a banking system crisis coupled with a burden
to restructure public debt, both of which will set back the country’s
economy considerably, it may well make sense to lend even when
reforms are highly probable but not fully assured. The IFI bears
some risk here that it will not be repaid, but it does so in the larger
interest of the member country facing distress (and it should impose
conditionality as well as charge an adequate premium for the risk).

The problem critics have is with the assumption that the IFI has
a better ability to gauge willingness to reform than market partici-
pants. Two arguments have been put forward to justify this. First,
the IFI may have better information about the country. This may
have been true in the past, but given the development of financial
markets, we see little reason to believe it to be true today. Second,
the IFI may have a better sense of its own ability (and willingness) to
coax the reform process forward, and may in fact have to show some
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success (or put its money at stake) before the market is persuaded.
The IFI may also be able to put in place incentives for the country
to reform. We find the second argument more persuasive, but one
should not rule out the possibility that the IFI has an incentive to
find a role for itself where none exists (see below).

A final situation where IFI lending may be warranted is when the
country’s public debt is too high given its underlying fundamentals,
so it cannot borrow, but, as a result, it also faces an immediate dollar
shortage that threatens its banking system. Rather than stand back
and watch the banking system implode, the IFI may want to offer a
bridge loan targeted at the banking system, to be repaid when the
country regains market access after restructuring its external public
debt. Again, this is a form of liquidity lending but one compounded
by the problem that the excessive public debt will prolong the even-
tual resolution.

All this, however, raises two questions. First, does IFI interven-
tion distort incentives among participants? Second, are there better
ways to provide assurance of liquidity support to member countries?

3.3.2  Incentive Distortion and Tough Love

At least three types of incentive distortions are possible: (1) an un-
willingness on the part of countries to take adequate precautions
or to avoid excessively risky situations, (2) an unwillingness on the
part of investors to take all risks into account, knowing they will
be “bailed out,” and (3) an unwillingness on the part of domestic
corporations and banks to insure themselves adequately.

Reams and reams have been written on the issue of moral hazard,
and we have little to add. Some argue that country moral hazard is
not an issue because finance ministers and central bank governors
lose their jobs in a financial crisis. Others argue that investor moral
hazard is not a problem because investors lose their shirts in a cri-
sis. These arguments are reasonable but miss the point. No finance
minister will take an action that is certain to create a crisis. At the
margin, however, concerned about budget deficits, a finance minister
may prefer to borrow cheaply in dollars than borrow more expen-
sively and for a longer term in domestic currency—especially if the
IFI is there to help if things go wrong. At the margin, interventions
do distort incentives to take risk.
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The question is, how much? Unfortunately, the empirical evi-
dence does not offer a reasonable assessment of magnitudes (see
Jeanne and Zettelmeyer [2004] for an excellent exposition of the
issues). Our reading of the current consensus is that country and
investor moral hazard is small in most situations; in a few cases,
though, it could be really big. We need more research identifying the
circumstances where moral hazard is really a problem.

What seems clearer is that domestic corporations and banks may
have too little incentive to prepare themselves for possible shocks,
knowing that there are ways they can force the system to share that
risk with them. This, however, is a case for better domestic regulation
and supervision rather than limiting IFI intervention.

In sum, then, the moral hazard rationale against IFI intervention
may well exist in some cases, but we need to be able to identify
those cases better. If these cases are indeed few in number, as a
reasonable judgment would suggest, then it may well make sense to
accept the risks of inducing moral hazard through intervention while
trying harder to identify when it is a mistake.

If, however, the reasons for dollarization lie primarily in poor in-
stitutions rather than in gaming—a collective action problem rather
than an incentive problem—the greater concern should not be about
distorting individual incentives but about altering collective actions.
Sometimes external discipline forces a country to reform in ways,
and at a speed, that the domestic constellation of political forces
will simply not allow, if left to its own devices. Put another way,
bailouts may help governments shift the burden of a crisis off the
shoulders of the domestic business elite and onto domestic taxpayers
(see Jeanne and Zettelmeyer 2004). To the extent that the latter do
not have an adequate voice, they bear the brunt of excessive inter-
vention, and everyone else who has a voice is willing to go along.
The knowledge that bailouts may be hard to come by—a policy of
“tough love”—could pressure domestic forces to compromise and ef-
fect much-needed reform.

We simply do not understand the political economy of deep in-
stitutional reform, or of crisis, well enough to offer a categorical an-
swer on whether external financial support is a good thing or a bad
thing on net. Clearly, if there was an assurance that the pain would
be short and borne by those best able to absorb it, that the coun-
try would undertake genuine reforms, and that the future would be
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much brighter, “tough love” is certainly an argument worth consid-
ering. But what if the pain is prolonged, the economy degenerates
into warring factions, and much of the pain is borne by weaker sec-
tions of society? Again, further research is needed here. What seems
unquestionable is that if this route is chosen, there is a need to apply
steady external pressure long before a crisis, even conditioning the
extent of crisis assistance on past willingness to reform or maintain
good policies.

3.3.8 A Better Way to Intervene?

IFIs like the International Monetary Fund typically agree to lend
large amounts only when the member country is experiencing con-
ditions of distress. Since intervention, let alone adequate assistance,
is not assured, and the political considerations of large shareholders
as well as the economic situation of the member country can affect
these decisions, countries face uncertainty—which reduces the effec-
tiveness of intervention in warding off the crisis. Moreover, countries
fear that they will be forced to accept unwarranted conditionality
even if assistance is forthcoming, because they really have no alter-
natives in a moment of crisis. These are understandable concerns:
countries with a strong policy regime seem to want insurance, not
uncertain loans laden with further uncertainty about conditions.

There is a second problem with leaving assistance to the complete
discretion of the IFI. As we have argued, it is hard to tell, even in
the midst of a crisis, whether the underlying factors are temporary
or more structural, i.e., liquidity or solvency. The facts that emerge
are unlikely to help decision making. In such a case, discretion can
be harmful, as it exposes the IFI to internal and external political
pressures to intervene. Not only will the decision be biased as a
result of discretion, it will also be noisy, as it will not be based on
underlying fundamentals.

One way to change this is through rules. For instance, access
to IFI lending could be tied to a country’s policies and reforms in
normal times, as suggested by Jeanne and Zettelmeyer (2004). If a
country follows sound policies and undertakes needed reforms, there
should be a presumption that if and when it faces a crisis, it is likely
to be a liquidity crisis, or a solvency problem (such as a permanent
terms of trade shock) that is not of its own making. The IFI should
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intervene in the former, and will be providing insurance in the latter
case (with the country then making needed adjustments on its own
accord), not an entirely bad use of IFI resources.

These access limits could be set in the regular annual consul-
tations between the IFI and a member country, where they would
be based on an in-depth analysis of the country’s policies. To the
extent that a country’s policy environment changes significantly, in-
terim assessments could also be undertaken. The assessments will
be a clear signal to the market about the IFI’s view of a country’s
policies, putting steady pressure outside normal IFI programs on the
country to stay the course of reforms (a “nonborrowing” program),
and putting more pressure on IFI staff to do a good analysis because
inadequate assessments will be contested.

Two immediate concerns arise. First, if the IFI is to intervene
successfully in a liquidity crisis, it usually makes sense to pump in
enough funds to stop the panic. Smaller amounts may not do the job
and access limits, if set too low, may inhibit successful intervention.
While no one may be able to determine whether a crisis is one of
liquidity or solvency, IFI staff can certainly judge how much is needed
from the facts of the crisis. So would not the rules on access be overly
constraining?

The answer, of course, is yes, but that is the point. To the extent
that the access limit is deemed insufficient for the crisis at hand, the
IFT will have to convince bilateral or private parties to join, which
will limit excessive intervention. Otherwise, it will have to stay out.
Thus the access limit will effectively translate into a probability of
intervention.

An alternative, though, is to link the probability of intervention,
but not the quantum of assistance, to the country’s policies and re-
forms in normal times. For instance, for countries in good standing,
a decision to help might need approval by only a minority of the
board, while for countries in poor standing, it might need approval
by a supermajority. A politically independent minority of the mem-
bers could then block loans to countries that have not shown much
ownership of reform policies in the past.

This then leads us to the second concern. Ex-ante conditionality,
which is effectively what rules amount to, is more intrusive than any-
thing the IFIs currently do—even members not under programs will
be subject to greater scrutiny. Members will be rightly concerned
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about the kind of policies the IFI’s staff will encourage and the
possibility of political interference in setting access limits (or voting
requirements). This implies that reforms to the governance of the
IFIs, ensuring that they are seen as legitimate by all the members,
will be critical to any such change in lending policies.

4. Conclusion

We examine liquidity or dollar shortages in dollarized economies
in this paper and explore how they precipitate and exacerbate cri-
sis. Unfortunately, the obvious solution—ban liability dollarization—
may not be appropriate. Liability dollarization is a response to insti-
tutional infirmities. It will not diminish unless those infirmities are
fixed. In the meantime, we have to, as Guillermo Calvo suggested,
learn to “live with dollarization.”

In particular, this means stepped-up regulation and supervision
up front to ensure that dollarization does not become excessive. It
also implies that the government has the responsibility to maintain
a reasonable fiscal position so it does not crowd out liquidity, and
to maintain adequate reserves. It means developing tools for crisis
resolution that recognize the nature of the problem; a banking crisis
driven by a dollar shortage has to be dealt with in a different way
from a banking crisis driven by bad loans. IFIs can play a role in all
this, but the precise way to circumscribe that role has to be worked
out.

Finally, we have to pay more attention to deep-rooted institu-
tional reform. Giving central banks more independence and adopting
inflation-targeting frameworks are good steps, but if not accompa-
nied by serious fiscal reform, they are unlikely to persuade the public
to forego dollarization.” It may not be surprising that the level of
dollarization has increased over the 1990s despite a fall in inflation,
perhaps because monetary reforms still lack credibility. Fiscal reform
itself may be difficult unless political reform creates better basic in-
stitutions for allocating burden sharing in the economy. This suggests
much work needs to be done.

9We agree in many ways with the analysis of Goldstein and Turner (2004),
who also focus on institutional reform as a way of dealing with dollarization.
However, we think it will be more difficult than they seem to suggest.



Vol. 1 No. 2 Dollar Shortages and Crises 217

References

Acemoglu, Daron, Simon Johnson, and James Robinson. 2002. “Re-
versal of Fortune: Geography and Institutions in the Making of
the Modern World Income Distribution.” Quarterly Journal of
Economics 117 (4): 1231-94.

Acemoglu, Daron, Simon Johnson, James Robinson, and Yunyong
Thaicharoen. 2003. “Institutional Causes, Macroeconomic Symp-
toms: Volatility, Crises and Growth.” Journal of Monetary Eco-
nomacs 50:49-123.

Aghion, Philippe, Philippe Bachetta, and Abhijit Banerjee. 2001.
“Currency Crises and Monetary Policy in an Economy with
Credit Constraints.” Furopean Economic Review 45:1121-50.

Balino, Tomas, Adam Bennet, and Eduardo Borensztein. 1999.
“Monetary Policy in Dollarized Economies.” IMF Occasional Pa-
per 171.

Bleakley, Hoyt, and Kevin Cowan. 2002. “Corporate Dollar Debt and
Devaluations: Much Ado about Nothing?” Federal Reserve Bank
of Boston Working Paper No. 02-5.

Burnside, Craig, Martin Eichenbaum, and Sergio Rebelo. 2001a.
“Prospective Deficits and the Asian Currency Crisis.” Journal
of Political Economy 109 (6): 1155-97.

2001b. “Hedging and Financial Fragility in Fixed
Exchange Rate Regimes.” Furopean Economic Review 45 (7):
1151-93.

Caballero, Ricardo, and Arvind Krishnamurthy. 2000. “International
Liquidity Management: Sterilization Policy in Illiquid Financial
Markets.” NBER Working Paper 7740.

. 2003. “Excessive Dollar Debt: Financial Development and

Underinsurance.” Journal of Finance 58 (2): 867-94.

. 2004. “Exchange Rate Volatility and the Credit Channel
in Emerging Markets: A Vertical Perspective.” NBER Working
Paper 10517.

Calomiris, Charles W., and Charles M. Kahn. 1991. “The Role of De-
mandable Debt in Structuring Optimal Banking Arrangements.”
The American Economic Review 81 (3): 497-513.

Calvo, Guillermo, Alejandro Izquierdo, and Luis-Fernando Mejia.
2004. “On the Empirics of Sudden Stops: The Relevance of
Balance-Sheet Effects.” NBER Working Paper No. 10520.




218 International Journal of Central Banking September 2005

Calvo, Guillermo, and Frederic Mishkin. 2003. “The Mirage of Ex-
change Rate Regimes for Emerging Market Economies.” Journal
of Economic Perspectives 17 (4): 99-118.

Calvo, Guillermo, and Carmen Reinhart. 2002. “Fear of Floating.”
Quarterly Journal of Economics 117 (2): 379-408.

Collier, Paul, V. L. Elliott, Havard Hegre, Anke Hoeffler, Marta
Reynal-Querol, and Nicholas Sambanis. 2003. Breaking the Con-
flict Trap: Civil War and Development Policy. World Bank Policy
Research Report. Oxford University Press.

Diamond, Douglas W., and Raghuram Rajan. 2001. “Liquidity risk,
liquidity creation and financial fragility: A theory of banking.”
Journal of Political Economy 109 (2): 287-327.

. 2005. “Liquidity Shortages and Banking Crises.” Journal of
Finance LX (2): 615-47.

Edwards, Sebastian. 2004. “Thirty Years of Current Account Imbal-
ances, Current Account Reversals, and Sudden Stops.” IMF Staff
Papers 51 (Special Issue): 1-49.

Eichengreen, Barry, and Ricardo Hausmann. 2005. “Original Sin:
The Road to Redemption.” In Other People’s Money: Debt
Denomination and Financial Instability in Emerging Market
Economies, ed. Barry Eichengreen and Ricardo Hausmann.
Chicago: University of Chicago Press.

Eichengreen, Barry, Ricardo Hausmann, and Ugo Panizza. 2005a.
“The Pain of Original Sin.” In Other People’s Money: Debt
Denomination and Financial Instability in Emerging Market
FEconomies, ed. Barry Eichengreen and Ricardo Hausmann.
Chicago: University of Chicago Press.

. 2005b. “The Mystery of Original Sin.” In Other People’s
Money: Debt Denomination and Financial Instability in Emerg-
ing Market Economies, ed. Barry Eichengreen and Ricardo Haus-
mann. Chicago: University of Chicago Press.

Frankel, Jeffrey, and Shang-Jin Wei. 2004. “Managing Macroeco-
nomic Crises: Policy Lessons.” NBER Working Paper 10907,
forthcoming in Managing Economic Volatility and Crises: A
Practitioner’s Guide, ed. J. Aizenmann and B. Pinto. Cambridge
University Press.

Ghosh, Atish R., Timothy Lane, Marianne Schulze-Ghattas, Ales
Bulir, Javier Hamann, and Alex Mourmouras. 2002. “IMF-
Supported Programs in Capital Account Crises.” IMF Occasional
Paper 210.




Vol. 1 No. 2 Dollar Shortages and Crises 219

Glaeser, Edward, and Andrei Shleifer. 2001. “A Case for Quantity
Regulation.” NBER Working Paper No. 8184.

Goldstein, Morris, and Philip Turner. 2004. Controlling Currency
Mismatches in Emerging Economies. Washington, DC: Institute
for International Economics.

Inter-American Development Bank. 2005. Unlocking Credit: The
Quest for Deep and Stable Bank Lending. Report on Economic
and Social Progress in Latin America. Washington, DC: Inter-
American Development Bank and The Johns Hopkins University
Press.

Ize, Alain, and Eduardo Levy-Yeyati. 2003. “Financial Dollariza-
tion.” Journal of International Economics 59 (2): 323-47.

Jeanne, Olivier. 2005. “Why Do Emerging Economies Borrow in For-
eign Currency?” In Other People’s Money, ed. Barry Eichengreen
and Ricardo Hausmann. Chicago: University of Chicago Press.

Jeanne, Olivier, and Jeromin Zettelmeyer. 2004. “The Mussa Theo-
rem (and Other Results on IMF-Induced Moral Hazard).” IMF
Working Paper 04/192, forthcoming in IMF Staff Papers. Inter-
national Monetary Fund.

Kaminsky, Graciela, Carmen Reinhart, and Carlos Vegh. 2005.
“When It Rains, It Pours: Procyclical Capital Flows and Mac-
roeconomic Policies.” In NBER Macroeconomics Annual 2004,
ed. Mark Gertler and Kenneth Rogoff, 11-53. Cambridge, MA:
The MIT Press.

Kaufmann, Daniel, Aart Kraay, and Massimo Mastruzzi. 2004.
“Governance Matters I1I: Governance Indicators for 1996-2002.”
World Bank Economic Review 18 (2): 253-87.

Knack, Stephen, and Philip Keefer. 1995. “Institutions and Eco-
nomic Performance: Cross-Country Tests Using Alternative In-
stitutional Measures.” Economics and Politics 7 (3): 207-27.

Lane, Philip, and Aaron Tornell. 1998. “Why Aren’t Savings Rates in
Latin America Procyclical?” Journal of Development Economics
57 (1): 185-200.

Lindgren, Carl-Johan, Tomdas J.T. Baliio, Charles Enoch, Anne-
Marie Gulde, Marc Quintyn, and Leslie Tao. 1999. “Financial
Sector Crisis and Restructuring: Lessons from Asia.” IMF Occa-
sional Paper 188.

Mody, Ashoka. 2004. “What Is an Emerging Market?” IMF Work-
ing Paper 04/177, forthcoming in Georgetown Journal of Inter-
national Law.



220 International Journal of Central Banking September 2005

Nicolo, Gianni, Patrick Honohan, and Alain Ize. 2003. “Dollariza-
tion of the Banking System: Good or Bad?” IMF Working Paper
03/146.

Reinhart, Carmen, Kenneth Rogoff, and Miguel Savastano. 2003.
“Debt Intolerance.” Brookings Papers on Economic Activity 1
(Spring): 1-74.

Rodrik, Dani. 1999. “Where Did All the Growth Go? External
Shocks, Social Conflict, and Growth Collapses.” Journal of Eco-
nomic Growth 4 (4): 385-413.

Satyanath, Shanker, and Arvind Subramanian. 2004. “What Deter-
mines Long-Run Macroeconomic Stability? Democratic Institu-
tions.” IMF Working Paper 04/215.

Savastano, Miguel. 1996. “Dollarization in Latin America — Re-
cent Evidence and Some Policy Issues.” In The Macroeconomics

of International Currencies, ed. Paul Mizen and Eric Pentecost.
Edward Elgar Publishing.





