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Labor’s income share has attracted interest reflecting its
decline. But, from an efficiency standpoint, can we say what
share would hold in the social optimum? We address this ques-
tion using a microfounded endogenous growth model calibrated
on U.S. data. In our baseline case the socially optimal labor
share is 17 percent (11 percentage points) above the decentral-
ized (historical) equilibrium. This wedge reflects the presence
of externalities in R&D in the decentralized equilibrium, whose
importance is conditioned by the degree of factor substitutabil-
ity. We also study the dependence of both long-run growth
equilibriums on different model parameterizations and relate
our results to Piketty’s “Laws of Capitalism.”

JEL Codes: 033, O41.

1. Introduction

Although interest in labor’s share of income has a long tradition
in economics, current interest has crystallized around its apparent
fall in recent decades across many countries[] Much of the public
discussion suggests that the primary reason to be concerned with
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1 The scope of economic interest in the labor share is extremely diverse—aside
from the conventional political economy, inequality, and growth literatures, the
labor share is an important consideration in inflation modeling (Gali and Gertler
1999; McAdam and Willman 2004) and the consequence of firm market power,
de Loecker, Eeckhout, and Unger (2020).
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a low labor income share is wealth inequality. That may be a valid
concern. The current paper however provides another rationale for
interest in the labor share. We demonstrate that even in a repre-
sentative household model (in which wealth inequality is absent by
definition), the level of the labor share determines whether the econ-
omy is allocating its resources efficiently. Thus, we can say that the
labor share may be too low (or high)—even without distributional
concerns.

Remarkably, there appears to be no investigation of this issue
in the literature. This contrasts with equivalent discussions in the
growth literature: since Ramsey (1928), the question of whether a
decentralized economy saves “too little” is fundamental (e.g., de La
Grandville 2012). Likewise, in terms of production, modern endoge-
nous growth theory typically suggests that the presence of various
distortions implies that the economy produces less output and less
research and development (R&D) relative to the first-best allocation
(the “social optimum”) (e.g., Jones and Williams 2000; Alvarez-
Pelaez and Groth 2005). These distortions include monopoly power
and markups plus the existence of technological externalities. Their
presence can mean that individual firms have weak incentives to
work to their fullest capacity, or indeed to invest and innovate, if
not all of the benefits accrue to them.

But what of the labor share of income? Does, for example, “too
little” output in the decentralized economy translate into a labor
share that is also somehow too low? Ex ante, it is by no means obvi-
ous. Given widespread interest in the labor share, this constitutes an
important gap in our knowledge, which we seek to address/ In the
context of a microfounded endogenous growth model calibrated on
U.S. data, with labor- and capital-augmenting technical change in
the aggregate production function, we find that in our baseline case
the socially optimal labor share is markedly above the decentral-
ized equilibrium. The decentralized labor share, in other words, is
too low.

The key channels underlying that result are the following. First,
the social planner saves more and thus has more physical capital in

2Note, we not only study the implications for the labor share but also the
growth rate, employment in the research sector, consumption, capital accumula-
tion, etc.
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the long run. This is because the social planner takes into account
the social rather than purely private return on production capital,
and because the planner is able to internalize the positive returns
to capital used in R&D. This abundance of capital makes labor
relatively scarce. If, and only if, both factors have a substitution
elasticity in production below one (i.e., are gross complements), this
capital abundance pushes the labor share up.

Second, in comparison with the decentralized allocation, the
social planner tends to allocate relatively more labor to the R&D
sectors and less to the (final good) production sector. Because labor-
augmenting R&D is the ultimate source of per capita growth, this
increases the long-run growth rate. Yet, even though the social plan-
ner increases labor-augmenting R&D relative to the decentralized
allocation, it increases capital-augmenting R&D even more. The
ratio of capital- to labor-augmenting R&D is always higher in the
social planner allocation. This effect increases unit productivity of
capital in the steady state, augmenting both production and R&D
sectors and feeding back once again to the steady-state growth rate
and the labor share.

Another appealing aspect of our framework is that it can pro-
vide new convincing results on one important strand of the literature
on the labor share, namely Piketty’s “Laws of Capitalism” (Piketty
2014). These predict that the capital-output ratio and the capital
income share should increase whenever the pace of economic growth
declines. We say “convincing results” because in our setup all rel-
evant variables (factor accumulation and factor intensity, growth,
technological progress, marginal product of capital and thus the
interest rate, etc.) are endogenous and modeled in a sufficiently flex-
ible manner. Our analysis underscores that Piketty’s laws should
not be interpreted causally, but rather as correlations generated by
changes in deeper characteristics of the economy. Crucially, though,
in fact these correlations are not guaranteed to hold at all. For
example, we find that increases in factor substitutability are able to
raise the capital-output ratio, the capital income share, and the eco-
nomic growth rate, thus simultaneously violating both of Piketty’s
laws.

Finally we demonstrate that, through the lens of our model, a
fluctuating labor share would not in itself necessarily be a sign of
inefficiency. Rather, the planner’s solution shows that volatility in
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Figure 1. Historical Labor Share: United States
(1899-2010) and France (1897-2010)
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Notes: The U.S. data are taken from Piketty and Zucman (2014) over the sam-
ple 1929-2010; prior to 1929 the labor share is extrapolated using the database
by Groth and Madsen (2016), which provides compensation of employees and
value-added data starting in 1898 based on historical source provided by Liesner
(1989). The French data are also taken from Piketty and Zucman (2014). The
dashed line is the level of the labor income share and the solid line is a sim-
ple moving-average process approximating its trend characteristics: 1/10 Zj‘:—s’

ls¢—; where ls; is the labor share. See also Charpe, Bridji, and McAdam (2020)
for a discussion and analysis of the properties of historical labor share measures.

this share is a natural outcome. Indeed, we know from historical
sources such as Piketty and Zucman (2014) that labor income
shares, even over long horizons (e.g., above 100 years), can fluc-
tuate considerably (see figure 1 for the United States and France;
see also Charpe, Bridji, and McAdam 2020)@ By comparison, can
we describe the decentralized labor share as being characterized by
excessive volatility? The reasons an optimal allocation would pro-
duce oscillations, too, relate to the fact that there is an entrenched
tension between capital- and labor-augmenting technologies. Labor-
augmenting developments generate economic growth but also make
capital relatively scarce, necessitating a reallocation of resources
towards capital to overcome this scarcity. By the same token,

3Both aspects matter for any normative discussion on the labor share. For
instance, if the labor share is falling yet still above its “optimal” level (or fluctu-
ating around it), then, arguably, this might be interpreted passively, as a man-
ifestation of recognized fluctuations in factor shares (e.g., Muck, McAdam, and
Growiec 2018). Indeed, given that long and persistent fluctuations in the labor
share are observed in practice, we might also wonder whether such fluctuations
are socially optimal.
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capital-augmenting developments make labor relatively scarce and
trigger the opposite reallocation.

The paper is organized as follows. Section 2 describes the model
(also contained in Growiec, McAdam, and Muck 2018). This is a non-
scale model of endogenous growth with two R&D sectors, giving rise
to capital- as well as labor-augmenting innovations, drawing from
the seminal contributions of Romer (1990) and Acemoglu (2003)@
The model economy uses the Dixit-Stiglitz monopolistic competi-
tion setup and the increasing variety framework of the R&D sectors.
Two R&D sectors are included to enable an endogenous determi-
nation of factor shares. Both the social planner and decentralized
allocations are solved for and compared. We see that the presence
of markups arising from imperfect competition (and market power)
and technological and R&D externalities, are the key reasons why
the decentralized allocation produces relatively lower output growth
and labor share.

Section 3 calibrates the model to U.S. data. We assume that a
range of long-run averages from U.S. data (evaluated over 1929-
2015) correspond to the decentralized balanced growth path (BGP)
of the model. Around this central calibration, though, we extensively
examine robustness of our result to alternative parameterizations.

Thereafter, in section 4 we solve the BGP of each allocation (i.e.,
decentralized and first best) and compare them. We list the chan-
nels and assumptions underlying the differences between both alloca-
tions. We find that—assuming that factors are gross complements in
production—the decentralized labor share is indeed socially subopti-
mal. The difference, moreover, is large: about 17 percent (11 percent-
age points). We describe the mechanisms which underlie this wedge.
For robustness, we also consider production characterized by Cobb-
Douglas as well as gross substitutes. In the latter case, and almost
only in that case, the socially optimal labor share falls below the
decentralized one. However, already for ¢ = 1.25, which constitutes
a mild degree of gross substitutability, its value is counterfactually

4The term “scale effect” states that an increase in an economy’s labor endow-
ment leads to a higher real growth rate. This relation arises from the (counter-
factual) assumption that growth is proportional to the number of R&D workers
(Jones 1995).
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low (at around 0.5) and also associated with counterfactually high
per capita growth rates[d

In section 5 we also study the dependence of both long-run
growth equilibriums on model parameters and relate our results
to Piketty’s “Laws of Capitalism.” We also consider the dynamic
properties of the model around the balanced growth path (both
in the decentralized and optimal allocation) in terms of oscillatory
dynamics. Section 6 concludes. Additional material is found in the
appendixes.

Finally, note that while making a first attempt at a new research
question, we abstract from several issues. First, to repeat a remark
made earlier, our concern is not about inequality among heteroge-
neous agents; there are many papers on this topic. Indeed, although
the labor share and inequality are clearly related, they are by no
means interchangeable (Atkinson, Piketty, and Saez 2011); an econ-
omy may well exhibit a socially optimal factor income division yet
still be characterized by considerable inequality—as, for example,
if there are different skill characteristics in the labor force (and
thus appreciable wage dispersion), asymmetric corporate or union
insider power, or if there is financial repression and rent seeking,
etc. Indeed, one can draw an analogy with Ramsey (1928)—whose
concern lay with the level of the socially optimal aggregate sav-
ings rate, not how savings behavior is distributed across economic
agents (such as by wealth, age percentiles, etc.). Our concern there-
fore is somewhat more straightforward—namely, how would a social
planner choose functional income shares. And, would that share be
realistid in terms of its central value (relative to the decentralized
optimum) and its volatility (again compared with the decentralized
optimum and historical averages). Second, we do not discuss policy
designs able to alleviate the discrepancy between the decentralized
allocation and the social optimum, nor the dynamics with which

°It may be, as Piketty and Zucman (2014) argue, that one might expect a
higher elasticity of substitution in “high-tech” economies where there are lots of
alternative uses and forms for capital.

5By way of realism, consider another “optimal” rule in growth theory: namely
the golden rule savings ratio which in standard form equates the optimal savings
rate with the capital income share (which is usually around 30 percent); see de
la Grandville (2012). With the exception of some Asian economies and for some
particular periods, such values are highly counterfactual.
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they could be introduced[] Our results are obtained by compar-
ing long-run equilibriums of two entirely separate model economies
(decentralized and first-best allocation). Therefore we are silent on
the possible evolution of the labor share along the transition path
following the introduction of policy measures able to shift the decen-
tralized allocation towards the first best. In consequence, we cannot
say (i) if the labor share should rise or fall in the short to medium
run, and (ii) how long the transition to the optimal labor share
should take.

2. Model

The framework is a generalization of Acemoglu (2003) with capital-
and labor-augmenting R&D, building on the earlier induced inno-
vation literature from Kennedy (1964) onwards as well as general
innovation in monopolistic competition and growth literatures (e.g.,
Dixit and Stiglitz 1977, Romer 1990, and Jones 1999).

By “generalization” we mean that we relax a number of features
to make our conclusions more applicable to the studied question,
as well as to correct for some counterfactual features (such as the
aforementioned scale effects). Formally, (i) our model is non-scale:
both R&D functions are specified in terms of percentages of pop-
ulation employed in either R&D sector; (ii) we also assume R&D
workers are drawn from the same pool as production Workersﬁ (iii)
we assume more general R&D technologies which allow for mutual
spillovers between both R&D sectors (cf. Li 2000) and for concavity
in capital-augmenting technical change; (iv) in contrast to Acemoglu
(2003), the BGP growth rate in our model depends on preferences
via employment in production and R&D—the tradeoff is due to
drawing researchers from the same employment pool as production

"Interestingly, Atkinson (2015) lists a number of proposals for reducing
inequality trends, the first of which is that “the direction of technical change
should be an explicit concern of policy-makers.”

8 Acemoglu (2003) assumes that labor supply in the production sector is inelas-
tic and R&D is carried out by a separate group of “scientists” who cannot engage
in production labor. Our assumption affects the tension between both R&D
sectors by providing R&D workers with a third option, the production sector.
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workers (a tradeoff not present in his model); and (v) we use normal-
ized constant elasticity of substitution (CES) production functions
which, importantly, ensures valid comparative static comparisons in
the elasticity of factor substitution. To start matters off, we consider
the simpler case of the social planner allocation [

2.1 The Social Planner’s Problem

The social planner maximizes the representative household’s utility
from discounted consumption, ¢, given standard constant relative
risk aversion (CRRA) preferences, (1).

o0 1—7 _ 1
max/ ;e_(p_")tdt, (1)
0 -7

where v > 0 is the inverse of the intertemporal elasticity of sub-
stitution, p > 0 is the rate of time preference, and n > 0 is the
(exogenous) growth rate of the labor supply.

The maximization is subject to the budget constraint (2) (i.e.,
the equation of motion of the aggregate per capita capital stock k),
the “normalized” production function (3), the two R&D technologies
(4)-(5), and the labor market clearing condition (6)

k=y—c— (0 +n)k—a, (2)
1/¢

E\¢ Ao ly \©
Y =1%o | 7o < bk0> +( m0) <)\a0 fyo) ) (3)

9Normalization essentially implies representing the production relations in
consistent index number form. Its parameters then have a direct economic inter-
pretation. Otherwise, the parameters can be shown to be scale dependent (i.e.,
a circular function of o itself, as well as a function of the implicit normalization
points). Subscript 0’s denote the specific normalization points: geometric (arith-
metic) averages for non-stationary (stationary) variables. See de la Grandville
(1989), Klump and de la Grandville (2000), and Klump and Preissler (2000) for
the seminal theoretical contributions. In our case, normalization is essentially
important, since comparative statics on production function parameters are a
key concern.

101t is simpler because, solving under the social optimum, we can impose
symmetry directly and deal in terms of aggregates; see Bénassy (1998).

"There are three control (c,£q,£,) and three state (k, Aq, \p) variables in this
optimization problem.
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A=A (Aaxg’xw;a) , (4)
)"b =B ()\;_wl‘nbgzb) — d)\b, (5)
1=ty + by + Ly (6)

In (2) and (3), y =Y/L and k = K/L (i.e., output and capital
per capita), where L is total employment and ¢, and ¢}, are the shares
(or “research intensity”) employed in labor- and capital-augmenting
R&D, respectively (and, respectively, generating increases in A, and
Ap). The remaining fraction of population ¢y is employed in pro-
duction. We assume that capital augmentation is subject to gradual
decay at rate d > 0, which mirrors susceptibility to obsolescence
and embodied character of capital-augmenting technologies; Solow
(1960). This assumption is critical for the asymptotic constancy of
unit capital productivity Ay in the model, and thus for the existence
of a BGP with purely labor-augmenting technical change.

The term 7 denotes the capital income share, and £ = "—_1 , where
o € [0,00) is the elasticity of substitution between capital and labor.
This parameter, important in many contexts. turns out also to be
critical in our analysis with the distinction as to whether factors
are gross complements, i.e., ¢ < 1, or gross substitutes, ¢ > 1, in
production.

Factor-augmenting innovations are created endogenously by the
respective R&D sectors (Acemoglu 2003), increasing the underlying
parameters A, A\p, as in (4) and (5). Parameters A and B capture
the unit productivity of the labor- and capital-augmenting R&D
process, respectively; ¢ captures the spillover from capital- to labor-
augmenting R&D{2 and w measures the degree of decreasing returns

12CES function (3) nests the linear, Cobb-Douglas, and Leontief forms, respec-
tively, when £ = 1,0, —oo. The value of the elasticity of factor substitution has
been shown to be a key parameter in many economic fields: e.g., the gains from
trade (Saam 2008); the strength of extensive growth (de La Grandville 2016);
multiple growth equilibriums, development traps, and indeterminacy (Azariadis
1996; Klump 2002; Kaas and von Thadden 2003; Guo and Lansing 2009); the
response of investment and labor demand to various policy changes and shocks
(Rowthorn 1999); etc.

13We assume ¢ > 0, indicating that more efficient use of physical capital also
increases the productivity of labor-augmenting R&D. Observe, there are mutual
splllovers between both R&D sectors, with no prior restriction on their strength:

Ao = ANTTeN Tk gka and Ay = BAZ A, TCTTE L — d.
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to scale in capital-augmenting R&D. By assuming w € (0, 1) we allow
for the “standing on shoulders” effect in capital-augmenting R&D,
albeit we limit its scope insofar as it is less than proportional to the
existing technology stock (Jones 1995).

The term z = % captures the technology-corrected degree of
capital augmenta‘uioﬁz of the workplace. This term represents posi-
tive spillovers from capital intensity in the R&D sector and will be
constant along the BGP. The long-term endogenous growth engine is
located in the linear labor-augmenting R&D equation. To fulfill the
requirement of the existence of a BGP along which the growth rates
of A\, and Ay are constant, we assume that n,¢ + New # 0 Note
that the above parameterization of R&D equations, with six free
parameters in equations (4)—(5), is the most general one possible
under the requirement of existence of a BGP with purely labor-
augmenting technical change (Uzawa 1961; Jones 1999; Acemoglu
2003; Growiec 2007).

The last term in (2) captures a negative externality that arises
from implementing new labor-augmenting technologies, with ¢ > 0.
Motivated by Ledn-Ledesma and Satchi (2019), we allow for a non-
negative cost of adopting new labor-augmenting technologies: since
workers (as opposed to machines) need to develop skills compatible
with each new technology, it is assumed that there is a capital cost
of such technology shifts (potentially representing training costs,
learning-by-doing, etc.). We posit that new capital investments are

1/
diminished by (a, where @ = g\, (WLO) / , g being the economic
growth rate (Growiec, McAdam, and Muck 2018). For analytical
simplicity we consider these costs exogenous to the firms.

Finally, R&D activity may be subject to duplication externali-
ties; the greater the number of researchers searching for new ideas,
the more likely is duplication. Thus research effort may be charac-
terized by diminishing returns; Kortum (1993). This is captured by
parameters v,, 1, € (0,1]: the higher is v, the lower the extent of
duplication

14 All our qualitative results also go through for the special case 17, = m, = 0,
which fully excludes capital spillovers in R&D. The current inequality condition
is not required in such cases.

'5Observe that switching off all externalities and spillovers in (4)—(5) by setting
d=w =1 =m =0 and v, = v, = 1 retrieves the original specification of R&D
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Variables with subscript 0 (7o, yo, ko, A\a0, fyo) are CES normal-
ization constants.

2.2 Decentralized Allocation

The construction of the decentralized allocation draws from Romer
(1990), Acemoglu (2003), and Jones (2005). It has been also pre-
sented in Growiec, McAdam, and Muck (2018). We use the Dixit
and Stiglitz (1977) monopolistic competition setup and the increas-
ing variety framework of the R&D sector. The general equilibrium
is obtained as an outcome of the interplay between households;
final goods producers; aggregators of bundles of capital- and labor-
intensive intermediate goods; monopolistically competitive produc-
ers of differentiated capital- and labor-intensive intermediate goods;
and competitive capital- and labor-augmenting R&D firms.

2.2.1 Households

Analogous to the social planner’s allocation, we again assume that
the representative household maximizes discounted CRRA utility:

o0 1—’y _ 1
max/ T ety
0 L=~
subject to the budget constraint:
v=(r—0—n)v+w-—oc, (7)

where v = V/L is the household’s per capita holding of assets,
V = K + pgAa + ppAp. The representative household is the owner of
all capital and also holds the shares of monopolistic producers of dif-
ferentiated capital- and labor-intensive intermediate goods (priced
Pa and py, respectively). Capital is rented at a net market rental rate

in Acemoglu (2003). Moreover, compared with models which use Cobb-Douglas
production, equation (5) is akin to Jones’s (1995) formulation of the R&D sector,
generalized by adding obsolescence and positive spillovers from capital intensity.
Thus, setting d = m, = 0 retrieves Jones’s original specification. And (4) is the
same as in Romer (1990) but scale free (it features ¢, instead of ¢, - L), with
a positive spillover from capital intensity and a direct spillover from \p; setting
¢ = na = 0 retrieves the scale-free version of Romer (1990), cf. Jones (1999).
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equal to the gross rental rate after depreciation: » — ¢. In turn, w is
the market wage rate. Solving the household’s optimization problem
yields the familiar Euler equation:

r—0—p

¢= o (8)

where ¢ = ¢/c is the per capita growth rate (“hats” denote growth
rates).

2.2.2 Final Goods Producers

The role of final goods producers is to generate the output of final
goods (which are then either consumed by the representative house-
hold or saved and invested, leading to physical capital accumula-
tion), taking bundles of capital- and labor-intensive intermediate
goods (Yk,Yr) as inputs. They operate in a perfectly competitive
environment, where both bundles are remunerated at market rates
px and pr, respectively.

The final goods producers operate a normalized CES technology:

1
Y \* vz \*\°
Y =Y, — 1-— — .
’ (WO <YK0> i) <YL0> ®)
The optimality condition implies that final goods producers’ demand

for capital- and labor-intensive intermediate goods bundles satisfies

P _ ™ Yo
PL 1—7TYK’

(10)

vi vo\°
Yio Y

to Y (in equilibrium it will be equal to the labor share).

where ™ = mg ( is the elasticity of final output with respect

2.2.3 Aggregators of Capital- and Labor-Intensive
Intermediate Goods

There are two symmetric sectors whose role is to aggregate the dif-
ferentiated (capital- or labor-intensive) goods into the bundles Y
and Y7, demanded by final goods producers. It is assumed that the
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differentiated goods are imperfectly substitutable (albeit gross sub-
stitutes). The degree of substitutability is captured by parameter
e€(0,1):

Nic :
Vi = ( X}‘}idz) . (11)
0

Aggregators operate in a perfectly competitive environment and
decide upon their demand for intermediate goods, the price of which
will be set by the respective monopolistic producers (discussed in the
following subsection).

For capital-intensive bundles, the aggregators maximize

NK € NK
max ¢ px X di| — / PriXKidi p . (12)
Xri 0 0

There is a continuum of measure N of capital-intensive interme-
diate goods producers. Optimization implies the following demand
curve:

_1

pK . e—1 1

XK,' ::I}K(pKi) = < z> YI? (13)
PK

Equivalent terms follow for labor-intensive intermediate goods pro-

ducers.

2.2.4 Producers of Differentiated Intermediate Goods

It is assumed that each of the differentiated capital- or labor-
intensive intermediate goods producers, indexed by i € [0, Ng]| or
i € [0, Np], respectively, has monopoly over its specific variety. It is
therefore free to choose its preferred price pg; or pr;. These firms
operate a simple linear technology, employing either only capital or
only labor.

For the case of capital-intensive intermediate goods producers,
the production function is Xg; = K;. Capital is rented at the gross
rental rate r. The optimization problem is

max (priXxi — rK;) = max(pri — r)xx (PKi)- (14)

PKi PKi
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The optimal solution implies px; = r/e for all i € [0, Nk]. This
implies symmetry across all differentiated goods: they are sold at
equal prices, thus their supply is also identical, X x; = X for all i.
Market clearing implies

Ng Ng _ 1—¢
K = K;di = Xkidi = Nk Xk, Yk = N5 K. (15)
0 0
The demand curve implies that the price of intermediate goods

is linked to the price of the capital-intensive bundle as in pg =
e—1

e—1
pKzNKE = TN c .

The labor mtenswe sector follows symmetrlcally X Li = Ly“
Ly =/lyL = fo Ly;di, and pr;, = w/e, pr, —pLzN o= wN <,
where w is the market wage rate.

Aggregating across all intermediate goods producers, we obtain
that their total profits are equal to IIxNg = 7"K(1 6) and
II; N, = wlLy ( ) for capital- and labor-intensive goods, respec-
tively. Streams of profits per person in the representative house-
hold are thus 7 = Ilx/L and 7y, = II; /L, respectively. Hence,
the total remuneration channeled to the capital-intensive sector
equals pgYx = LK = rK + lIx Nk, whereas the total remuner-
ation channeled to the labor-intensive sector equals pLYy, = T Ly =
U)Ly + I L N L-

In equilibrium, factor shares then amount to

() (B m

1—m=(1—m) (;/‘)LLy’;)g (Ji&)g(l;). (17)

Incorporating all these choices into (9), and using the definitions
1 1l—e

=N K% and \, = N, retrieves production function (3).

2.2.5 Capital- and Labor-Augmenting R€&D Firms

The role of capital- and labor-augmenting R&D firms is to pro-
duce innovations which increase the variety of available differenti-
ated intermediate goods, either Ng or Ny, and thus indirectly also
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Ap and \,. Patents never expire, and patent protection is perfect.
R&D firms sell these patents to the representative household, which
sets up a monopoly for each new variety. Patent price, p, or pg,
which reflects the discounted stream of future monopoly profits, is
set at the competitive market. There is free entry to R&D.

R&D firms employ labor only: L, = ¢,L and L, = ¢, L work-
ers are employed in the labor- and capital-augmenting R&D sector,
respectively. There is also an externality from the physical capital
stock per worker, working through the capital spillover term in the
R&D production function. Furthermore, the R&D firms perceive
their production technology as linear in labor, while in fact it is
concave due to duplication externalities (Jones 1995).

Incorporating these assumptions and using the notion z =
Mok /Aq, capital-augmenting R&D firms maximize

max (pb)'\b — wgb) = max (PeQr — w)ly), (18)

where Qx = B (/\é_waz"bﬁgb_l) is treated by firms as an exoge-
nously given constant (Romer 1990; Jones 2005). Analogously, labor-
augmenting R&D firms maximize

H}aX (pa/.\a - wga) = HZLX ((paQL - w)&z) ) (19)

a

where Q; = A ()\a)\fx"%za—l) is treated as exogenous.

Free entry into both R&D sectors implies w = ppQr = paQrL-
Purchase of a patent entitles the holders to a per capita stream of
profits equal to 7 and 7y, respectively. While the production of any
labor-augmenting varieties lasts forever, there is a constant rate d
at which production of capital-intensive varieties becomes obsolete.
This effect is external to patent holders and thus is not strategically
taken into account when accumulating the patent stock[19

2.2.6 FEquilibrium

We define the decentralized equilibrium as the collection of time
paths of all the respective quantities: c, ¥y, 0, k, Ao, Ao, Yi, Y1,

161n other words, by solving a static optimization problem, capital-augmenting
R&D firms do not take the dynamic (external) obsolescence effect into account.
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{Xki},{Xr:i} and prices r,w, pr,pr, {PKi}, {PLi}, Pas b such that
(i) households maximize discounted utility subject to their budget
constraint; (ii) profit maximization is followed by final goods pro-
ducers, aggregators and producers of capital- and labor-intensive
intermediate goods, and capital- and labor-augmenting R&D firms;
(iii) the labor market clears: L, + Ly + Ly = ({q+{py+{y )L = L; (iv)
the asset market clears: V. = vL = K + p,Aq + ppAp, where assets
have equal returns: r — § = g—aL + %: = TI%; + % — d; and, finally,
(v), such that the aggregate capital stock satisfies K = Y — C' —

SK — CaL.

2.8 Solving for the Social Planner Allocation

In this section, we first solve analytically for the BGP of the social
planner (SP) allocation of our endogenous growth model and then
linearize the implied dynamical system around the BGP.

2.3.1 Balanced Growth Path

Any neoclassical growth model can exhibit balanced growth only if
technical change is purely labor augmenting or if production is Cobb-
Douglas; Uzawa (1961). That condition holds here too. Hence, once
we presume a CES production function, the analysis of dynamic
consequences of any technical change which is not purely labor aug-
menting must be done outside the BGP.

Along the BGP, we obtain the following growth rate of key model
variables:

9=da= k=== AN @) (£)", (20)

where stars denote steady-state values. Hence, ultimately long-run
growth is driven by labor-augmenting R&D. This can be explained
by the fact that labor is the only non-accumulable factor in the
model, it is complementary to capital along the aggregate produc-
tion function, and the labor-augmenting R&D equation is linear
with respect to A,. The following variables are constant along the
BGP: y/k,c/k, Ly, lp, and Ny (i.e., asymptotically there is no capital-
augmenting technical change).



Vol. 17 No. 4 On the Optimal Labor Income Share 307

2.3.2  Fuler Equations

Having set up the Hamiltonian (with co-state variables pg, fia, ib),
77 -1
1A
+ pi(y —c— (0 +n)k — Ca)
+ pta A (AaAfa 4 )

+ 1y (B (A, “a™er) — d)\b)(,Ql)

e~ (p—n)t

H(Cv gau €b7 ka )‘av A1)7 Mk, Las Mb) -

where

1/¢
E\© Ny 1=, —0,\°

v () s (22228=0)) "
ko )\aO EYO

computed its derivatives, and eliminated the co-state variables, after
tedious algebra the following Euler equations are obtained for the

SP{7]
. 1 /ly L—m (nala | mlp
C_’y(l{i<ﬂ—+ = <Va +Vb o—p]), (23)
01l + 2ly = Q1 (24)
03l + oaly = Qo, (25)
where
ly
D R (26)
Y
148
o2 = ~(1-Orit, (27)
Y

17A sufficient condition for all transversality conditions to be satisfied in the
social optimum (as well as in the decentralized equilibrium) is that (1 —~)g +
n < p.
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ly
0y = —(1-&)m (28)
Y
4
= —1— (1= &>, (29)
Y
and
o (Llyu, byvg,
Qu=—7e—ptn+h 22241 —n,— s
4, L.y
— odo + (1= 7 — 1), (30)
N N 4 £,
Qo=—ve—p+n+rs+ X il be+(¢>+77a)yb +
1—7 Eb l/agb
s Eyvb

+«1—@w—%m+d< +w+mﬂ%%—w+m)

1—m Eb Vagb
(31)
2.8.8 Steady State and Linearization of the Transformed
System

The above Euler equations and dynamics of state variables are then
rewritten in terms of stationary variables which are constant along
the BGP, i.e., in coordinates: u = (¢/k), Ly, Ly, z, \p, and with aux-
iliary variables z = (y/k),m,g. The full steady state of the trans-
formed system is listed in appendix A.l. This nonlinear system
of equations is solved numerically, yielding a steady state of the
detrended system and thus a BGP of the model in original vari-
ables[H All further analysis of the social planner allocation is based
on the (numerical) linearization of the five-dimensional dynamical
system of equations (23)—(25), (2), and (5), taking the BGP equality
(20) as given.

2.4 Solving for the Decentralized Allocation

When solving for the decentralized allocation (DA), we broadly fol-
low the steps carried out in the case of the social planner (SP)

¥We do not have a formal proof of BGP uniqueness, but the large number
of numerical checks we have performed (e.g., varying initial conditions of the
numerical algorithm, modifying values of model parameters), is suggestive that
the BGP is indeed unique and depends smoothly on model parameters.
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allocation. We first solve analytically for the BGP of our endoge-
nous growth model and then linearize the implied dynamical system
around the BGP.

2.4.1 Balanced Growth Path

Along the BGP, we obtain the following growth rate of the key model
variables:

g=k=é¢=g=10=p,=pri = Ao = AN})? (z*)" (). (32)

The following quantities are constant along the BGP: y/k, ¢/k, £y, lp,
Yi/Y,Yy/Y, and A\, (again, note, asymptotically, the absence of
capital-augmenting technical change). The following prices are also
constant along the BGP: r,p,, px, pr, {PKi}-

2.4.2 FEuler Equations

The decentralized equilibrium is associated with the following FEuler
equations describing the first-order conditions:

y_5_
P M7 (23
v
801521 + ‘Pzéb = Qh (24')
@3la + paly = Qo (25')
where
S Y s fy N N /
Qu=—emp 3+ X7 —oh + (1 =7 —na)2 (307)
-y R R s El

Qs = em +0+ A+ (M +d) (1_F€b>

(1 —w)—d+ (1 —&m —my)i (31)

and ¢q through ¢, are defined as in (26)—(29). The full steady state
of the transformed system is listed in appendix A.2. All further
analysis of the decentralized allocation is based on the (numerical)
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linearization of the five-dimensional dynamical system of equations
(23")—(25"), (2), and (5), taking the BGP equality (32) as given.

2.4.83 Departures from the Social Optimum,

Departures of the decentralized allocation from the optimal one can
be tracked back to specific assumptions regarding the information
structure of the decentralized allocation. In the following we try to
compare one-to-one all the differences in the equations related to the
decentralized and to social planner outcome. As we shall show, those
differences follow from the presence of wedges (such as markups
from imperfect competition) and externalities (such as duplication
externalities from R&D investment). These differences also show
in different costs and returns that exist in the social planner and
decentralized allocation.
Specifically, the points of comparison are as follows:

1. In the consumption Euler equation, comparing equations (23)
with (23'), the term ¥ (7‘(‘ + lg—y” (M + ”Z—?)) is replaced by

Va
er¥. This is due to two effects:

(a) in contrast to the social planner, markets fail to account
for the external effects of physical capital on R&D
activity via the capital spillover terms (with respective
elasticities n, and 7,);

(b) e appears in the decentralized allocation due to imper-
fect competition in the labor- and capital-augmenting
intermediate goods sectors.

Both effects work in the same direction and buy the social
planner much more capital in the steady state. The savings
rate is much higher in the SP allocation, as two effects add
up: (i) accounting for social instead of private returns on pro-
duction capital, (ii) internalizing the positive returns to cap-
ital used in R&D. Therefore in the social planner’s steady
state, there is relatively lower consumption and output per
unit )(?fkcapital, and greater positive capital spillover in R&D,
T = 5.

Ti\ﬁs abundance of capital makes labor relatively scarce,
which—if and only if both factors are gross complements
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(0 < 1)—increases the labor share in the social planner
allocation relative to the decentralized equilibrium.

2. In the Euler equation for £, the term (M +1—ng—m ﬁ%‘;)
is replaced by . Analogously, in the Euler equatlon for £y,
the term glven by ZY;”’ T (1 —w) + g+ (¢ + na) e s

Lyvg

replaced by . This is due to two effects:

(a) vq and I/b are missing in the respective first compo-
nents because markets fail to internalize the detrimen-
tal R&D duplication effects;

b) the latter two components are missing because mar-
kets fail to account for the positive external effects of
accumulating knowledge on future R&D productivity.
These effects are included in the shadow prices of A,
and ) in the social planner allocation but not in their
respective market prices.

The effect (a) reduces SP’s investment in R&D, whereas
the effect (b) increases it. In our baseline calibration and its
robustness checks, on balance the latter effect robustly pre-
vails and the social planner allocates less labor to production
and more to R&D (greater ¢, and ;). Hence, this mechanism
causes the social planner to accumulate more investment in
both R&D sectors. This, given that labor-augmenting techno-
logical progress is the ultimate source of growth in the model,
increases the long-run growth rate.

3. In the Euler equations for ¢, and ¢, (equations (24), (25),
(24'), and (25')) the shadow price of physical capital ¢ —p+n
is replaced by its market price r — ¢ = em{ — 4, which is
lower because it accounts for markups arising from imperfect
competition.

This mechanism causes the social planner to accumu-
late more capital-augmenting R&D /¢, relative to labor-
augmenting R&D ¢,. Therefore the ratio of capital- to labor-
augmenting R&D employment is always higher in the social
optimum than in the decentralized allocation. Hence, unit
capital productivity (\y) is higher in the SP steady state.
This further adds to the capital spillover term z which, in
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turn, augments both R&D sectors, accelerates growth and—
by making labor relatively scarce—increases the labor share.

3. Calibration of the Model

3.1  Empirical Calibration Components

The parameter calibration for the decentralized model based on mag-
nitudes from historical data or empirical studies is listed in table 1.
We assume that a range of long-run averages from U.S. data (1929—
2015) correspond to the decentralized BGP of the model. Doing so
allows us to calibrate the rates of economic and population growth,
capital productivity and income share, and the consumption-to-
capital ratio. Likewise, we assign CES normalization parameters to
match U.S. long-run averages for factor income shares (we adjust
the payroll share by proprietors’ income, as in Muc¢k, McAdam, and
Growiec 2018). This implies an average labor share of 0.67[19

Next, we turn to the elasticity of substitution between labor and
capital (o) which is the fundamental economic parameter in our
analysis. We calibrate factors to be gross complements, i.e., o < 1.
This choice stems from a fact that the bulk of empirical studies for
the U.S. aggregated production function document that the o is sys-
tematically below unity (Klump, McAdam, and Willman 2012)
Most of the empirical evidence exploiting time-series variation for
other countries also implies 0 < 1 (McAdam and Willman 2013;
Muck 2017; Knoblach and Stéckl 2020).

However, the literature based predominantly on cross-country
variation is rather inconclusive about the magnitude of ¢. On one
hand, several papers (Piketty and Zucman 2014; Karabarbounis and
Neiman 2014) employ gross substitutes; however, the former paper

YNote that in the model, due to the inelastic labor supply and the firm profits
being rebated to the household, markups do not directly affect factor shares.

2OFor instance, Arrow et al. (1961) found an aggregate elasticity over 1909-49
of 0.57 (similar to that of the more recent Antras 2004). More recently, Klump,
McAdam, and Willman (2007) reported 6 =~ 0.7. The tendency towards gross
complementarity between factors is also confirmed at the industry level (Her-
rendorf, Herrington, and Valentinyi 2015; Laeven, McAdam, and Popov 2018)
and firm level (Oberfield and Raval 2018). Importantly, the elasticity uncov-
ered is found systematically below unity even if more flexible functional forms of
aggregate production function are considered (Growiec and Muck 2020).
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calibrates the o value and the latter estimates it in a cross-country
panel context 2] On the other hand, recent studies exploiting macro
panels and allowing for factor augmentation in the supply-side sys-
tem approach strongly conclude in favor of gross complementarity
in production (Muck 2017). Given this, we consider o < 1 as the
benchmark, but we do examine the ¢ > 1 case in our robustness
exercises.

Finally, the table includes preference parameters (intertempo-
ral elasticity of substitution, time preference) which are difficult to
retrieve from historical data. For that reason, in our central calibra-
tion we rely on values typically found in the literature.

3.2 Model-Consistent Calibration Components

Next, conditional on the values in table 1, four identities included in
the system (see appendix equations (A.9)—(A.17)) drive the calibra-
tion of other parameters in a model-consistent manner: 7*, A;, z*,
and . Employment in final production /43, is also set in a model-
consistent manner (table 2).

In the absence of any other information, we agnostically assume
that the share of population 1 — /¢3- is split equally between employ-
ment in both (i.e., capital and labor) R&D sectors in the decen-
tralized allocation—although notice these employment shares are
endogenous in the social planner solution. For the model-consistent
value of (3, the relevant formula leads to values close to those typ-
ically considered for the non-routine cognitive occupational group
(e.g., Jaimovich and Siu 2020, using Bureau of Labor Statistics
data, show this ratio to be between 29 percent and 38 percent, over
1982-2012).

For the duplication externalities, we assume v, = v, = 0.75 fol-
lowing the (albeit single R&D sector) value in Jones and Williams
(2000) (although, note again, we conduct extensive robustness checks
on these values). The steady-state level of unit capital productivity

; is normalized to unity, and so are CES normalization parameters

)\aO and )\bO-

21The latter paper moreover was estimated on a single-equation non-normalized
basis which is known to have poor estimation properties in this context (Ledén-
Ledesma, McAdam, and Willman 2010; Klump, McAdam, and Willman 2012).
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The final step is to assign values to the remaining parame-
ters, in particular the technological parameters of the R&D equa-
tions. We do this by solving the four remaining equations in system
(A.9)-(A.17) with respect to the remaining parameters; see table
B.1. Given this benchmark calibration, the steady state is a saddle
point.

4. Is the Decentralized Labor Share Socially Optimal?

Given the model setup and its benchmark calibration, we can now
come to our central question: is the decentralized labor share socially
optimal? In table 3, columns 1 and 2 show the decentralized allo-
cation (DA) and social planner (SP) outcomes for our benchmark
calibration; columns 3 and 4, considered later, alternatively impose
Cobb-Douglas and gross substitutes?

The BGP of the DA solution features less physical capital, lower
growth, and lower R&D activity, but a higher consumption rate (u
is higher) than the SP. Moreover, with less capital and lower growth,
the net real rate of return of capital is higher, and capital produc-
tivity is accordingly higher. Under gross complementarity of capital
and labor, the relative scarcity of capital implies that also the labor
share is lower. The theoretical underpinnings of these discrepan-
cies have been discussed in section 2.4.3. But the magnitude of the
labor share difference is perhaps less obvious. In fact, we see the
striking result that the labor share in the social optimum is around
17 percent (11 percentage points) above the decentralized allocation.
This means that looking at efficiency considerations only, the labor
share not just is empirically too low today, but probably was too
low even in the 1980s, before it embarked on a secular downward
trend.

22We made a large number of numerical checks for existence, uniqueness, and
stability of the steady state (e.g., varying initial conditions of the numerical
algorithm, performing an eigenvalue analysis of the detrended system around the
steady state, and modifying values of model parameters). Our results confirm that
in the baseline calibration as well as across a large parameter space around it, the
steady state of the model is unique, saddle-path stable, and depends smoothly on
model parameters. Results of this analysis, beyond the ones reported in figures
in our appendixes, are available on request.



317

On the Optimal Labor Income Share

Vol. 17 No. 4

uornIIsans Jo A301)seo 9)e3oI1dde oY) JO sonjea

JUSISHIP I0J Sow02INo Iouuel[d [BIDOS pUe PAZI[BIJUSISP 91} I0J SI[(RLIEA SNOUSSOPUS 9} JI0J SOW0IINO Y} SMOYS d[qe} SIY ], :SOJON

GT96°'8T6 | TR0L'THE €9eeeLT 00619 <L syu) Aouemyy ut oryey] roqer-reyrde))
0092°G 291¢°¢ 969¢°¢C 0000°T X ASorouypa], Sunpuowdny-rejde))
70L0°0 €z€0°0 65000 66700 0 — ol wInjoy Jo oyey [N PN
LSLV0 192€°0 910 192€°0 oL arer[g awoou] [ejrde))
022z 0~ 0 46910 R e (%) va o1 oaryey
€¥2S0 6£L9°0 $G8L°0 6£29°0 LT oIe(G OO I0qe]
GeLS0 rArINI| 0L¥8°0 T H1% oIRYG OAIFR[OY
906£°0 £6£€°0 070£°0 €020 K A2y Sunuewsny -reyide)) ut juotiorduy
02z 0 L¥E 0 GLGT0 €020 i ARy Sunuewsny-1oqer] ur jusurdorduryy
7680 09T%°0 GRET0 7€65°0 4 uorjonpoid ut juswdordury
e¥LT 0 z€8%°0 1L0€°0 reo ¥4 fyranonpoid reyde)
9680°0 08TT°0 829T°0 66120 LT onyey [eyde)-oj-uondumnsuo))
1850°0 Gzr0'0 6££0°0 11070 b oyey ypmorn) mdinQ
02'0=23 0=23 ev'0— =3 [oquiLg a[qeLIeA
G T=20 I=o0 L0=2o
Qﬂm mmO.va .QEOO mmO.ﬂU
Ayyanitd aon oureseq
ds va
(®) (¢) (2) (1)

uoljeaqife) aulPseyqg oY) Jopun uosireduio) JOHYG '€ °[qel




318 International Journal of Central Banking October 2021

To further understand why this discrepancy is so high, let us
decompose the capital income share, 7, in the following two ways
(recalling that 1 — 7 is the labor income share):

- 13 —£ . .
:@bf) <y) Sh =+ b =), (33)

To %
3
4 — o ﬁ@ :>7AT
1—m 1—71'() o gy

Equation (33) shows that under gross complementarity (o < 1, or
equivalently ¢ < 0), the capital share increases with capital pro-
ductivity and decreases with capital augmentation (i.e., the capital-
augmenting technology improvements are “labor biased”).
Equation (34), in turn, follows from the definition of the aggre-
gate production function and the effective capital-labor ratio =x.

(1 —m)(& —ly). (34)

Given 0y = — (f—;éa + f—i&), the dynamics of employment in the
goods sector are equal to the inverse of the dynamics of total R&D
employment. It then follows that dynamics of the labor share are
uniquely determined by the sum of the dynamics of the capital
spillover term = and R&D employment. As before, the sign of this
relationship depends upon the substitution elasticity: if £ < 0, then
increases in R&D intensity reduce m, and thus increase the labor
share, and vice versa.

Comparing the decentralized and the social planner’s allocation
through the lens of (33), we observe that the large difference in
factor shares at the BGP is driven almost exclusively by the dif-
ference in the level of capital augmentation A;. This result sug-
gests that technical change is quantitatively more important for
explaining labor share developments than shifts in the capital-output
ratio.

Equivalently, by (34), this large difference in the degree of cap-
ital augmentation shows up in the capital spillover term z*. It is
also strengthened by the discrepancy in employment in final produc-
tion £y, which is higher in the decentralized allocation because the
planner devotes more resources to (both types of) R&D. Thanks to
this, coupled with relatively more saving, the social planner achieves
faster growth at the BGP but with a lower consumption-to-capital
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ratio and a lower rate of return to capital. All of these make for a
higher labor share in the optimal allocation.

4.1 Impact of Parameter Variation on the Equilibrium Labor
Share

The results just discussed hold for the benchmark calibration.
Accordingly, we now consider sensitivity to deviations from that
calibration. Figure 2 presents the impact of varying selected model
parameters, holding others constant, on the BGP level of the labor
share.

Essentially, all panels can be interpreted through the lens of
equations (33) and (34). As agents become less patient (higher p),
R&D intensity falls, as does the labor share. Similar reasoning per-
tains to the inverse intertemporal elasticity of substitution . That
8%77;:7) > 0 arises from the usual property that, under our gross
complements benchmark, improvements in capital—augmenting tech-

nical change are labor biased; analogously, ( =) <. Likewise, we

have under gross complements 8(1 LSS 0, % < 0. If capital
depreciates faster, the capital (labor) share rises (falls).

Finally, we see that under gross substitutes, ¢ > 1 (£ > 0),
the DA labor share exceeds that of the SP. We discuss this case
further below, but it is straightforward to motivate, since the pre-
viously discussed mechanisms go into reverse; capital-augmenting
technical improvements tend to be capital biased, as output is now
directed towards the relatively abundant, not the scarce factor of
production

A more extensive study of the dependence of both BGPs on
key model parameters (p, v, v, n5) is included in figures D.1-D.3;
the equivalent figure for the gross substitutes case is given in figure
D.4. They are essentially a mirror image of our benchmark gross
complements case.

Moreover, appendix C shows the impact of parameter variations
on the equilibrium growth rate.

% Note that the lack of dependence of the BGP on ¢ in the decentralized alloca-
tion follows from CES normalization (Klump and de La Grandville 2000), coupled
with the fact that we have calibrated the normalization constants to the BGP of
the decentralized allocation.
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Figure 2. Dependence of Equilibrium Labor Share on
Model Parameters
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4.2 Impact of Elasticity of Substitution Variation on the BGP

Although we regard the gross complements case to be the more
empirically relevant (at least for the aggregate economy), we also
investigate the Cobb-Douglas and gross substitutes case. Accord-
ingly, the SP is solved anew and presented in columns 3 and 4 of
table 3, respectively

Both alternative parameterizations are markedly more growth
friendly. Per capita output grows at the counterfactual rate of around
4-6 percent, exceeding both the previous SP and DA by a large mar-
gin, with an inflection point at £ ~ 0.25 (o ~ 1.33), after which it
shoots through the roof. The fact that steady-state per capita growth
is an increasing function of the substitution elasticity, though, is to
be expected. Intuitively, easier factor substitution—by staving off
diminishing returns—can prolong extensive growth (i.e., scarce fac-
tors can be substituted by abundant ones). The formal proof of
this can be related through the properties of the normalized CES
function as a general mean function

The consequences for labor’s share of income, though, are dire.
With gross factor substitutability@ the arguments of the previous
section shift into reverse. Capital improvements are capital biased,
and the incentives for capital accumulation are accordingly far higher
in this regime. Hence the labor share declines with o (or equiva-
lently &).

It should also be emphasized that a balanced growth path does
not exist in our model under sufficiently strong factor substitutabil-
ity. Gross substitutability, as such, implies that Inada conditions
at infinity are violated: the marginal product of per capita capital
(MPK) remains bounded above zero as the capital stock goes to
infinity. But then there is still the question whether the lower bound
of MPK, multiplied by the savings rate, is high enough to exceed
the capital depreciation rate. If so, and this happens only when

24The effect of a continuous variation in the substitution elasticity is graphed
in figure D.5.

#5See the discussion in Pitchford (1960) and the subsequent discussions in de
La Grandville (1989); Klump and de La Grandville (2000); Klump and Preissler
(2000), and Palivos and Karagiannis (2010).

26In the Cobb-Douglas case of ¢ = 0, factor shares are constant and at their
predetermined sample average. Thus 7|¢=o = mo.
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o exceeds a certain threshold & > 1, endogenous growth driven by
capital accumulation appears (Jones and Manuelli 1990; Palivos and
Karagiannis 2010). Combined with the existing growth engine of our
model—labor-augmenting R&D—both sources of growth then lead
to super-exponential, explosive growth. Then, even with diminish-
ing returns to factors, capital intensity grows without bounds, labor
becomes inessential in production, and hence the capital income
share tends to unity. We rule such cases out of our analysis.

5. Additional Results

5.1  Comparing the Model with Piketty’s Laws

As our model endogenizes both economic growth and factor shares,
it constitutes an appropriate framework for studying the two “Fun-
damental Laws of Capitalism” formulated by Piketty (2014), i.e.,
(i) that the capital-output ratio K/Y rises whenever the economic
growth rate g falls, and (ii) that the capital share 7 rises when-
ever the growth rate g falls. Our setup has the advantage over
Piketty’s that all three variables are endogenous, and hence one
can legitimately observe whether changing some parameters implies
co-movements that are or are not in line with Piketty’s claims (i)
and (ii). In addressing Piketty’s laws with an R&D-based endoge-
nous growth model, we follow the footsteps of Irmen and Tabakovic
(2020). In contrast to their contribution, though, our setup departs
from Cobb-Douglas technology

First, taking Piketty’s claims (i) and (ii) together logically
implies that K/Y and the capital share 7 are positively corre-
lated, suggesting that capital and labor should be gross substitutes
(0 > 1); see equation (33). This is a widely recognized issue with

?"In Irmen and Tabakovic (2020), due to Cobb-Douglas technology, factor
shares of capital, labor, and ideas in final output are always constant (their
proposition 1). Factor shares in GDP, however, may vary because—foremost—
GDP includes also new patented technological knowledge, and the proportion
of final output to new technological knowledge within GDP is endogenous. By
contrast, in our framework already factor shares in final output are variable.
Therefore our setup is arguably better suited to identifying first-order effects of
technical change on factor shares.
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Figure 3. Dependence of BGP on p,~, and v,: DA vs. SP
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parameter value.

Piketty’s claims (see, e.g., Oberfield and Raval 2018). In our baseline
parameterization, we assume gross complements instead.

Second, inspection of figure 3 reveals that under the baseline cali-
bration, both in the decentralized equilibrium and the social planner

allocation:

e when households become more patient (p goes down) or more
willing to substitute consumption intertemporally (v goes
down), only law (ii) holds: the growth rate g goes up, the
K/Y ratio goes up, and the capital share m goes down;
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e when the capital spillover exponent v}, in capital-augmenting
R&D goes up, both laws are verified: the growth rate g
goes down, the K/Y ratio goes up, and the capital share
T goes up.

Third, we find (figure D.5) that as the elasticity of substitution
goes up, the optimal growth rate g goes up hand in hand with the
capital share m and the K/Y ratio. In such case, both of Piketty’s
laws are violated.

5.2 Is the Decentralized Economy Characterized by Excessive
Volatility ?

In the data, we know that—irrespective of the concept utilized—
labor shares are highly persistent and variable 2§ Although bounded
within the unit interval and theoretically stationary, in the data
labor income shares often appear to be characterized by marked
volatility and long swings. In particular, around 80 percent of total
labor share volatility in the United States (1929-2015) has been due
to fluctuations in medium- to long-run frequencies (beyond the eight-
year mark). As opposed to the short-run component of the labor
share, its medium- to long-run component has also been procyclical
(Growiec, McAdam, and Muc¢k 2018).

Other than undermining the case for aggregate Cobb-Douglas
production, this also raises the question of whether our framework
can generate and rationalize these long cycles. Growiec, McAdam,
and Muck (2018) have confirmed this conjecture for the decentral-
ized allocation of the current model. The question is however equally
interesting for the social planner case. Are cycles in factor income
shares socially optimal? If so, (stabilization) policies to mitigate
labor share or real volatility might be appraised differently

Table 4 makes the relevant comparisons across our maintained
cases. It shows that the decentralized allocation features relatively
shorter cycles but also faster convergence to the BGP. Hence, it

28For international evidence, see Jalava et al. (2006); Bengtsson (2014); and
Muék, McAdam, and Growiec (2018).

2By design, our analysis focuses only on endogenous long swings in fac-
tor shares. The deterministic character of the model precludes any conclusions
regarding the magnitude and persistence of short-run fluctuations.



325

On the Optimal Labor Income Share

Vol. 17 No. 4

A1, pue (D, . oulesed,

JO suonIuyep oYy} I0j ¢ o[qe) 90 -o[qeoridde/o[qe[resr jou soj0Usp YN, ‘(ISIX0 Ao1) JI) s1001 d[qe)s 9yesn[uod om) jo jred Areurdewur
YY) SI () < J2 dIdYM .1/ug Se panduroy) | 1001 d[qess 9seSrel oYy Jo gred [ear oYy ST () > 44 SIBYM 2 — T St pajndwo), :$930N

%07 %0°8¢ VN VN %0°8¥ %029 i/ 0y saTyeaY L — T Jo opryrpdury
- - 0 0 + + AypeorpA) oreyg 1oqe
€001 0FFT z'es Q6L L9 9°2S (sreax) oA MY Jo YSuo]
%6'C %3S %Le %8G %TT %€e°9 (1eaf 10d 04) ,E0oULBIOATIO)) JO 90RJ
ds va ds va ds va Uoryed0[[vy
Ayt g ao oul[eseq

dOH4d @2y? punoae sdorwreul(q ‘y o[qel




326 International Journal of Central Banking October 2021

cannot be claimed directly that the decentralized equilibrium has
excessive volatility of the labor share. If both allocations were to
start from the same initial point outside of the BGP, then the decen-
tralized allocation would exhibit a greater frequency but smaller
amplitude of cyclical variation.

Having scrutinized the robustness of this dynamic result by
extensively altering the parameterization of the model, we conclude
that while the decentralized equilibrium generally exhibits shorter
cycles, the ordering of both allocations in terms of the pace of
convergence can sometimes be reversed. This finding lends partial
support to the claim that the decentralized equilibrium is perhaps
likely to feature greater labor share volatility compared with the
social optimum. However, it is worthwhile to point out that oscilla-
tions in the labor income share can still be socially optimal in this
model.

Moreover, we also obtain quantitative predictions on the cyclical
co-movement of the original model variables (including the economic
growth rate g and the labor share 1 — )" It turns out, both for
the decentralized and optimal allocation, that all variables except
for the consumption-capital ratio u = ¢/k oscillate when converg-
ing to the steady state, with the same frequency of oscillations. The
level of capital-augmenting technology Ap, the capital spillover term
z, and labor-augmenting R&D employment ¢, are always counter-
cyclical, employment in production £y is always procyclical, whereas
the cyclicality of capital-augmenting R&D ¢, is ambiguous (in the
baseline calibration, ¢, is procyclical in the decentralized allocation
but countercyclical in the optimal one). Furthermore, as long as
capital and labor are gross complements, the labor income share
1 — 7w is unambiguously procyclical as well. These features of cycli-
cal co-movement align well with the empirical evidence for the U.S.
medium-term cycle. In particular, the U.S. labor share is indeed pro-
cyclical over the medium-to-long run—despite its countercyclicality
along the business cycle (Growiec, McAdam, and Muck 2018; Muck,
McAdam, and Growiec 2018).

39This is done by inspecting the eigenvector associated with the largest stable
root of the Jacobian of the system at the steady state.
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6. Conclusions

Modern endogenous growth theory tends to suggest that the socially
optimal level of economic activity dominates (i.e., exceeds) the
decentralized outcome. The decentralized outcome produces too lit-
tle output because of monopoly behavior, markups, and externalities
related to reaping the private returns to innovation. In this paper, we
have confirmed this conclusion using a microfounded, calibrated two-
sector R&D endogenous growth model. Due to externalities between
the two R&D sectors, in our model the decentralized allocation pro-
duces also a socially suboptimal level of R&D and, particularly, too
little capital-augmenting R&D. This, in addition to a suboptimal
level of capital accumulation, translates into too low equilibrium
growth.

But what of the labor share? Despite its importance, the con-
clusions for this variable have perhaps surprisingly not yet been
drawn in the literature. Our objective was to bridge that knowl-
edge gap. We found that if the elasticity of factor substitution o
is below unity (as the bulk of evidence suggests for the aggregate
U.S. economy), then the decentralized labor share is indeed socially
suboptimal. The difference, moreover, is large, around 17 percent in
our baseline calibration.

Effectively, the only parameter which can reverse this ordering is
the elasticity of substitution. However in the gross substitutes case
(0 > 1) it tends to yield counterfactual outcomes. For example, an
elasticity of o = 1.25, only slightly above Cobb-Douglas, produces a
decentralized labor share above the social planner one, but then the
latter is as low as 0.52; as a simple point of comparison, according to
the International Labor Organization (ILO) definition of the labor
share (using annual data from 1960 to the present), no G-7 country
has fallen below a labor share of 0.5. Moreover, such a mild pertur-
bation away from Cobb-Douglas already produces equilibrium per
capita growth rates of around 6 percent per annum.

In the future, our results should be contrasted with findings from
a highly needed prospective study of optimal factor shares under
inequality in factor ownership. Such a study could uncover the asso-
ciated efficiency versus inequality tradeoff. We expect that the dis-
crepancy between the optimal and decentralized labor share would
then be even larger than 17 percent because the social planner might



328 International Journal of Central Banking October 2021

increase the labor share not just to improve efficiency of production
under gross complementarity (¢ < 1) but also to reduce income
inequality (given that capital incomes tend to be relatively more
concentrated).

Appendix A. Steady State of the Transformed System

A.1 Social Planner Allocation

The steady state of the transformed dynamical system implied by
the social planner solution satisfies
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This nonlinear system of equations is solved numerically, yielding the
steady state of the detrended system, and thus the BGP of the model
in original variables. All further analysis of the social planner alloca-
tion is based on the (numerical) linearization of the five-dimensional
dynamical system of equations (23)—(25), (2), and (5), taking the
BGP equality (20) as given.
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A.2 The Decentralized Allocation

As in the case of the social planner, the Euler equations and dynam-
ics of state variables are rewritten in terms of stationary variables.
The steady state of the transformed system satisfies

g=Aa=k=2=9=AN)" (=)™ ()" (A.9)
vg+p=1r—90 (A.10)
gzz—(%—u—(6+n) (A.11)
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This nonlinear system of equations is solved numerically, yield-
ing the steady state of the detrended system, and thus the BGP of
the model in original variables. All further analysis of the decen-
tralized allocation is based on the (numerical) linearization of the
five-dimensional dynamical system of equations (23’)-(25"), (2), and
(5), taking the BGP equality (32) as given.

Appendix B. Additional Parameters

We solve the four remaining equations in system (A.9)—(A.17) with
respect to the remaining parameters; see table B.1. All these para-
meters are within admissible ranges. For instance, Pessoa (2005)
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Table B.1. Baseline Calibration: Additional Parameters

Parameter Value

Labor-Augmenting RED

Unit Productivity A 0.02
Capital Spillover Exponent Na 0.24

Capital-Augmenting R€D

Unit Productivity B 0.16
Capital Spillover Exponent i 0.13
Degree of Decreasing Returns w 0.50
Obsolescence Rate d 0.08
Spillover from Capital- to Labor-Augmenting

Tech. Change 10) 0.30
Technology Choice Externality ¢ 115.28

estimates values for the obsolescence parameter d between 0 and
15 percent; our endogenously determined value is thus centered in
that range. Comparing n, = 0.24 with 7, = 0.13 signifies that,
first of all, positive spillovers of capital intensity in R&D (effec-
tive capital augmentation of the R&D process) assuredly matter for
R&D productivity, and second, that they are relatively more impor-
tant for inventing new labor-augmenting technologies than capital-
augmenting ones. Moreover, with ¢ = 0.3, labor-augmenting R&D—
the ultimate engine of long-run growth—is substantially reinforced
by spillovers coming from the capital-augmenting R&D sector. On
the other hand, w = 0.5 means that the scope for capital-augmenting
R&D is quite strongly limited by decreasing returns. Given this
benchmark calibration, as we said in the main text, the steady state
is a saddle point.

Appendix C. Robustness Exercises: Impact of Parameter
Variation on the Equilibrium Growth Rate

So far we have confirmed the received wisdom that the growth rate
in the DA, ¢gP4, is socially suboptimal. This appears to be generally
true in our model, regardless of its parameterization.
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Figure C.1. Dependence of Equilibrium Growth on Model
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Focusing on a reasonable parameter support, and assuming gross
complements (see figure C.1), we can however identify a few credi-
ble cases where the difference between the two growth rates becomes
small:

e A higher p (i.e., more impatience for current consumption),
implies less capital and R&D accumulation and lower equi-
librium growth than otherwise. If p is sufficiently large, then
¢5P - gDA

e If the consumption smoothing motive is sufficiently weak (v
high), then g7 —, ¢gP4.

o If the capital spillover exponents are weak, v, — 0 or v, — 0,
then they attenuate the engine of long-run growth in the R&D
equations and thus pull both g% and g”4 down.

Finally, note, departing from gross substitutes, we see the dra-
matic result that as o (or equivalently £) increases, the gap g°* —gP4
hyperbolically widens; conversely, it narrows as substitution possi-
bilities tend to zero (the Leontief case). We explore this in the next
appendix.

31Gee also figure D.1.
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Appendix D. Additional Figures

Figure D.1. Comparing Balanced Growth Paths, DA vs.
SP: Dependence on the Time Preference
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Figure D.2. Comparing Balanced Growth Paths, DA vs.
SP: Dependence on the Intertemporal Elasticity of
Substitution in Consumption
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Figure D.3. Comparing Balanced Growth Paths, DA vs.
SP: Dependence on the Capital Spillover Exponent in
Capital-Augmenting R&D
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Figure D.4. Dependence of Equilibrium Labor Share on
Model Parameters, for the Alternative Calibration of
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Figure D.5. Dependence of BGP on Elasticity of
Substitution, DA vs. SP
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