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We explore the question of optimal aggregation level for
stress-testing models when the stress test is specified in terms
of aggregate macroeconomic variables but the underlying per-
formance data are available at a loan level. We ask whether
it is better to formulate models at a disaggregated level and
then aggregate the predictions in order to obtain portfolio loss
values or if it is better to work directly with aggregated data
to forecast losses. The answer to this question depends on the
data structure. Therefore, we study this question empirically,
using as our laboratory a large portfolio of home equity lines of
credit. All the models considered produce good in-sample fit. In
out-of-sample exercises, loan-level models have large forecast
errors and underpredict default probability. Average out-of-
sample performance is best for county-level models. This result
illustrates that aggregation level is important to consider in the
loss modeling process.

JEL Codes: G21, G28, C18.

1. Introduction

Under the Dodd-Frank Act the Federal Reserve is required to con-
duct annual stress tests of the systemically important U.S. banking
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institutions[] The centerpiece of the supervisory stress tests is a
calculation of expected losses for banks under a set of economic sce-
narios. A scenario comnsists of explicit nine-quarter paths for macro-
economic and financial market variables such as interest rates, asset
prices, unemployment, inflation, and gross domestic product (GDP)
growth. The scenarios are not necessarily considered likely, but are
meant to be coherent in the sense that even though some variables,
such as unemployment, may move to extreme values, other variables
in the scenario, such as credit spreads, should co-move with these
extreme changes in historically consistent ways.

Given the distinct structure of supervisory stress tests, our
research question centers on which risk modeling and forecasting
approaches may prove to be most useful for the task at hand.
Specifically, if the goal is to predict total losses at the bank level,
and the inputs to the stress test are given at a certain level of
aggregation, what is the desired level of aggregation of underlying
loan portfolio variables in the risk modeling? In this paper we
investigate whether different levels of portfolio aggregation yield
different model performance characteristics, such as size of fore-
casting error, model stability, and sensitivity to macroeconomic
variables

Our application is to model the risk of credit default for a port-
folio of home equity lines of credit (HELOCSs) observed over the
2002-13 period. We choose to model HELOCS instead of, say, first-
lien residential mortgages or commercial loans, because they are rel-
atively more homogeneous in terms of their contract structure and
are less dependent on private information. We consider “bottom-up”
loan-level models, where we incorporate very detailed information
on individual loan characteristics as well as local and aggregate eco-
nomic variables. We also consider “top-down” time-series models at

!The Federal Reserve has conducted several distinct rounds of stress testing
since the financial crisis in 2008. Both the Supervisory Capital Assessment Pro-
gram of 2009 and the Comprehensive Capital Analysis and Review (CCAR) are
very similar in terms of format. The principal change in supervisory stress test-
ing over the past several years has been changes in the number of institutions
included in the exercise.

2By model stability we mean low sensitivity of estimates to changes in data
sample or small perturbations of the model specification.
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the portfolio level Finally, we evaluate hybrid approaches where we
aggregate the data into buckets by county or by deciles of the risk
factors. We evaluate out-of-sample forecast errors of these models
and assess which levels of aggregation work best in terms of aver-
age forecast error as well as under a loss function that more heavily
penalizes underprediction of the default rate.

A number of theoretical considerations weigh on the choice of
how much to aggregate the data. At one extreme, a top-down
approach would have us use fairly simple specifications to capture
the time-series dynamics of home equity default rates. This level
of aggregation also fits with the loss function of a bank regulator,
which would emphasize default rates or losses at an aggregate or
firm level rather than at the individual loan level. The disadvan-
tage of using highly aggregated data, of course, is that these models
are almost always misspecified. Models based on aggregate data will
perform poorly if the composition of loans is changing over time,
as was recently the case in U.S. housing markets when a period
of easing underwriting standards led to a large expansion of credit
to previously constrained borrowers] Moreover, if there is cross-
observation correlation between loss rates or explanatory variables,
the aggregation process introduces aggregation bias, where parame-
ters estimated at a macro level deviate from the true underlying
micro parameters

At the other extreme, loan-level models offer solutions to the
aforementioned problems associated with the “top-down” approach.

3See Hirtle et al. (2016) for comparison of overall stress-testing results pro-
duced by “top-down” and “bottom-up” models.

“See Mian and Sufi (2009) for evidence of the expansion of credit to previ-
ously underserved markets during the early 2000s. Over roughly the same time
period, Frame, Gerardi, and Willen (2015) show how changing loan composition
led to large errors in the models used by the Office of Federal Housing Enterprise
Oversight to stress Fannie Mae’s and Freddie Mac’s exposure to mortgage default
risk.

®Going back to Theil (1954), linear models that are perfectly specified at
the micro level were known to be susceptible to aggregation bias. Grunfeld
and Griliches (1960) showed that once this assumption of a perfectly specified
micro model is relaxed, then aggregation could produce some potential gains in
the form of aggregating out specification or other types of measurement error.
Also, Granger (1980) shows that time series constructed from aggregated series
can have substantially different persistence properties than are present in the
underlying disaggregated data.
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However, their use presents different challenges. Traditionally, two
main obstacles to estimating loan-level default models have been
the lack of reliable loan-level data and computational limits. This is
much less of a problem in the current day, given recent improvements
in data collection in the banking and financial sector and comput-
ing technologies. However, some risk factors that enter into loan-level
default models are not observable and are replaced with market-level
proxies. For example, housing values (i.e., the value of the collateral
for the loans) are not updated regularly at the individual borrower
level. In our analysis we proxy for changes in individual house prices
by using changes in a county or ZIP-code-level house price index.
We encounter the same measurement problem with the unemploy-
ment rate, which we proxy for with a countywide unemployment
rate. The home-owning and home equity borrowing population may
be different from the population in a county most exposed to unem-
ployment shocks. Indeed, for the case of unemployment, there is a
further complication. Ideally, we would have a variable telling us
whether the borrower himself or herself is unemployedﬁ But what
in fact we have is a population average probability that the borrower
is unemployed (see also Gyourko and Tracy 2013). Such use of prox-
ies introduces measurement error into the estimation, which may
lead to biased estimates of the effect of the variable in question. A
downward bias would be particularly worrisome given the design of
the Federal Reserve’s stress tests, which are cast in terms of exactly
these variables where we have measurement difficulties at the loan
level.

There is no general answer to which level of aggregation produces
best results. If at the disaggregate level the variables are independent
and identically distributed, the level of aggregation would not mat-
ter. However, this is almost never the case in the data. Depending
on the data structure, biases of different sizes may arise at differ-
ent levels of aggregation. Since the optimal level of aggregation is
essentially an empirical question, we do not limit ourselves to the
extreme cases of totally aggregated “top-down” and totally disaggre-
gated “bottom-up” approaches. We also consider intermediate levels

SThere is evidence that borrowers are not solely strategic in their default
behavior and require a “double trigger” of house price declines and unemployment
(Gerardi et al. 2015).
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of aggregation for our analysis of HELOC default rates. We con-
sider county-level models, the level at which data on macroeconomic
variables of interest is usually available[] This level of aggregation
addresses the potential problem with measurement error in loan-
level models. We also consider models in which data are aggregated
to portfolio segments by FICO score, loan-to-value ratio (LTV), and
debt-to-income ratio for the borrower (DTI), all measured at the
time of loan origination. This approach helps to address the problem
of changing portfolio composition that “top-down” models face.

In order to evaluate forecast quality of different levels of aggre-
gation, we need to choose an empirical specification for each. It
turns out that the set of model specifications with good fit is dif-
ferent for different aggregation levelsH For this reason we proceed
in three steps: first we screen a very large number of specifications
that include all potential risk drivers at various lags, as well as their
interactions, for statistical significance, intuitive signs for the coef-
ficient estimates, and in-sample and out-of-sample fit. This is done
using some judgment (e.g., house prices should enter into any model
of home equity loan default), as well as R?, information criteria,
and forecast error. Then we focus on a smaller number of reason-
able specifications that pass this screening test. For each of these
specifications, we estimate regressions using data ending in each
of 12 months from June 2008 through July 20098 Tn each case,
we construct the forecasted default frequency for the following nine
quarters, in the spirit of CCAR exercises, and compute an average
forecast error as well as measures of how conservative is the forecast.

We find that county-level regressions tend to have lower fore-
cast errors, produce reasonably conservative results, and are quite

"Throughout we will refer to economic variables observed at a higher level of
aggregation than the individual borrower or loan as macroeconomic variables.

8We demonstrate that our conclusions are not driven by specification choice;
they are the same if we use identical specifications across aggregation levels.

90ne drawback of our data is that we have a relatively short sample period
extending back to just 2002. This may appear to be a severe handicap for the
loan-level models. However, the short sample period is also a constraint on the
performance of the more aggregated models. Moreover, as we note in the method-
ology section, the types of biases that can arise in this type of credit risk modeling
stem from cross-sectional correlations in the data and do not go away with longer
time series.
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stable across different specifications and forecast windows. Loan-
level regressions show attenuation bias and therefore tend to have
the highest forecast errors and the least conservative predictions,
while aggregate regressions perform well on average but are not very
robust to specification changes. Models aggregated by risk factor
deciles also perform quite well and are relatively stable across spec-
ifications. They are, however, inferior to county-level regressions in
terms of the forecast error. Thus, in the case of HELOC default pro-
jection, neither loan-level nor top-down aggregate models are best
in a stress-testing environment. In our exercise the best approach
is to aggregate the data to some extent—most meaningfully, to the
level at which macroeconomic variables used in the scenarios are
available.

While we do not presume that this specific result immediately
generalizes to other portfolios, or that we have chosen the best pos-
sible specification for each aggregation level, our evidence supports
the conclusion that the level of aggregation is an important factor to
consider in any stress-testing exercise. The analysis of optimal level
of aggregation only became possible with the increased availability
of loan- or other micro-level data. Too often, however, the modelers
simply assume that the most disaggregated level of analysis is the
best one. The main takeaway from our paper is that the aggrega-
tion level should be taken as one of the parameters in the modeling
process.

The paper is organized as follows. In section 2 we demonstrate
that econometric theory does not provide a clear guide as to which
level of aggregation will result in the lowest forecasting error. In
section 3 we describe the home equity data set used in the empirical
application. We detail the specifics of our forecasting exercise and
results in section 4. Section 5 concludes.

2. Econometric Framework

Our goal is to predict the default rate y € [0, 1] for the entire portfo-
lio given a macroeconomic scenario. The individual macroeconomic
variables, z, do not vary by loan in portfolio, although some macro-
economic variables might vary by geographical segments within the
portfolio. For simplicity of notation, suppose we are only predicting
one period forward, that is, predicting yr11 given xp41 and observed
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history of y’s and x’s up to period T'. Suppose the data-generating
process (DGP) is such that

y=X'p+e,

where y is a vector of observed default rates (or, in the case of indi-
vidual loans, default indicators) over time, and X is a matrix of
observed covariates, z, including a constant term. The unobserved
disturbance ¢ is distributed N(0,0?). We can use linear regression
to estimate b, the estimator for 3, and &, the estimator for o. Denote
the residuals from the regression e.

Suppose y and X are observed at the individual loan level, and
there are N loans observed for T time periods. Therefore, we have a
choice of whether to estimate b and ¢ on individual loan data (using
linear probability regression for the ease of exposition), on average
values of y and X for subportfolios of any type (using pooled or
fixed-effects panel regression), or on overall portfolio averages (using
time-series regression). Given that our goal is to predict aggregate y,
we want to determine which method is preferable. Regardless of the
regression estimated, the conditional forecast can be constructed by
substituting b for 8 in the DGP equation above.

If individual observations are iid, we can obtain an unbiased esti-
mate of § regardless of the aggregation level. In this case, aggrega-
tion level will not affect the expected forecast mean and we would
only be concerned with the precision of forecast. One can show that
precision of conditional forecast will be determined by differences in
estimated variance of the disturbance term &, the number of loans
and subportfolios, and differences in the variance of covariates. If the
observations are iid, different aggregation levels will give the same
results in the limit. However, in finite samples, even if observations
are drawn from iid distributions, there will be differences in forecast
errors, which vary by sample. The forecast errors will generally be
larger the more aggregated the regression sample is. See appendix
A for derivations.

There are two main reasons, however, to believe that the obser-
vations in the analysis are not iid and therefore the estimates of
(B are not necessarily unbiased. First, there may be measurement
error resulting from the correlation between observed and unob-
served components of some of the variables. Second, there may
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be aggregation bias resulting from cross-observation correlation of
both dependent and independent variables. We now consider these
cases.

2.1 Individual-Level Measurement Error

One issue that arises in loan-level analysis is that macroeconomic
variables are not measured at a loan level. For example, while a bor-
rower’s unemployment status or home price have direct effects on
his or her probability to default on the home equity loan, it is com-
mon to proxy for these variables with state or MSA-level unemploy-
ment rate and home price indexes. This introduces a measurement
error problem in loan-level regressions. With sufficient number of
observations per state or MSA (metropolitan statistical area), these
individual errors cancel out when computing averages for the state
or MSA-level regressions, so the problem is specific to loan-level
regressions.

The measurement problem that arises from the use of an aggre-
gate variable can be expressed as an omitted-variable problem, where
the omitted variable is the difference between the individual mea-
sure and the aggregate measure used. The omitted variable is not
observable by an econometrician and, in general, will be correlated
with the aggregate variable. Therefore, we would not be able to
obtain an unbiased estimator of 3. If the correlation and the effect
of the omitted variable on the outcome are of the same sign (e.g.,
both positive or both negative), there will be an upward bias. Oth-
erwise, the bias will be downward. Since the omitted variable and
its effect are not observed, it is generally not possible to evaluate
on a purely econometric basis whether the bias is positive or neg-
ative. Note that an attenuation bias would be particularly harm-
ful if the estimates are used for scenario analysis, because lower
coefficients on macroeconomic variables would lead to an underes-
timate of the stress scenario losses. See appendix A for the formal
argument.

Given that the measurement error is likely to cancel out as we
start aggregating the data, this problem will only arise for loan-level
regressions, and not for portfolio- or subportfolio-level regressions,
if macroeconomic variables are observed at the subportfolio level.
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2.2 Aggregation Bias

The measurement error problem has to be weighed against the
aggregation bias problem. In the prior discussion we assumed that
explanatory variables and the error term are uncorrelated across
individual loans. This assumption is necessary to obtain unbiased
estimates of 4 in the regressions using aggregate data. In prac-
tice, this is unlikely to be the case, and therefore aggregation bias
will arise. Intuitively, cross-observation correlations will pollute esti-
mates obtained at aggregate levels.
To see this, assume that the loan-level estimate is unbiased:

by = (X1 X1) ' XiyL, E(br) =8,

where X, is a matrix of independent variables at the loan level and
yr, is a loan default indicator.

One can show that for the portfolio level the estimate of g can
be expressed as

bp =B+ (X Xp+ X, (Uy — 1)X1) H(XLe+ X1, (Uy — De),

where Uy is the (NT x NT) block-diagonal matrix of 7' (N x N)
matrices of ones in the diagonal and zeros elsewhere, I is the identity
matrix, and e is the regression residual.

One can see that for the estimator to be unbiased, we need
E(X7elXr) =0 and E(X;(Uny —I)e|Xr) = 0. The first condition
is satisfied because the disaggregate estimator is unbiased. However,
the second condition will be true only if there is no within-time
cross-individual correlation between each variable z in X and e [[{1]
Within-time cross-individual correlation is likely to arise in default
probability models because shocks to housing prices and job loss
rates tend to be clustered in specific regions.

The same problem arises for a subportfolio-level regressions.
However, given that subportfolio-level regressions allow for more
nonzero terms in the variance-covariance matrix than fully aggregate

0Note, however, that the standard estimate of the variance of bz will not be
unbiased, and the cluster-robust standard errors will need to be computed. See,
for example, Arellano (1987).

1Gee appendix A for details.
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regression, the bias will be smaller in magnitude the less aggregated
the variables are.

To summarize, there is no sure way to tell what level of aggre-
gation is going to produce the best conditional projection—both in
terms of bias and in terms of forecast precisionl’q We have illustrated
that, depending on the structure of the data, projection accuracy
can be better or worse for more aggregated models than for dis-
aggregated models by giving examples in which measurement error
bias is likely to arise in individual loan-level regressions, while aggre-
gation bias is likely in the aggregate regressions. Thus, what level of
aggregation is the best for predicting aggregate outcomes remains an
empirical question, and the answer depends on the specific data set
being analyzed. In the rest of the paper we present an empirical exer-
cise for HELOCS, in which we compare out-of-sample performance
of models estimated at different levels of aggregation. The optimal
level of aggregation, however, may be different for other types of
loans and sample characteristics.

3. Data Description

We implement our model performance tests using a data set of home
equity lines of credit. A HELOC is a commitment by a lender (usu-
ally a commercial bank) to lend up to a specified amount over a
specified period of time called the draw period. HELOCs are col-
lateralized by a claim to the equity in the borrower’s house. The
lender is typically in a second-lien position in the cases where there
is already a first mortgage on the property Borrowers may draw
down on the commitment at any time during the draw period, at
which point the draw will be added to the outstanding balance. The
borrower is under no obligation to draw down the full amount on the
line during the draw period, or even draw anything at all. Indeed,
many borrowers reputedly put HELOCs in place as insurance to
smooth consumption in case of future income shocks (see Hurst and

12This result is also demonstrated, for in-sample fit, in Pesaran, Pierse, and
Kumar (1989).

13States have different rules on whether lien status changes for home equity
when a borrower refinances the first-lien mortgage. See Bond et al. (2014).
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Stafford 2004). Borrowers will typically only need to make inter-
est payments on the outstanding balance during the draw period.
Interest payments are based on a short-term benchmark interest
rate such as the prime rate or LIBOR (London interbank offered
rate). After the draw period ends, further draws are not permitted
and the borrower pays down the balance—either in the form of a
balloon payment or over time as an amortizing loan [

The data set is constructed from a 5 percent random sample
of HELOCs from the CoreLogic LP Home Equity Database. We
draw only from the set of HELOCs with adjustable rates that are
in the second lien position. The choice to limit the sample to just
HELOCs and just HELOCs with adjustable-rate interest payments
reflects a desire to simplify our study of aggregation bias. Consumer
loan products like HELOCs are not thought to be particularly infor-
mationally sensitive. Statistical scoring models have long been an
important part of the HELOC underwriting process, and lenders are
not thought to make great use of private, relationship capital in their
lending decisions[™ Given these factors, a model of HELOC default
risk is likely to be characterized by a fairly small set of observable
risk factors relative to more informationally sensitive products such
as a small business loan, or a construction loan. Thus, we have no a
priori reasons to suspect that any particular model aggregation level
will perform best in our statistical tests of forecasting accuracy.

Our resulting sample contains monthly observations on 454,724
unique HELOCGCs for a total of more than 20 million observations.
The sample ranges from 2002 through 2013. Delinquency is defined
as the event of reaching 90 days past due. Once this event takes
place, the loan history in our sample is terminated, meaning that
we abstract away from cures and the actual transitions from delin-
quency to default, foreclosure, and ultimately to loss. Note that our
measure of the delinquency or default rate is the transition rate from
current into default rather than the stock of all outstanding loans in
default. We adopt this convention for default because it matches up

M Our sample period stops short of any waves of borrower end of draw, and
thus the empirical default rates do not appear to be related to this state. See
Epouhe and Hall (2015) and Johnson and Sarama (2015) for analysis of home
equity default dynamics around the end of draw period.

'5See Rajan, Seru, and Vig (2015) for evidence of increased use of statistical
underwriting models in consumer finance.
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most cleanly with the probability of default construct that would go
into an actual model used for stress testing and risk management.

All the specifications explored in our different risk models con-
tain a grouping of observable economic factors. The main economic
risk factors used in the analysis include the trailing 12-month house
price depreciation from the CoreLogic monthly house price indexes
(HPI). In this paper we use house depreciation (i.e., the negative of
house price appreciation) because in some specifications this trans-
formation lends itself more easily to interpreting interaction effects
between house price changes and other variables. Whenever possible
we link each HELOC to a ZIP-code-level HPI. When this level of
precision is not possible, we revert back to the county-level HPI. If
the loan is situated in a county where CoreLogic has no coverage at
all, we drop the history from the sample. Also included in the set of
economic risk factors are the county-level unemployment rate from
the Bureau of Labor Statistics (BLS) and a year-over-year real GDP
growth series constructed from the monthly estimates provided by
Macroeconomic Advisors.

To a rough approximation, the theory of default underlying the
empirical specifications is that changes in economic conditions can
affect a borrower’s ability or willingness to stay current on the
HELOC account. Importantly, aggregated versions of all of the eco-
nomic proxies for default risk that we use in our models are also
specified in the CCAR stress tests. The local unemployment rate
and economic growth measures speak to the probability that the
borrower has the income or wealth to avoid default. House prices
capitalize the value of the land in a location. Thus, fluctuations in
house prices can serve as summary measures for changes in local
conditions that may influence borrower ability to repay debt. Addi-
tionally, HELOCs are collateralized by a claim to the value of the
underlying house. If house prices fall enough, homeowner equity can
be wiped out, reducing the incentive to repay either the first- or the
second-lien mortgage. As described above, we proxy for this source
of default risk with the 12-month decline in house prices (or house
price depreciation).

One drawback of the HELOC data is that we do not have consis-
tently reported loan-to-value information on the borrower’s first-lien
mortgage. Thus, given our use of house price changes, our models of
this source of default risk stemming from the risk to collateral values
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are strictly linear. We will not capture any nonlinearities in the data
if, for example, default risk rises at a faster pace once house price
declines cause the total leverage of the borrower (first and second
liens combined) to breach a critical threshold 19

In general we adopt a parsimonious approach to model selec-
tion on the grounds that these specifications tend to do better out
of sample. As we proceed to lower levels of aggregation, however,
we include increasingly more variables as a way of giving the dis-
aggregated models the fullest opportunity to exploit the rich data
at our disposal. Thus, we include commonly used variables such as
the FICO credit score (FICO), the borrower debt-to-income ratio
at origination (DTT), the reported loan-to-value ratio at origination
(LTV), and the loan amount['] In the loan-level model we also con-
sider a host of other variables that speak to underwriting standards
and other factors that might be correlated with unobservable bor-
rower characteristics, such as loan age, the spread of the loan rate
over the reference interest rate (i.e., the margin rate), the utiliza-
tion rate (i.e., the ratio of current balance to committed balance),
the appraised home value at origination, as well as dummy vari-
ables for whether the HELOC was made with full documentation,
is an interest-only HELOC, and if the HELOC was originally set
up in connection with a home purchase transaction. Note that the
origination LTV, FICO scores, and DTI have all been winsorized at
the 1st and 99th percentiles of the raw empirical distribution. The
summary statistics for the variables used in the risk models for our
sample are in table 1.

For a first glimpse at the time-series behavior of some of the
variables in our HELOC database, we see in figure 1 that there was
a steady increase in new HELOC origination through the housing
boom years. New originations abruptly dried up once house prices
leveled off and began falling in 2006. Essentially all of our HELOCs

6By and large, the mortgage default literature from our sample period has not
found strong support for nonlinearities. For example, Gerardi et al. (2015) find
that household-level employment and financial shocks are of first-order impor-
tance in explaining mortgage default. The authors find only a limited role for
strategic default, where defaults rise sharply once the household is underwater.

7The DTI ratio is the “back-end” DTI, or the borrower’s total monthly debt
payments, including the payments on the subject property, divided by the bor-
rower’s monthly income.
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Table 1. Summary Statistics

Standard 25th 75th
Mean |Deviation | Percentile | Percentile

Loan-to-Value at 37.765 26.073 15.57 60.11
Origination (%)

FICO at Origination 739.451 51.109 703 779

Debt-to-Income at 35.667 14.527 26.8 44.7
Origination (%)

Unemployment Rate, 6.961 2.884 4.7 8.9
County (%)

GDP Growth, Yearly (%) 1.614 2.072 1.285 2.856

House Price Depreciation, —0.118 12.397 —7.669 6.892
Yearly (%)

Loan Origination Balance, 11.044 1.008 10.463 11.575
Log

Margin Rate (Spread over 0.548 0.995 0 875
Benchmark, %)

Current Interest Rate (on 5.664 2.310 3.74 7.625
HELOC, %)

Loan Length (Months) 222.136 154.819 0 360

Current Utilization Rate 0.686 .613 0.154 0.989

Home Appraisal at 465 11,400 216 560
Origination ($000)

Full Documentation 0.326

Interest-Only Loan 0.649

Loan Purpose: Purchase 0.055

Observations 29,757,776

Notes: For loan-level models the nonmissing value sample size is 13,920,237 obser-

vations. Summary statistics for current utilization rate, home appraisal value at orig-

ination, full-doc dummy, interest-only dummy, and purchase loan dummy are based

on this smaller number of observations.

were originated during the 2002-06 period. We did not include any
HELOCs that were originated prior to 2002—the starting point for
our sample—for fear of introducing survivorship bias.

4. Empirical Analysis

Using the data described above, we now conduct analysis that is
quite similar to the stress-test modeling process of many banking
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Figure 1. Flow and Stock of Loans in Sample
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Source: CoreLogic LP Home Equity 5% Sample

Notes: Flow is the number of new HELOCsS originated in a given month in our
sample. Stock is the number of loans outstanding in a given month in our sample.

institutions. We search for specifications that have good fit, include
stress scenario variables, and have good out-of-sample forecasting
properties. We repeat this exercise at different levels of data aggre-
gation and investigate how well model projections are able to cap-
ture turning points of HELOC delinquency rate in the sample using
both in-sample and out-of-sample analysis. We also evaluate pre-
dicted delinquency rates in the 2014 supervisory severely adverse
stress scenario.

4.1 Top-Down Model

We start our empirical analysis at the highest level of aggregation—
the national level, which we also refer to as “portfolio” or “aggre-
gate” level. We estimate variations of the model,

yr = 0o + Xy 8 + &4, (1)
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where y; = % Zf\il y;¢ is the aggregate default rate from our sam-
ple of N loans in month ¢, the matrix X; contains the averages of
loan-level and macroeconomic risk covariates and their lags, and &,
is an error term. The model in equation (1) is truly aggregated in the
sense that both left- and right-hand-side variables are constructed
as averages from the underlying loan-level data. The regressions are
estimated using ordinary least squares

The specification search for the aggregate model takes the fol-
lowing form. As a first pass, we consider all possible combinations
of models formed with the variables listed in table 1. That is, we
consider all possible models with one risk factor, with two risk fac-
tors, and so on. We augment this set of models with specifications
that add interactions between the house price depreciation variable
and unemployment. This was the only interaction term we consid-
ered in the model specification phase. This particular interaction
term was chosen because of its intuitive link to the default litera-
ture that emphasize how both collateral value declines and cash flow
constraints combine to accentuate defaults. Finally, we add in up to
four quarters of lags of each of the variables, including interaction
terms, as a way to capture dynamics in the observed default rate.

Before subjecting the models to performance-based comparisons,
we drop all models in which the signs of the estimated coefficients
are contrary to our expectations (for example, we expect a posi-
tive effect of unemployment and a negative effect of home prices on
default rates). We do so, because such models would predict lower
losses in more stressful economic and financial conditions. In mod-
els with no interactions, we drop specifications where the coeflicients
on the macroeconomic variables are insignificant at the 90th percent
confidence level. We then rank order the remaining specifications by
in-sample fit and select the 25 best models in terms of out-of-sample
fit (one-step-ahead forecast error)

'8 The results do not change materially when we estimate equation (1) using
a tobit specification, which limits predicted delinquency rates to non-negative
space.

9We chose 25 models because 25 models showed similarly accurate out-of-
sample performance. For other levels of aggregation the number of selected models
may differ. The discarded specifications would not perform better than included
ones in our test because they either have poor fit both in and out of sample
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For each of these 25 specifications, we estimate the models on a
full sample and on a series of 12 rolling samples. That is, starting
with a sample ranging from January 2002 to July 2008, we estimate
each model and then construct out-of-sample predictions from July
2008 for the next nine quarters We then repeat the exercise on
an estimation sample ranging from January 2002 to August 2008,
and then perform a nine-quarter-ahead forecast. We proceed in this
fashion (12 times) so that the estimation sample gradually increases
in size. In our longest subsample, we estimate the model up through
June 2009. This set of rolling windows allows us to see how the
model performs as it gradually learns about the dynamics of home
equity defaults during the financial crisis and its aftermath. As we
outlined in section 2, the short samples used in the forecasting exer-
cises should not unduly handicap any particular model type. Both
types of biases (measurement error and aggregation bias) arise from
cross-sectional correlations in unobservables that do not depend on
the length of the available time series.

We select the specification that performs best out of sample
across the 12 rolling windows in terms of the mean-squared forecast
error and does not underpredict default probabilities, to be consis-
tent with the goal of the stress-testing exercise to produce high losses
in stress scenarios. We refer to such model as a winning specifica-
tion and report all 12 regressions for this specification in table B.1 in
appendix B. We also retain information on the performance of the
remaining 24 specifications so that we can assess the volatility of the
cross-model performance measures at different aggregation levels.

We follow this same basic model-selection procedure for all lev-
els of aggregation: portfolio or aggregate level, the intermediate
subportfolio level, as well as the loan level.

4.2 Intermediate Levels of Aggregation

With a fully aggregated model in hand, the next step is to break
the delinquency rate down into subportfolios. We consider four

or they would not produce any losses in stress scenarios due to insignificant or
“wrong sign” coefficients on macroeconomic variables included in the scenarios.

20We chose nine quarters because this is the time horizon for the loss projections
in the supervisory stress testing.
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and FICO score decilefs] The estimated model is now a fixed-effect
panel model,

different schemes for aegation: by county, DTT decile, LTV decile,

Yje = 05 + X8 + nje, (2)

where 6; is a subportfolio-specific fixed effect, y;; = %Zi]\;"l
I(i € j)y;: is the average default rate for all loans in subportfolio
J in month ¢, Xj; is the set of average values of covariates for each
subportfolio, and 7; is the error term. Each subportfolio boundary is
static; these are based on the entire sample. When we aggregate to
the portfolio level, each subportfolio, j, is then weighted according
to the number of observed loans within these boundaries.

The subportfolio approach preserves some of the potential for
aggregating out the measurement error problem, while also offer-
ing flexibility to introduce more portfolio-specific information to
the regressions. In the disaggregated models we make predictions of
the disaggregated delinquency rates and then aggregate these pre-
dictions to compare to the aggregate outcomes. That is, when we
forecast default at times ¢t = 1,...,T for subportfolio j, the forecast
error that we use for forecast evaluation is not the average difference
between predicted and actual subportfolio default rates. Rather, it
is the difference between the average aggregate default prediction
and the aggregated portfolio default rate,

2
T J

FE:%Z yt—%Z%z}ﬁ : (3)

t=1 j=1

We feel that this approach more closely mimics what a bank would
do when confronted with a problem of predicting total portfolio
defaults or losses. If the object of interest is the portfolio default
rate or loss rate, then the appropriate measure of out-of-sample fit
is one where forecast error is computed at the portfolio level.

210nly the top 25 percent of counties by the share in the stock of loans as of
2005 comprise the county data set. This helps to improve the fit of the model by
eliminating noise from counties with too few observations.
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For these subportfolio models we conduct the same procedure
as for aggregate models in terms of specification selection. After
extensive pre-testing in which we experiment with variety of lags,
interaction terms, inclusion and exclusion of different variables, as
well as subportfolio-level fixed effects, we end up with 22 reason-
able specifications for each type of aggregation: by county as well as
by deciles of DTI, LTV, and FICO scorel23 The specifications are
different for each type of aggregation, but most of them include sub-
portfolio or county fixed effects. We estimate each of these models
for the same 12 rolling windows as the aggregate model and select,
for each type of aggregation, the model that performs best on aver-
age across the rolling windows, the winning model. Winning models
for each of the four subportfolio levels and for each sample window
are reported in tables B.1-B.4 in appendix B. We retain information
on the performance of the remaining models.

4.8 Bottom-Up Model

Finally, we consider fully disaggregated loan-level models. These
models are estimated as logit regressions,

Prty — 1) — (04 XuD)

 14exp(a+ Xupf) (4)

where ¢ is the index for individual loans or borrowers and y;; is a
0-1 indicator of whether loan ¢ defaulted in month ¢. Some vari-
ables in the vector of covariates X;;, such as unemployment rate
and home price depreciation, do not vary by loan but are repeated
for all loans in the same county or ZIP code in the same month. We
cluster standard errors by county to account for resulting correlation
in errors

22We selected 22 specifications for the last stage of model selection because
there was a fairly pronounced cluster of 22 models with similar performance, as
opposed to the 25 similarly performing models that we observed in the aggregate
case.

ZLogit specification used here is consistent with what is most commonly used
in the literature. As a robustness test, we conducted the following analysis using
linear probability model instead of logit. The results are not materially different,
and model performance is slightly worse out of sample with the linear probability
approach.
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We select 18 reasonable models among all specification permu-
tations, in which we experiment with lags of macroeconomic and
loan-level variables, interaction combinations, and fixed effects. It
turns out that models with loan fixed effects do not perform well.
On the other hand, models that include splines for FICO scores,
LTV, and loan age, as well as vintage fixed effects, do better. For
a wide variety of specifications, which we discard, the coefficients
on macroeconomic variables are either negligibly small or have the
wrong sign. Such specifications will not produce losses in stress sce-
narios and are therefore not useful for our analysis. The remaining 18
specifications have reasonable in- and out-of-sample fit and expected
signs on macroeconomic variables. These specifications include a
variety of loan-specific controls that improve the precision of these
models 2] For the 18 retained specifications, we evaluate forecasting
performance over 12 rolling regressions ending in July 2008 through
June 2009. As with the subportfolio models, the forecast error is
calculated as the average deviation of the aggregated fitted default
probabilities compared with the aggregate default rate,

2

1 & 1 &
FE:TZ(%_N;?)“) . (5)

t=1

Once again we select the winning model that has the best in-
and out-of-sample fit across 12 estimation windows among the 18
models and report the results for all 12 rolling windows in table B.5
in appendix B. We retain performance data for the remaining 17
models.

4.4 Comparison across Levels of Aggregation

The winning models for each aggregation approach are reported in
table 2. In order to not overwhelm the reader with the results, we
only report the regressions that are estimated through January 2009,
the middle of our rolling window set. We can see that the best spec-
ification varies with the aggregation approach, but the effects of

24Gee appendix A for the specification of the winning model that lists such
variables.
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Figure 2. In-Sample Model Predictions

In-Sample Predictions

o

T T T T T T T
2002m1 2004m1 2006m1 Zogatnﬂ 2010m1 2012m1 2014m1
ate
------------- Aggregate Forecast Delinquency Rate
————— County Forecast —-=+= Loan Level Forecast

Notes: Actual and predicted delinquency rates (in percent) are plotted. Winning
models for each level of aggregation estimated on the full sample are used.

included variables are mostly stable across speciﬁcations We find,
as one would expect, that defaults on home equity loans are more
likely when the unemployment rate (UR) is higher or when the rate
of home prices depreciation (HPD) is higher[*Y The combination of
these factors seems to lead to an additional increase in default rates.
We also find in most specifications that higher debt-to-income ratios
and lower FICO scores of the borrowers are associated with higher
default rates.

4.5  Model Performance Tests

Before turning to the out-of-sample results, we first examine the
in-sample performance of our models when estimated over the full
sample of data. These plots of in-sample fitted default probabili-
ties can be found in figure 2. The models profiled here are actually

25Note that we did not explicitly rule out that the same specification could
be best for all aggregation levels—this is an empirical result. Running a com-
parison across aggregation levels of the same specification will disadvantage less
aggregated models because of necessary parsimony needed for top-down models.

26Note that in the regression with negative effect of the first lag of HPD (the
“wrong” sign), the full effect includes additional lags or interaction terms and is
overall positive, as expected.
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Figure 3. Out-of-Sample Model Predictions

Estimation through July 2008

T T 1 T
2002m1 2004m1 2008m1 2008m1 2010m1 2012m1

— Delinquency Rate — ' — '— Loan-Level
————— County o Aggregate

Notes: The dashed line indicates the last month of estimation sample. Actual
and predicted delinquency rates (in percent) are plotted.

selected on the basis of out-of-sample performance. However, it is
useful to demonstrate from the beginning that all aggregation levels
demonstrate a similar capability of fitting the data in sample. All
four model categories (loan level, county level, segment level, and
aggregate) can roughly match the timing of the turning point in
delinquency series. None of the four models is quite able to match the
peak in defaults observed. We see from table 2 that the county-level
model performs slightly better than the others in terms of forecast
error. But, from a visual perspective at least, there is little a priori
reason to expect one particular aggregation level to dominate in the
out-of-sample predictions.

With this starting point we can proceed to the out-of-sample
comparisons. Figures 3—5 show the performance of the out-of-sample
forecast of our winning models. Figure 3 shows the forecasts of the
regressions with the estimation window through July 2008, figure 4
through January 2009 (regressions reported in table 2), and figure 5
through June 2009. We can compare the forecasts resulting from
each approach with the data. We find that the loan-level forecast
consistently underpredicts default frequency in the aggregate, while
aggregate forecasts overpredict default frequency in the beginning
of our rolling window. County-level aggregation models produce
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Figure 4. Out-of-Sample Model Predictions

Estimation through January 2009
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Notes: The dashed line indicates the last month of estimation sample. Actual
and predicted delinquency rates (in percent) are plotted.

Figure 5. Out-of-Sample Model Predictions

Estimation through June 2009
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Notes: The dashed line indicates the last month of estimation sample. Actual
and predicted delinquency rates (in percent) are plotted.

forecasts that are quite accurate and stable, with the exception of
the second half of the forecast horizon in the regressions that end
before the crisis (top panel)

2"To reduce clutter in the charts, we do not plot the result for LTV, DTI, and
FICO score buckets.
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Table 3. Forecast Error Summary: Based on
Nine-Quarter Forecast

Loan

Aggregate | FICO | LTV DTI | County | Level

Mean 0.0325 0.0416 | 0.0417 | 0.0356 | 0.0158 0.0845

Std. Dev. 0.0478 0.0759 | 0.0784 | 0.0605 | 0.0141 0.0130

Min. 0.0035 0.0035 | 0.0038 | 0.0053 | 0.0031 0.0180

Max. 0.2683 0.6892 | 0.6950 | 0.4984 | 0.0709 0.1153

Winning Model 0.0064 0.0073 | 0.0197 | 0.0221 0.0080 0.0570
(Average Forecast

Error)

Notes: All summary statistics refer to forecast error defined in equation (5) from all mod-
els deemed reasonable across all 12 rolling windows. For the winning model, the average
forecast error is computed across 12 rolling windows. See the appendix for the winning
model regression.

We can formalize these observations by comparing average fore-
cast errors of all reasonable models we estimated across all 12 rolling
forecast windows for each aggregation approach. Table 3 presents
summary statistics for all resulting forecast errors, by aggrega-
tion approach, as well as average forecast error for each winning
model across 12 rolling forecast windows. We find that on average,
county-level models have the smallest forecast errors, which also
don’t vary much across specifications. This is consistent with our
expectations, because macroeconomic information that enters the
regressions varies by county and is therefore fully explored in these
regressions, while not generating measurement errors as in loan-level
regressions. While the forecast error of the winning model of the
portfolio-level approach is smaller than that of the county level, we
can see that there is high variation in the precision of the aggre-
gate model projection resulting from small perturbations in model
specification.

In the stress-testing exercise accuracy of projection is the pri-
mary, but not the only, goal. Given model uncertainty, it is also
important that the errors of the forecast are more likely to be on the
conservative side. In particular, this would be true from a financial
stability perspective where underpredictions may be viewed more
seriously than overpredictions. Thus, we construct a “conservative
loss” measure,
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Table 4. Loss Summary

Loan
Aggregate | FICO LTV DTI County | Level

Mean 0.9655 1.0200 | 1.1080 | 1.0721 1.0541 1.3178
Std. Dev. 0.1598 0.1813 | 0.1870 | 0.1795 0.1015 0.0355
Min. 0.6709 0.4922 | 0.6927 | 0.6171 0.8463 1.1288
Max. 1.6425 1.7003 | 2.2820 | 1.9814 1.2901 1.3978
Winning Model 0.9837 1.0412 | 1.0750 | 1.1192 1.0478 1.2494

(Average CL)

Notes: All summary statistics refer to CL defined in equation (6) from all models deemed
reasonable across all 12 rolling windows. For the winning model, the average CL is com-
puted across 12 rolling windows. See the appendix for the winning model regression.

T
1 R
CL=7 tz_;eXp(yt —Jt), (6)

where ¢, for disaggregated models is computed as average projec-
tions. This measure is equal to 1 if there is no error, is below 1 if
the error is on the side of overpredicting default frequency, and is
above 1 if the model is underpredicting defaults. Summary statistics
for this loss measure are presented for all reasonable models across
all 12 forecast windows for each of our aggregation approaches in
table 4. We find that the aggregate model produces more conserv-
ative forecasts on average, as we saw in figure 1, but that the loss
measure varies substantially across specifications. The subportfolio
models all have similar loss measures on average, with county-level
loss measures being the most stable across regression specifications.
The loan-level models have the least variation across forecast win-
dows according to the loss measure. However, this low variation in
the loss measure comes at the expense of a very high mean loss.
This appears to be one of the most robust results in the out-of-
sample analysis. Across all forecast windows and loss functions, the
loan-level models have a strong tendency to underpredict defaults.
It is important to remember that each winning specification used
in tables 3 and 4 is different across each of our aggregation levels.
Given our ultimate objective of comparing models on the basis of
measures such as in- and out-of-sample fit and stability, it is nat-
ural to allow each aggregation level to be represented by its best
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Table 5. Forecast Error Summary for the Same
Specification for All Models

Loan
Aggregate | FICO | LTV DTI | County | Level
A. MSE
Best Agg. 0.005 0.074 0.017 0.010 0.005 0.007
Best FICO 0.009 0.004 | 0.007 | 0.045 0.016 0.020
Best DTI 0.009 0.004 | 0.007 | 0.045 0.016 0.020
Best LTV 0.007 0.065 0.015 | 0.010 0.005 0.008
Best County* 0.009 0.099 0.014 0.009 0.005 0.009
Best LL** 0.033 0.006 0.022 0.050 0.005 0.065
B. Loss
Best Agg. 0.98 0.78 1.09 1.05 1.03 1.06
Best FICO 0.98 1.01 1.05 1.23 1.12 1.14
Best DTI 0.98 1.01 1.05 1.23 1.12 1.14
Best LTV 0.95 0.79 1.08 1.05 1.03 1.06
Best County* 0.93 0.75 1.07 1.04 1.03 1.07
Best LL** 0.89 0.97 0.92 0.86 1.02 1.28

models.

Notes: Each row of the table shows mean-squared error or conservative loss measures
while holding the specification fixed and then reestimating the models over different
aggregation levels. All models are estimated over the January 2002 to June 2008 win-
dow. The mean-squared error is calculated as in equation (5). The conservative loss
estimate is calculated as in equation (6). Bold font denotes the performance measure
associated with the winning model from an aggregation level estimated and imple-
mented over the intended aggregation level. *No county fixed effects in aggregate of
subportfolio models. ¥**Weighted average of loan characteristic is used for aggregate

candidate model, whatever that may be. But another way to com-
pare models that focuses squarely on the effect of aggregation is to
compare model performance across different aggregation levels with
the same specification.

These comparisons can be seen in table 5, which reports a series
of performance measures for models estimated over the January 2002
through June 2008 window and then used to project default rates
over the rest of the sample period. In the top panel we show the
mean-squared errors of the model predictions. In the bottom panel
we use the conservative loss measure from equation (6). Each row
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of table 5 shows the model performance while holding the regres-
sion specification fixed. For example, in the top row of the top
panel, the specification is the one selected as the best aggregate
model from table 2. This model has a mean-squared forecast error
of 0.005. The other columns of the first row are the mean-squared
forecast errors associated with the best aggregate model estimated
and implemented over the different aggregation levels. For example,
when the best aggregate model is disaggregated to the loan level,
the mean-squared forecast error is 0.007.

Table 5 shows that for most levels of aggregation, the mean-
squared errors and loss measures are lower when the winning mod-
els are applied as opposed to models selected for other aggregation
levels (within-column comparison). Similarly, each specification per-
forms best when applied at the level of aggregation it was chosen
for (within-row comparison). The big exception to this rule is for
the loan-level model. For both mean-squared error and conservative
loss, the winning loan-level model performs worse than when the
same model is applied to each of the other levels of model aggrega-
tion considered in this paper Moreover, using more parsimonious
models without loan-level controls chosen for aggregate analysis also
produces better performance than the winning loan-level model 9
A robust conclusion from this analysis, however, is that there is no
specification in which the loan-level model performs best out of sam-
ple in our data. This is consistent with the measurement error bias
that we discussed previously.

4.6 Stress-Test Projections

As a final exercise we compare projections of the different cham-
pion models using the macroeconomic scenarios deployed in the
CCAR 2014 stress tests. The Federal Reserve releases three different

28Including county fixed effects in the loan-level model, a specification not cho-
sen because of poor in-sample performance, marginally improves loan-level model
results, but they remain still substantially worse than aggregated models.

2%These parsimonious models were not considered in our selection process
because effectively they are the same as aggregated models but with repeated
observations, making them less efficient and their standard errors biased. Addi-
tionally, the parsimonious models applied at the loan level often have worse
in-sample fit and did not pass through our model-selection procedure.
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Figure 6. CCAR 2014 Stress Scenarios
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economic scenarios that financial institutions use to stress their bal-
ance sheet exposures. We focus here on the 2014 “severely adverse”
scenario which features a deep recession, much like the one experi-
enced by the United States starting in 2007. The scenario consists of
a nine-quarter path for a large set of variables measuring economic
activityl’ In figure 6 we plot the paths for the key variables that
go into the home equity default models. House prices were assumed
to fall through the scenario 10 percent year-over-year rates before
leveling off at the end of the scenario horizon in 2016. The unem-
ployment shock was particularly severe in the CCAR 2014 exercise,
with the rate climbing to about 11 percent at the peak.

In the specification searches described earlier, we allow the mod-
els at each aggregation level to make use of the real GDP growth
measure, house prices changes, and unemployment. However, none
of the champion specifications at any aggregation level selected GDP
growth. Similarly, the current interest rate on the home equity line

30See http://www.federalreserve.gov /bankinforeg/bcereg20131101al.pdf for the
exact specification of the scenarios and variables included.
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of credit was among the set of variables available for the loan-level
specifications. All of the home equity lines in our sample have pay-
ments based on short-term interest rates that change over time (i.e.,
adjustable-rate lines of credit), and proxies for short-term rates are
included in the macroeconomic scenarios. But again, this variable
was not selected in the champion loan-level model. Thus, the stress
projections from this set of models are wholly determined by the
assumed scenarios for house prices and the unemployment rate.

For the aggregate model and most of the segmented models, it is
fairly routine to simulate out projected default rates. The first thing
we do is convert the monthly data of our default models into the
quarterly frequency of the CCAR scenarios. We do this by keeping
the last monthly observation of each loan in every quarter. Next, the
champion model specifications listed in table 2 are estimated using
data through the third quarter of 2013, as the fourth quarter of 2013
is the start of the CCAR 2014 exercise. The loans in the portfolio
and their relevant characteristics at origination are held constant
as of this date. We then use the estimated model coefficients and
the assumed paths of house prices and unemployment to project out
aggregate and segmented portfolio default rates. In the case of the
segmented portfolios, these default projections are then aggregated
to produce projected aggregate default rates under the CCAR sce-
narios. In the case of the loan-level and the county-level models, we
must perform an extra step to map the aggregate path for house
prices and unemployment down to the local level. We do this using
a simple regression model. Specifically, we model the relationships
between aggregate house price depreciation (HPD) and unemploy-
ment (UR) and their Zip-code-level and county-level counterparts,
respectively, as follows:

HPA, = a; + ,BjHPA?gg + €kt,
URji = 0; +v;URY + njq,

for each Zip code k or county j in our sample. With the estimated
coefficients from these models in hand, we simulate out county-level
variables, as required by the champion county-level and loan-level
models.

The results from the stress-test simulation are in figure 7. In this
chart we follow the CCAR stress-test convention and report default
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Figure 7. Stress Scenario Predictions
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Notes: Projections are constructed from winning models for each level of aggre-
gation estimated on the sample ending in 2013:Q3.

rates at the quarterly frequency. Turning to results, we note that the
broad contours of the aggregate, county-level, and loan-level projec-
tions are quite similar. This is not surprising given that these same
macro risk factors enter into these models, just at different levels
of aggregation. Interestingly, we still see that the loan-level model
has slightly less sensitivity to shocks than the aggregate and the
county-level models. Of course, we cannot say for sure whether this
is a virtue or a shortcoming. We are comparing default projections
in response to hypothetical shocks that have not actually occurred.
Even so, the attenuation that we see in the risk factor sensitivities in
the loan-level model still appears to be present in these simulations
that make use of the full sample of available data.

4.7  Discussion

We observed in figure 2 that winning models for all aggregation levels
perform quite well in sample. Why then do loan-level models perform
substantially worse out of sample? Our primary explanation is that
this effect is due to attenuation bias in the coefficients on macroeco-
nomic variables in loan-level regressions. This bias is clearly visible
in the dynamics of models’ out-of-sample fit as we roll the window
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forward. For example, as we see in figure 3, both loan-level and
county-level models underpredict default rates out of sample. How-
ever, as we roll the window forward, subportfolio models become
more sensitive to macroeconomic variables, as seen by increasing
coefficients on unemployment rate (UR), house price depreciation
(HPD), as well as their interactions and lags, reported in appendix
A. This means that in these models, as we roll the window forward,
worsening macroeconomic conditions as well as increased sensitivity
of the default rate to these conditions lead to higher predicted default
rates. For loan-level models, there is no such increase in sensitivity
over time, resulting in a much more muted increase in predicted
default rate, even in sample, as seen most clearly in figure 5.

This attenuation bias is also apparent in figure 7: the only dif-
ference between projected default rate dynamics across aggregation
levels in this figure is due to different estimated sensitivity of default
rates to macroeconomic characteristics. We can see that loan-level
regressions project lower losses for the same macroeconomic sce-
nario, indicating that they are less sensitive to macroeconomic vari-
ables. This is not specific to the winning model for the loan-level
regressions. We can see from table 4 that even the lowest loss sta-
tistic across loan-level models (1.13) is greater than 1 and is higher
than the loss statistics for winning models at all levels of aggrega-
tion, meaning that even the model that produces the highest default
rates across all loan-level models underpredicts defaults relative to
data and relative to winning models at all levels of aggregation.
On the other hand, the most conservative of aggregated model and
all intermediate-level aggregation models overpredict default rates
relative to the data.

5. Conclusion

Modern applications of bank stress testing are characterized by the
specification of adverse macroeconomic and financial market scenar-
ios. These aggregate scenarios are then paired with less aggregated
data on risk factors—sometimes available at the loan level—to pro-
duce loss estimates for individual banks under the scenarios. The
question that arises is whether it is better to aggregate the scenario
and risk factor data first and then estimate the risk model, to esti-
mate the loan-level model and then aggregate the individual loan
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loss projections, or to estimate some intermediate aggregation-level
model. We demonstrate that different aggregation levels may give
rise to different econometric problems. In principle, loan-level mod-
els may be subject to measurement errors that arise from the use
of economic risk factors that are not available at the individual or
loan level. Aggregate models may be subject to aggregation bias.
The optimal level of aggregation, then, is an empirical question.

We use a large portfolio of home equity lines of credit to assess
which model aggregation levels display the best performance in
predicting default rates out of sample. We compare models esti-
mated at an aggregate portfolio level, at the loan level, and also
hybrid approaches where we model default probabilities for different
segments of a portfolio, such as buckets of debt-to-income ratios,
loan-to-value ratios, FICO risk scores, and with loans aggregated
by county. In our empirical exercise we find that this tension is
best resolved at the intermediate level of aggregation. In partic-
ular, county-level models, where macroeconomic variables at the
county level are used, appear to perform best for the purpose of
stress testing. We measure model performance using two different
criteria appropriate for the stress-testing exercise. We use a forecast
error approach that puts equal weight on positive and negative fore-
cast errors. Policymakers and bank supervisors, however, are often
thought to have preferences that put more weight on downside risks
than upside risks. For this reason, we also employ a “conservative
loss” measure which punishes model underpredictions. In this con-
text, loan-level models appear to perform particularly poorly, given
their persistent underprediction of home equity default rates. While
aggregate models are quite conservative on average, their predictions
are not robust to model specification and can at times produce very
low default rates.

To be clear, our goal is not to recommend one specific level of
aggregation for risk modeling. The purpose of our exercise is to illus-
trate that the choice of aggregation level matters. In some cases,
intermediate levels of aggregation might be a best approach to mod-
eling default probabilities or loss rates on banks’ loan portfolios.
We also provide an econometric argument to provide some intuition
as to why this might be the case. Our hope is that researchers,
regulators, and practitioners alike devote due attention to the impli-
cations of the aggregation level of models used for stress testing.
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Availability of the loan-level data allows institutions to consider
aggregation level as a key factor in model design.

Appendix A

Here we present the proof for the statements made in section 2
(“Econometrics Framework”).

A.1 Conditional Forecast Precision

Our goal is to predict default rate y € [0,1] on the entire port-
folio given macroeconomic scenarios. The macroeconomic variables
x do not vary by loan in portfolio, although some macroeconomic
variables might vary by geographical segments of portfolio. For sim-
plicity of notation, suppose we are only predicting one period for-
ward, that is, predicting ypr41 given zp4q1 and observed history of
y’s and x’s up to period T'. Suppose the data-generating process is
such that

y=XpB+e,

where y is a vector of observed default rates (or, in the case of indi-
vidual loans, default indicators) over time; X is a matrix of observed
covariates, including constant term; and unobserved disturbance &
is distributed N(0,02). We can use linear regression to estimate b,
the estimator for 3, and &, the estimator for o.

Suppose y and X are observed at the individual loan level, and
there are N loans observed for T' time periods. Therefore, we have a
choice of whether to estimate b and & on individual loan data (using
linear probability regression for the ease of exposition), on average
values of y and X for subportfolios of any type (using pooled or
fixed-effects panel regression), or on overall portfolio averages (using
time-series regression). Regardless of the regression estimated, the
conditional forecast can be constructed by substituting b for 3 in
the DGP equation above.

First, consider the case where, regardless of the aggregation level,
we can obtain an unbiased estimate of (3. Therefore, aggregation
level will not affect the expected forecast mean. That is, assume
that all the individual observations are iid. In the case of unbiased



Vol. 16 No. 4 Aggregation Level in Stress-Testing Models 35

estimates, we are only concerned with the precision of our forecast.
Below we show that precision of conditional forecast will be deter-
mined by differences in estimated variance of the disturbance term
6, the number of loans and subportfolios, and differences in the
variance of covariates.

Denote y; and X the observables measured at the loan level,
yp and Xp those at the portfolio level, and yg and X g those at the
subportfolio, or bucket, level. Portfolio and subportfolio variables
can be expressed as averages of loan-level data:

1 1
yp = SyyL, Xp= NS&XL,

where Sy is an (NT x T') summation matrix such that each element
of yp and each row of Xp are sums of elements in a given time t
Similarly,

Yp = %SffyL, Xp = %SL/]XLv
where 1 < J < N is the number of subportfolios; S is an (N1 x JT')
summation matrix such that each element of yg and each row of Xp
is the sum for a given ¢ of all the elements of subportfolio j

One can show that differences in Brier score (measuring variance
of conditional forecast) for predicting yr; using regressions with
different levels of aggregation is

BSp = dp’(1+ N22) (X UnX1) tari),

where x4 is a (K x 1) vector of covariates given for time 7'+ 1, the
scenario. Using loan-level regression, predicting individual default
probabilities, and aggregating them up would produce squared fore-
cast error

. 1 _
BSp = o1? (NQ + @4 (XL XL) 1»’ET+1> :

Similarly, at the subportfolio level, predicting subportfolio default
rates and aggregating them up to the portfolio level would produce

31Sx = It ® 1n, where I is a (T x T) identity matrix and 1x is a vector of
N ones.

28, = Irl;® 1n, in a special case of all subportfolios having the same
number of observations, so that J * Ny = N.
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~ 2 1 2,7 / -1
BSp =03 ﬁ_'_J xt—i—l(XLUJXL) Tr41 |-

Unbiased estimates of 02 in each of the aggregation cases are
given as follows:

1
. 9 _
0P = yp(I = XpQp' Xp)yp

1 1

T T_KN? Y SN(I — Sy X (X UnX1) ' X1 Sn)Shye-
For the individual level,

s 1

oL = myi(f - XL(X;:XL)_lX;:)yL-

For the subportfolio level,

. 1 B
05" = 5 ¥5(I =~ X5Qp' Xp)yn
1 1 B
= e 72 VS (I = SUXL(XLUS X1) T XL 8)S )y

Thus, the differences in the forecast errors will be determined
by differences in estimated variance of the disturbance term &, the
number of loans and subportfolios, and differences in inverse sum of
squared covariates. If the observations are iid, different aggregation
levels will give the same results in the limit. However, in finite sam-
ples, even if observations are drawn from iid distributions, there will
be differences in forecast errors, depending on a sample. They will
generally be larger the more aggregated the regression sample is.

A.2 Measurement Error

Define observables Z, a subset of X, that is only observable at the
aggregation level of subportfolios. Thus, for loan ¢ in subportfolio j
and time ¢, the true covariate Z;;; is

Zijt = Zjt + Cijt,

where ( is unobserved and is distributed with mean zero and variance
¢2. When Z j¢ is used instead of unobserved Z;;; in the regressions,
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they suffer from an omitted-variable bias, due to correlation between
the regressor 7jt and the error term, which now is €;;¢ + (;;¢. Thus,
the estimator by, is no longer unbiased. To see this, denote as X the
subset of regressors in X that is not Z combined with observable Z.
The unbiased estimators would be produced by the regression

y=Xb+{c+e.
Since ¢ is unobserved, we estimate instead the regression
y=X'b+eé.
We can show that
E(b) =8+ (X'X)"1X'¢c.

Given that, in general, Z and ( are correlated, X and ¢ are cor-
related, and therefore b will not be an unbiased estimator of 3. If
the correlation is positive and ¢ > 0 or if correlation is negative
and ¢ < 0, E(b) > 3; otherwise, E(b) < (3. Since ¢ and ( are not
observed, it is generally not possible to evaluate on a purely econo-
metric basis whether the bias is positive or negative. Note that an
attenuation bias would be particularly harmful if the estimates are
used for scenario analysis, because lower coefficients on macroeco-
nomic variables would lead to an underestimate of the stress scenario
losses.
Moreover, one can show that

E(&'é) — E(ee) = o1 x kay + ¢/ (' Ce,

that is, the sum of squared errors and therefore the forecast error
will always be larger in the presence of measurement error.

Given that we assumed that the measurement error is zero on
average for each j, the level of aggregation at which Z is observed,
such a problem will only arise for loan-level regressions, not for
portfolio, or j-level, regressions.

A.83 Aggregation Bias

Assume that the loan-level estimate is unbiased:

by = (X7 X1) ' Xiyr, E(by)=p.
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One can show that for the portfolio level, the estimate of 3 can be
expressed as

bp = (XX + X (Un — DX) " (XzyL + X1, (Un — Iyr),

where Uy is the (NT x NT') block-diagonal matrix of 7' (N x N)
matrices of ones in the diagonal and zeros elsewhere.

One can see that only if there is no within-time cross-individual
correlation in x and e will the cross-product terms be zero in expec-
tation, that is Uy = I, and therefore E(bp) = E(br) = 3, and the
estimate of [ is unbiased. Otherwise, E(bp) # E(br), reflecting the
aggregation bias.

If Vt E(zixje) # 0, Eeiej) # 0, for i # j, aggregate regression
estimates will not be unbiased. More specifically,

bp = (XpXp) 'Xpyp = (X,UnX1) ' X1 UnyL
= (XX, + X, (Uy — DX1) "Xy + X1,(Un — Dyr)
= ,8 + (X2XL + X/L(UN — I)XL)_l(X}/e =+ X}/(UN — I)6>7

where Uy = Sy S%, the (NT x NT') block-diagonal matrix of T
(N x N) matrices of ones in the diagonal and zeros elsewhere, and e
is the residual. Similarly Uy = S;57; is an (NT x NT') block-diagonal
matrix of JT' (IN; x N;) matrices of ones in the diagonal, where N;
is the number of individual loans in subportfolio j.

One can see that for the estimator to be unbiased, we need
E(X7elXr) =0 and E(X;(Uy —I)e|Xr) = 0. The first condition
is satisfied because the disaggregate estimator is unbiased. However,
the second condition will be true only if there is no within-time
cross-individual correlation between each variable z in X and e[33
The same problem arises for subportfolio-level regressions. However,
given that fewer cross-product terms appear in subportfolio-level
regressions, the bias is smaller in magnitude the less aggregated the
variables are.

33Note, however, that the standard estimate of the variance of bz, will not be
unbiased, and the cluster-robust standard errors will need to be computed. See,
for example, Arellano (1987).
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