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1.

Introduction

Do changes in the supply of Treasury securities and other ﬁxedincome assets aﬀect nominal Treasury yields? This question has
received renewed attention as the Federal Open Market Committee
(FOMC) adopted large-scale asset purchases (LSAPs) as an alternative monetary policy tool to stimulate the economy, after the federal
funds rate reached the zero lower bound during the most recent
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ﬁnancial crisis. The answer to this question, however, is still subject
to considerable uncertainty. On the one hand, there is some empirical
evidence that supply eﬀects exist in the Treasury market. For example, event studies typically show that the Federal Reserve’s LSAP
announcements had non-trivial eﬀects on Treasury yields. More generally, Laubach (2009) and Krishnamurthy and Vissing-Jorgensen
(2012) show that the total supply of Treasury debt has explanatory
power for Treasury-yield variations beyond that of standard yieldcurve factors, while Greenwood and Vayanos (2010a, 2010b) and
Hamilton and Wu (2012) provide similar evidence for the maturity
structure of Treasury debt outstanding. On the other hand, the nowstandard no-arbitrage term structure literature leaves little scope for
the relative supply of deeply liquid ﬁnancial assets, such as nominal Treasuries, to inﬂuence their prices. Instead, when outlining the
eﬀects of LSAPs on Treasury yields, Kohn (2009) and Yellen (2011)
appeal to the preferred-habitat model of interest rates.
The preferred-habit literature, which features early contributions by Modigliani and Sutch (1966, 1967), resorts to the assumption that there exist “preferred-habitat” investors, who demonstrate
preferences for speciﬁc maturities, and that the interest rate for a
given maturity is only inﬂuenced by demand and supply shocks
speciﬁc to that maturity. Real-world examples of such preferredhabitat investors include long-term investors, such as pension funds
and insurance companies, that prefer to hold long-term bonds to
match their long-duration liabilities, and short-term investors, such
as money-market mutual funds and foreign reserve managers, that
prefer to hold Treasury bills and short-dated notes to maintain a
high degree of liquidity in their portfolio. The preferred-habitat
approach provides a rationale for supply eﬀects in the government
bond markets, as a shock to the stock of privately held bonds of a
particular maturity creates a shortage of those assets that cannot be
wholly relieved, at existing asset prices, by substitution into other
securities.
This approach of modeling interest rates has been largely abandoned in today’s term structure literature, as it implies that yields
at diﬀerent maturities are disconnected from each other, which is at
odds with the continuous yield curve one typically observes. In contrast, in the now-standard arbitrage-free term structure models of
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Vasicek (1977) and Cox, Ingersoll, and Ross (1985), long-term interest rates diﬀer from the expected average future short rate because
investors in long-term bonds demand excess returns for bearing
interest rate risks. The existence of arbitrageurs in the economy
ensures that the same stochastic discount factor prices interest risks
consistently across the yield curve. It also implies that any changes
in the supply of Treasury securities, if unrelated to the economic
fundamentals, should not have a signiﬁcant eﬀect on yields.
More recently, the preferred-habit literature was revitalized in
the seminal work of Vayanos and Vila (2009), who recast Treasury supply and demand shocks in an arbitrage-free framework. In
their model, the existence of preferred-habitat investors provides a
channel for demand and supply factors to inﬂuence Treasury yields,
while the existence of risk-averse arbitrageurs, who have no maturity
preference but actively trade to take advantage of arbitrage opportunities, ensures that supply shocks are transmitted smoothly across
the yield curve. Vayanos and Vila (2009) show that, under certain
parameterizations, the yield impact of variations in relative supplies
depends on the dollar duration of the supply shocks absorbed by the
arbitrageurs, which implies a direct relationship between the term
premium and the total duration risks faced by private investors.
Despite the theoretical advances, empirical studies of preferredhabitat term structure models are nearly non-existent, hampered
by the lack of detailed data on Treasury holdings across investors
and by the complexity of the Vayanos and Vila (2009) model. In this
paper, we try to ﬁll this gap by estimating and testing a no-arbitrage
term structure model with supply factors. We adopt several simplifying assumptions: ﬁrst, we assume observable supply factors and
measure them using data on private holdings of Treasury debt and
agency mortgage-backed securities (MBS). Second, we assume that
supply factors inﬂuence Treasury yields predominantly through the
term premium channel. Supply aﬀects future short rates only indirectly through current and future term premiums. Finally, we adopt
a two-step estimation approach where factor dynamics are estimated
in the ﬁrst step while bond risk premium parameters are estimated
in the second step.
We also use this model to evaluate the three LSAP programs
announced by the Federal Reserve. Past empirical analysis of the
LSAPs is typically based on either event studies or time-series
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regressions of Treasury yields or term premiums on supply variables.1 To our knowledge, this paper is the ﬁrst to use an arbitragefree term structure model to evaluate the eﬀects of LSAPs.2 Results
based on event studies are known to be sensitive to the selection
of event windows. Time-series regressions used in these studies, on
the other hand, are likely susceptible to small-sample bias, given
the high persistence of supply variables, and endogeneity problems,
as changes in Treasury supply are likely correlated with other factors driving the yield curve. In addition, neither approach can be
used to answer the question of how supply changes aﬀect yields not
directly used in the study. By contrast, the no-arbitrage term structure approach in this paper oﬀers a way to consistently summarize
information from the entire yield curve and allows inference across
maturities.
Our estimates show that the ﬁrst and second large-scale asset
purchase programs and the maturity extension program have a combined eﬀect of about 100 basis points on the ten-year Treasury
yield.
The remainder of the paper is organized as follows. Section 2
describes the data and documents the relationship between Treasury term premiums and Treasury and agency MBS supplies. Section
3 describes our term structure model with supply factors. Section
4 discusses the estimation methodology and presents the empirical
results, while section 5 uses the estimated model to evaluate the
Federal Reserve’s asset purchase programs. Section 6 concludes.
2.

Data and Motivation

This section presents some preliminary evidence suggesting there
exists a link between the supply of government securities and
1

The former approach is used by Gagnon et al. (2011), Krishnamurthy and
Vissing-Jorgensen (2011), and Swanson (2011), while the second approach is
adopted by Greenwood and Vayanos (2010a), Gagnon et al. (2011), Krishnamurthy and Vissing-Jorgensen (2011), and Hamilton and Wu (2012), among
others.
2
Hamilton and Wu (2012) estimate a standard arbitrage-free term structure
model with yield-curve factors. However, when evaluating the eﬀects of a hypothetical Federal Reserve asset purchase program, they rely on a time-series regression of yield factors on their own lags and a supply factor (see their equation
(23)).
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Treasury term premiums.3 In particular, we run monthly regressions
of the form
T Pt10 = α + β  SVt + γ  CVt + εt

(1)

over the sample period of March 1994 to July 2007, where T Pt10
represents estimates of the ten-year Treasury term premium, SVt
denotes a vector of supply variables, and CVt denotes a vector of
control variables.
We obtain nominal Treasury yields with maturities of 3, 6, 12, 24,
60, 84, and 120 months from the Svensson (1995) zero-coupon yield
curve maintained by staﬀ at the Federal Reserve Board, which are
based on end-of-day quotes provided by the Federal Reserve Bank of
New York (FRBNY).4 In this explorative exercise, we use ten-year
term premium estimates from a three-latent-factor Gaussian term
structure model developed by Kim and Orphanides (2012), which
was estimated using Treasury yields described above and Blue Chip
Survey forecasts of three-month Treasury-bill yields over the next
two years and the next ﬁve to ten years.5 As discussed in Kim and
Wright (2005) and Kim and Orphanides (2012), incorporating survey forecasts of future short rates helps alleviate the small-sample
problem commonly encountered when ﬁtting term structure models
to highly persistent yields.
For reasons that will be discussed later, we include in SVt both
Treasury and MBS supply variables as follows.
• Treasury supply variables include
– the Treasury par-to-GDP ratio, deﬁned as the par amount
of privately held Treasury securities as a percentage of nominal GDP, where quarterly data on nominal GDP is taken
from the NIPA account and linearly interpolated to monthly
frequency;
– the par-weighted average maturity of privately held Treasury debt; and
3

Greenwood and Vayanos (2010a) and Hamilton and Wu (2012) also present
evidence on the relationship between bond supplies and bond risk premiums.
4
Data were downloaded from www.federalreserve.gov/pubs/feds/2006/
200628/200628abs.html. See Gürkaynak, Sack, and Wright (2007) for details.
5
Data were downloaded from www.federalreserve.gov/pubs/feds/2005/
200533/200533abs.html.
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– the Treasury ten-year-equivalents-to-GDP ratio, deﬁned as
the amount of privately held Treasury securities (measured
in term of ten-year equivalents6 ) as a percentage of nominal
GDP.
• MBS supply variables include
– the MBS par-to-GDP ratio, deﬁned as the par amount of
privately held agency MBS as a percentage of nominal GDP;
and
– the par-weighted average duration of privately held agency
MBS.
For each Treasury security, the total par amount outstanding
as well as the maturity and coupon rate information are obtained
from the Treasury’s Monthly Statement of the Public Debt (MSPD),
while the amount held in the Federal Reserve’s System Open Market Account (SOMA) is obtained from the weekly releases by the
FRBNY.7 The diﬀerence between total debt outstanding and SOMA
holdings gives us the par amount held by private investors for each
security. For each Treasury security, we also calculate the average
duration and the ten-year equivalents using the same quotes used
in constructing the Svensson yield curve as described above. We
then sum over all securities to calculate the total par amount and
the total ten-year equivalents of private Treasury holdings and average across securities to calculate the par-amount-weighted average
maturity and duration. We exclude Treasury bills and any previously
issued notes and bonds with remaining maturities below one year, as
commonly done in the literature. For agency MBS, the par amount
and average duration of privately held agency MBS are taken from
Barclays as reported for their MBS index, which includes mortgagebacked pass-through securities of Ginnie Mae (GNMA), Fannie Mae
(FNMA), and Freddie Mac (FHLMC).
We control for other economic and market factors, CVt , that can
be expected to aﬀect term premiums, including
6

The ten-year equivalents of a ﬁxed-income portfolio are calculated as the par
amount of on-the-run ten-year Treasury notes that would have the same par value
times duration as the portfolio under consideration. In mathematical terms, tenyear equivalents = par value of portfolio * average portfolio duration / duration
of the ten-year on-the-run Treasury note.
7
For the MSPD, see www.treasurydirect.gov/govt/reports/pd/mspd/
mspd.htm. For SOMA holdings, see www.newyorkfed.org/markets/soma/
sysopen accholdings.html.
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• economic fundamentals, including monthly data on capacity
utilization from the Federal Reserve’s G.17 release and oneyear-ahead CPI inﬂation forecast from the Blue Chip Economic Indicators Survey;
• market volatilities, including implied volatilities from options
on ten-year Treasury note futures and implied volatilities from
options on the S&P 100 index, both from Bloomberg; and
• foreign demand for Treasury securities, measured by custody holdings of Treasury securities at the FRBNY on behalf
of foreign oﬃcial and international accounts as a ratio of
total Treasury securities outstanding. Data on foreign custody
holdings is from the Federal Reserve’s H.4.1 release.8
Table 1 reports results from three variations of regression (1),
where the supply variables are the Treasury ten-year-equivalents-toGDP ratio (Reg. A), the Treasury par-to-GDP ratio and the average
maturity (Reg. B), and the Treasury par-to-GDP ratio, the average
Treasury maturity, the MBS par-to-GDP ratio, and the average MBS
duration (Reg. C), respectively. Overall, these results suggest that
term premiums are signiﬁcantly and positively related to the supply
variables after controlling for other economic factors.9 In the next
section, we try to incorporate these supply variables into a standard
no-arbitrage term structure model.
3.

No-Arbitrage Term Structure Model with
Supply Factors

3.1

A Standard Gaussian Term Structure Model

We start with a standard Gaussian term structure model, where we
assume yields are driven by a number of state variables, Xt , which
follows a ﬁrst-order vector autoregressive (VAR) process:
8
See www.federalreserve.gov/releases/h41/, memorandum item, “Marketable
Securities Held in Custody for Foreign Oﬃcial and International Accounts.”
9
We also run similar regressions with Treasury yields as the dependent variables and ﬁnd less-signiﬁcant coeﬃcients on supply variables. We suspect this
could be due to the empirical fact that Treasury yields are well explained by
the level, slope, and curvature factors, leaving very little explanatory power for
economic and supply factors.
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Table 1. Ten-Year Term Premium Regressions

Constant
Ten-Year Treasury
Implied Volatility
S&P 100 Implied
Volatility
Foreign Treasury
Holdings Ratio
Capacity Utilization
Blue Chip CPI
Forecast
Treasury TYE-to-GDP
Ratio (%)
Treasury Par-to-GDP
Ratio (%)
Treasury Average
Maturity
MBS Par-to-GDP
Ratio (%)
MBS Average
Duration
R-squared

Reg. A

Reg. B

Reg. C

1.198
(1.536)
0.144∗∗∗
(0.027)
−0.009∗∗
(0.004)
−0.058∗∗∗
(0.020)
−0.007
(0.021)
0.348∗∗∗
(0.129)
−0.001
(0.030)

−0.860
(1.599)
0.138∗∗∗
(0.026)
−0.016∗∗∗
(0.004)
0.039
(0.025)
−0.065∗∗∗
(0.022)
0.474∗∗∗
(0.122)

−4.844∗∗
(2.260)
0.029
(0.020)
0.004
(0.003)
0.000
(0.016)
−0.093∗∗∗
(0.017)
0.194∗∗∗
(0.081)

0.058∗∗∗
(0.016)
0.563∗∗∗
(0.123)

0.140∗∗∗
(0.015)
0.660∗∗∗
(0.110)
0.204∗∗∗
(0.037)
0.328∗∗∗
(0.024)

0.69

0.73

0.89

Notes: This table reports ten-year Treasury term premiums, estimated from the
Kim and Orphanides (2012) model, on Treasury and MBS supply variables as well
as other control variables. “TYE” refers to ten-year equivalents.

Xt = μ + ΦXt−1 + Ωvt ,

vt ∼ i.i.d.N (0, I).

(2)

We further assume that there exists a stochastic discount factor of
the form


1
Mt+1 = exp −rt − Λt Λt − Λt vt+1 ,
2
where both the short rate, rt , and the market price of risk, Λt , are
assumed to be linear functions of X t :
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rt = δ0 + δ1 Xt ,

(3)

Λt = λ0 + λ1 X t .

(4)

Following Duﬃe and Kan (1996) and Dai and Singleton (2000),
the price of an n-period zero-coupon bond, Pt,n , can be derived by
iterating on the no-arbitrage bond-pricing equation
Pt,n = Et [Mt+1 Pt+1,n−1 ] ,
with the terminal condition Pt+n,0 = 1, which gives the bond-pricing
formula:
Pt,n = exp(An + Bn Xt ),

(5)

where
1
An+1 = An + Bn (μ − Ωλ0 ) + Bn ΩΩ Bn − δ0 ,
2

= Bn (Φ − Ωλ1 ) − δ1 ,
Bn+1

(6)
(7)

with initial conditions A1 = −δ0 and B1 = −δ1 . The bond-pricing
formula can be rewritten in yield terms by taking logarithms of both
sides of equation (5):
1
1
yt,n = − log Pt,t+n = − (An + Bn Xt ).
n
n
The model can therefore be conveniently represented in a statespace form as follows:
1
yt,n = − (An + Bn Xt ) + εt,n
n
Xt = μ + ΦXt−1 + Ωvt

εt,n ∼ i.i.d.N (0, σn2 ),

(8)

vt ∼ i.i.d.N (0, I),

(9)

with equation (8) being the measurement equation and equation (9)
being the state equation.
We consider the risk-neutral measure, under which the state
variables follow the process
Xt = μ̃ + Φ̃Xt−1 + ṽt ,
with the VAR parameters under the physical and the risk-neutral
measures linked to each other through the relationship:
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μ̃ = μ − Ωλ0 ,

(10)

Φ̃ = Φ − Ωλ1 .

(11)

The pricing iterations (6) and (7) can therefore be restated in terms
of the risk-neutral VAR parameters as
1
An+1 = An + Bn μ̃ + Bn ΩΩ Bn − δ0 ,
2



Bn+1 = Bn Φ̃ − δ1 ,

(12)
(13)

while the market price of risk, Λt , can also be written as functions
of the two sets of VAR parameters:
Λt = λ0 + λ1 Xt = Ω−1 [(μ − μ̃) + (Φ − Φ̃)Xt )].

(14)

When implementing the model, we directly estimate the physical
and risk-neutral VAR parameters, which jointly decides the market
prices of risk.
It is well known, at least since Litterman and Scheinkman (1991),
that an overwhelming portion of Treasury-yield variations can be
summarized by three principal components, frequently termed the
level, the slope, and the curvature. In our sample, more than 99
percent of the yield variations can be explained by the ﬁrst two
factors, which is the number of yield factors we use in our empirical analysis. To avoid the diﬃculty frequently encountered when
estimating latent-factor term structure models, in all our models
we assume that these two yield factors are observable and measure
them using the ten-year yield and the spread between the ten-year
and the three-month Treasury yields, respectively.

3.2

Term Structure Model with a Treasury Supply Factor

We assume that the state variables, Xt , consist of both yield and
supply factors, denoted ft and st , respectively. The yield factors
include the level and slope factors described above. In the ﬁrst model
we consider, we assume there is only one supply factor, the Treasury
ten-year-equivalents-to-GDP ratio.
As in Vayanos and Vila (2009), we motivate our model by assuming the existence of two types of private participants in the Treasury market: preferred-habitat investors, who hold only a particular
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maturity segment of the Treasury yield curve, and risk-averse arbitrageurs, who trade to take advantage of arbitrage opportunities.
There are also government agencies, like the Treasury and the Federal Reserve, that are modeled as risk-neutral participants in the
Treasury market. Vayanos and Vila (2009) show that government
bond holdings of the arbitrageurs aﬀect the equilibrium bond risk
premiums. For simplicity, we do not impose speciﬁc functional forms
on the demand functions of preferred-habitat investors or the utility
function of the arbitrageurs, which Vayanos and Vila (2009) use to
derive analytical solutions linking bond risk premiums to the arbitrageurs’ bond holdings. Instead, we simply take their conclusion
and assume that supply factors aﬀect bond risk premiums, which is
in the same spirit as how macro yield factors are motivated in the
macro-ﬁnance term structure models (e.g., Ang and Piazzesi 2003).
We assume that yield and supply factors only load on their own
lags:
⎡
Φ11
Φ = ⎣Φ21
0

Φ12
Φ22
0

⎤
0
0 ⎦.
Φ33

(15)

The assumption that yield factors do not load on past supply factors may appear inconsistent with term premium regression results
reported earlier or our stated objective of assessing how supply
changes aﬀect term premium and yields. This assumption is nonetheless imposed to ensure that any evidence we shall ﬁnd in support
of the supply eﬀects is driven by the data rather than by assumptions. The restriction that supply factors do not load on past yield
factors reﬂects the Treasury’s stated policy that it “does not ‘time
the market’—or seek to take advantage of low interest rates—when
it issues securities. Instead, Treasury strives to lower its borrowing
costs over time by relying on a regular pre-announced schedule of
auctions.”10
We identify supply shocks by imposing a lower-diagonal structure
on the volatility matrix:
10
See www.gao.gov/special.pubs/longterm/debt/, which updates information
in “Federal Debt: Answers to Frequently Asked Questions: An Update,” GAO04-485SP (Washington, DC: August 12, 2004).
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⎤
0
0 ⎦.
Ω33

The non-zero terms Ω31 and Ω32 capture the correlation between
systematic responses of monetary and ﬁscal policies to economic
variations over the business cycle. For example, in a recession, the
FOMC lowers the short rate to stimulate the economy and the yield
curve steepens; at the same time, the Treasury will issue more debt
to ﬁnance the rising federal budget deﬁcit resulting from the automatic stabilizers. On the other hand, a pure supply shock, v3t , that
is orthogonal to yield-factor shocks has no eﬀect on current or future
(orthogonalized) yield factors.
We impose the restriction that the short-term rate loads only on
the two yield factors, so that shocks to supply factors do not aﬀect
interest rate expectations but can aﬀect bond yields through the
term premium channel only.

δ1 = δ11 δ12 0
(16)
We also impose the restriction that the supply factors do not carry
their own risk premiums but can aﬀect term premiums by changing
the risk premiums on the yield factors.


λ0 = λ0,1 λ0,2 0
(17)
⎤
⎡
λ1,11 λ1,12 λ1,13
⎣
λ1 = λ1,21 λ1,22 λ1,23 ⎦
(18)
0
0
0
The ﬁrst assumption captures the fact that the supply of Treasury securities is not an important consideration when the Federal Reserve determines the short-term interest rate (e.g., monetary
policy is independent of ﬁscal policy),11 while the second assumption
reﬂects our prior that Treasury supply is unlikely to be a source of
undiversiﬁable risk that should be priced on its own. Imposing these
restrictions also helps reduce the number of parameters that needs
11
Both policies could be responsive at the same time to a recession and thus
correlated in recessions. However, their overall correlation across time should be
low.
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to estimated and avoid the overﬁtting problem. Under these two
assumptions, the supply factors follow the same dynamics under the
physical and the risk-neutral measures:
μ̃3 = μ3 ,

(19)

Φ̃3∗ = Φ3∗ ,

(20)

where Φ̃3∗ and Φ3∗ denote the third rows of the matrices Φ and Φ̃,
respectively.

3.3

Extending the Model to Include MBS Supply Factors

Treasury yields might also be aﬀected by the supply of agency MBS,
which are viewed by many market participants as “safe” assets
and close substitutes for Treasury debt due to their implicit or
explicit government guarantee. Agency MBS and Treasury securities also share two features that set them apart from other privately
issued debt. First, the net issuance of both Treasury securities and
agency MBS does not react strongly to interest rates in the short
run.12 Their issuance is largely determined by the federal budget
deﬁcit and housing demand, respectively, which co-vary with interest rates mainly at the business-cycle frequency. In contrast, corporate bond issuance responds more opportunistically to the level
of interest rates, and this response can be signiﬁcant even at the
weekly frequency. The fact that the net supply of Treasury securities and agency MBS is relatively inelastic in the short run is one
reason why investors need to take them into consideration when
pricing those assets. Second, Treasury securities, agency MBS, and
corporate debt can be viewed as ultimately transferring interest risks
from taxpayers, mortgage borrowers, and bond-issuing corporations,
respectively, to bond investors. Both taxpayers and mortgage borrowers are arguably suﬃciently removed from investment decisions
driving high-frequency asset-price variations, so that their interest rate exposure may not be fully reﬂected in Treasury or agency
12
Note that the gross issuance of MBS can still respond strongly to the level
of rates. For example, in a reﬁnance boom sparked by declining interest rates,
old mortgages and MBS are replaced with new ones, but the net supply of MBS
stays about unchanged.
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MBS prices. As a result, investor holdings of these assets may still
aﬀect their prices, even though the net supply of such assets is zero
when all players in the economy are taken into account. The same
argument cannot be made for bond-issuing companies, especially
ﬁnancial corporations.
We therefore extend the model to include two additional supply
factors, the par amount (normalized by nominal GDP) and the average duration of private MBS holdings, which are appended to the
list of state variables. Specifying the model dynamics is, however,
complicated by the fact that, unlike the duration of Treasury securities or the par supply of Treasury or agency MBS, the duration of
agency MBS responds strongly to the level of interest rates; a lower
interest rate will prompt more mortgage borrowers to prepay and the
duration of agency MBS to shorten, and vice versa. As a result, we
can no longer assume that all supply variables evolve independently
of the yield factors; instead we need to allow MBS duration and
the level of yields to be jointly determined within the model. MBS
prepayment behavior is notoriously hard to model and depends on
house prices, demographics, and many other non-interest-rate factors. A fully speciﬁed MBS prepayment model is beyond the scope
of this paper; such a model is also not necessary for our purposes,
as we only need to capture the partial eﬀect of MBS prepayments
on MBS duration arising from interest rate changes. In the empirical analysis, we therefore model the average duration of privately
held agency MBS as a linear function of its own lag and the lagged
yield-curve level factor, while the Treasury supply factor and the par
MBS-to-GDP ratio both follow AR(1) processes.
⎡
Φ11
⎢Φ21
⎢
Φ=⎢
⎢ 0
⎣ 0
Φ51

Φ12
Φ22
0
0
0

0
0
Φ33
0
0

0
0
0
Φ44
0

⎤
0
0 ⎥
⎥
0 ⎥
⎥
0 ⎦
Φ55

(21)

We maintain earlier restrictions that the short-term rate loads
only on the two yield factors,

δ1 = δ11

δ12

0 0

0 ,

(22)
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and that all supply factors carry

λ0 = λ0,1 λ0,2 0
⎡
λ1,11 λ1,12
⎢λ1,21 λ1,22
⎢
0
λ1 = ⎢
⎢ 0
⎣ 0
0
0
0
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zero risk premiums13 :
0



0 ,

λ1,13
λ1,23
0
0
0

λ1,14
λ1,24
0
0
0

⎤

λ1,15
λ1,25 ⎥
⎥
0 ⎥
⎥.
0 ⎦
0

(23)

(24)

Under these two assumptions on the short rate and the risk
premiums, the supply factors follow the same dynamics under the
physical and the risk-neutral measures:
μ̃i = μi ,

(25)

Φ̃i∗ = Φi∗ ,

(26)

for i = 3, 4, 5, where Φ̃i∗ and Φi∗ denote the ith rows of the matrices
Φ and Φ̃, respectively.
4.

Model Estimation and Empirical Results

We estimate the model using monthly data on Treasury yields and
private holdings of Treasury and agency MBS from March 1994 to
July 2007. We assume the short rate is represented by the one-month
yield, the level factor is represented by the ﬁve-year yield, and the
slope factor is represented by the spread between the ﬁve-year yield
and the one-month yield. Because our primary purpose is to identify
the possible eﬀect of supply factors on Treasury-yield term premiums, we take a two-step approach to estimate the model parameters
as in Ang and Piazzesi (2003). In the ﬁrst step, we estimate the factor
dynamics equation (9) and the short rate equation (3) by ordinary
least squares. In the second step, we estimate the remaining risk
premium parameters by minimizing the average diﬀerence between
13
We experimented with an alternative assumption that Treasury and MBS
supply factors carry zero risk premiums but the MBS duration factor can have
its own risk premium, which would allow MBS convexity hedging demand to
potentially carry its own premiums. Results are similar.
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observed yields and the term premium estimates described in section
2, on the one hand, and model-implied yields and term premiums, on
the other, over maturities of six months and one, two, seven, and ten
years, while at the same time holding ﬁxed all pre-estimated parameters. This two-step approach avoids the diﬃculties of estimating
a model with many factors using the one-step maximum likelihood
when yields and factors are highly persistent.

4.1

Estimation Results

Table 2 presents the model parameter estimates, and ﬁgures 1 and
2 show the ﬁt of the model. The risk premiums on yield level risk
carry the same sign of loadings on the three supply factors as on the
level factor itself, which suggests that the three supply factors carry
a positive interest rate level risk premium, as one would expect. Similarly, the risk premiums on the yield slope risk carry the same sign
of loadings on two supply factors (Treasury supply factor and MBS
duration factor) as on the slope factor itself, which implies that these
two supply factors carry a positive interest rate slope risk premium.
The ﬁt of the model is also reasonably good, as evidenced in the two
ﬁgures.
As summarized in table 3, this model suggests that a 1percentage-point decline in the Treasury ten-year-equivalents-toGDP ratio or the MBS par-to-GDP ratio would reduce the ten-year
Treasury yield by about 10 basis points, while a one-year shortening of the average eﬀective duration of private MBS holdings would
lower the ten-year Treasury yield by about 7 basis points.

4.2

Impulse Response and Variance Decomposition

Next we examine the impulse responses of term premiums to supply shocks. We deﬁne the bond risk premium or term premium as
the diﬀerence between the actual yield, yt,n , and the average future
eh
short rate, yt,n
:
eh
RPt,n = yt,n − yt,n

=−

1
n




eh 
An − Aeh
,
+
B
−
B
X
n
t
n
n

(27)
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Table 2. Model Parameter Estimates
Estimated Parameters
Φ
Lt
St

0.970 −0.010
(0.018) (0.024)
−0.052
0.938
(0.019) (0.025)

Tsy t

0.990
(0.007)

MBSpar t
MBSdur t

μ

0.997
(0.004)
0.238
(0.119)

0.863
(0.048)

μ̃

Φ̃
Lt
St

0.992
(0.009)
−0.098
(0.013)

0.019
(0.001)
0.961
(0.004)

0.148
(0.099)
0.298
(0.104)
0.082
(0.098)
34.540
(17.453)
2.074
(0.646)

0.002
0.002
(0.001) (0.000)
0.003 −0.000
(0.002) (0.002)

0.005
(0.005)
0.040
(0.007)

0.969
(0.575)
1.160
(0.545)

Ω
Lt
St
Tsy t
MBSpar t
MBSdur t

0.284
0.296
0.274
0.142
0.312

0.258
Implied Parameters
λ1

Lt
St

−0.077
0.152

−0.102
−0.080

−0.008
−0.010

−0.006
0.002

λ0
−0.016
−0.136

−2.887
−2.908

Notes: This table reports parameter estimates. Standard errors are in parentheses.
Bold numbers indicate statistical signiﬁcance at the 5 percent level.

where the price loadings also follow a recursive relation:
eh
eh
Aeh
n+1 = An + Bn μ − δ0 ,

(28)

eh
Bn+1
= Bneh Φ − δ1

(29)
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Figure 1. Yield Fit
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eh
with the initial conditions Aeh
1 = A1 = −δ0 and B1 = B1 = −δ1 .
Note that in our setup, the average future short rate only loads on
yield factors. We can therefore focus exclusively on the term premium components of yields in our analysis of the eﬀects of supply
variables on the term structure.
Recall that there are only two risk factors in this model; i.e., only
the ﬁrst two elements in the price-of-risk vector, Λt = λ0 + λ1 Xt ,
are non-zeros. The top panel of ﬁgure 3 plots the impulse responses
of these two elements, which represent responses of the market price
of yield-curve level and slope risks, respectively, to one unit of shock
to each supply factor. The market price of yield slope risk seems to
react more strongly to MBS duration shocks than the price of level
risk, while the responses to Treasury and MBS par supply factors
are comparable across the two prices of risk.
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Figure 2. Term Premium Fit
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Table 3. Estimated Factor Loadings of Term Premiums
Maturity
(Years)

Lt

St

Tsy t
(%)

MBSpar t
(%)

MBSdur t
(Years)

0.5
1
2
5
7
10

1.18
1.29
1.34
1.17
1.04
0.86

−0.86
−0.70
−0.44
−0.02
0.09
0.15

−0.08
0.13
1.13
5.29
7.70
10.16

0.59
1.36
2.89
6.49
8.11
9.73

−6.65
−9.50
−8.14
1.70
5.01
6.79

Note: This table reports model-implied loadings of term premiums on the factors.
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Figure 3. Impulse Response
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Turning to term premiums, the bottom panel of ﬁgure 3 plots
impulse responses of ﬁve-year and ten-year term premiums to one
unit of shock to each supply factor as implied by equations (2) and
(27). MBS duration shocks seem to have smaller and more transitory eﬀects on yields than the other two shocks, while the eﬀects
of Treasury and MBS par supply factors are both long lasting and
rising with bond maturities.
We can also use equations (2) and (27) to decompose the conditional variance V art (RPt+h,n ) at horizon h and maturity n as
explained by each factor. The results for maturities of one, ﬁve, and
ten years and horizons of twelve and sixty months are reported in
ﬁgure 4 and table 4. As expected, the Treasury and MBS par supply factors explain very little of term premium variations at short
maturities and short horizons, because short-term yields are primarily driven by interest rate expectations, which by construction
are not aﬀected by supply factors; in addition, supply factors are
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Figure 4. Variance Decomposition of Term Premiums
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Table 4. Variance Decompositions of Term Premiums
Yield Factors
Maturity Horizon
(Years) (Months) Level
1

5

10

1
12
60
1
12
60
1
12
60

52
38
35
44
34
33
46
29
28

Supply Factors

Slope

Treasury

19
61
59
26
63
58
27
62
52

0
1
4
0
2
6
0
5
15

MBS MBS
Par Dur All
0
0
1
1
1
2
2
3
5

29
0
1
29
0
1
25
0
1

29
2
6
30
3
9
27
9
20

Note: This table reports variance decompositions of yield risk premiums.

highly persistent and show little variation over short horizons. As
the maturity rises, however, changes in term premiums explain a
larger portion of yield variations. As the forecast horizon increases,
supply factors also exhibit more notable variations. Taken together,
these two observations suggest that the eﬀect of supply factors on
term premiums should become more important at longer maturities
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and horizons, which is what we observe in the data. More speciﬁcally,
at the sixty-month horizon, about 9 percent and 20 percent of the
conditional variance of ﬁve- and ten-year term premiums, respectively, are attributable to shocks to the supply factors. Moreover,
the Treasury supply factor accounts for most of the contributions of
supply factors to term premium variations.
5.

Evaluating the Federal Reserve’s Asset
Purchase Programs

The Federal Reserve’s various asset purchase programs provide natural experiments for assessing the eﬀects of exogenous shocks to the
supply of Treasury securities and their close substitutes on Treasury yields. This section uses the term structure model with supply factors developed above to evaluate three such programs—the
ﬁrst two large-scale asset purchase programs (LSAP1 and LSAP2,
respectively) and the maturity extension program (MEP). For reference, the details of these programs are described brieﬂy below.14
• On November 25, 2008, the FOMC announced the LSAP1,
consisting of $100 billion of purchases of agency debt and up
to $500 billion of purchases of agency MBS. In March 2009,
the FOMC expanded the LSAP1 program to include an additional $750 billion purchase of agency securities and $300 billion purchase of longer-term Treasury securities. The program
was completed in March 2010, with a total purchase of $1.25
trillion of agency MBS, about $170 billion of agency debt, and
$300 billion of Treasury securities.
• On November 3, 2010, the FOMC announced the LSAP2,
under which it would purchase $600 billion of longer-term
14
Over this period, the Federal Reserve also announced two changes to its policy on how principal payments from SOMA holdings of agency debt and agency
MBS are handled. Those principal payments were allowed to roll oﬀ the Federal
Reserve’s balance sheet from the start of the LSAP1 program till August 2010,
when they were reinvested in longer-term Treasury securities instead. The current
policy of reinvesting those principal payments in agency MBS was announced in
September 2011, together with the MEP. The ﬁrst reinvestment policy change
was taken into account in our analysis of the LSAP2 program but not the LSAP1
program, while the second reinvestment policy change was taken into account in
our analysis of the MEP but not the LSAP1 or the LSAP2 programs.
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Treasury securities over an eight-month period through June
2011. LSAP2 was completed as announced, with the bulk of
purchases concentrated in nominal Treasury securities with
two- to ten-year maturities.
• On September 21, 2011, the FOMC announced the MEP,
under which the FOMC would purchase, through the end of
June 2012, $400 billion of Treasury securities with remaining
maturities of six to thirty years while simultaneously selling
an equal amount of Treasuries with remaining maturities of
three years or less.

5.1

Previous Empirical Studies

A growing empirical literature tries to assess the eﬀects of these asset
purchase programs, which are summarized in table 5 and described
in more detail below.
5.1.1

LSAP1

• Gagnon et al. (2011), using a one-day window around eight
baseline events from November 25, 2008 to November 4, 2009,
ﬁnd that the ten-year Treasury yield declined 91 basis points.
Gagnon et al. (2011) also use several regression models on
a sample from January 1985 to June 2008 to estimate the
eﬀect of changes in the stock of privately held longer-term
debt (normalized by nominal GDP) on the term premium,
after controlling for other factors related to business cycles
and uncertainties about economic fundamentals. From those
regression models they estimate that the term premium eﬀects
of the ﬁrst LSAP are 36 to 82 basis points.
• D’Amico and King (2012), focusing only on Treasury purchases and using a panel of CUSIP-level purchase data, estimate the eﬀect on the ten-year Treasury yield to be 30 basis
points.
• D’Amico et al. (2012) provide empirical estimates of the eﬀect
on longer-term U.S. Treasury yields of LSAP-style operations
focusing on two channels: (i) scarcity (available local supply)
and (ii) duration. According to these estimates, the total
impact from the ﬁrst Treasury LSAP program is about 35
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Table 5. Previous Empirical Studies of LSAPs
Estimated
Decline in
Ten-Year
Treasury
Event Time-Series
Panel
Yield (Basis
Studies Regressions Regressions
Points)

Gagnon et al. (2011)

Krishnamurthy and
Vissing-Jorgensen
(2011)
D’Amico and King
(2012)

√

LSAP 1
√

91 (Event
91 Studies); 36
to 82
(Regressions)
100

√

√

√

D’Amico et al.
(2012)

20–30
(Treasury
Purchases
Only)
35 (Treasury
Purchases
Only)

LSAP 2
Krishnamurthy and
Vissing-Jorgensen
(2011)
D’Amico et al. (2012)
Meaning and Zhu
(2011)
Swanson (2011)

Hamilton and Wu
(2012)
Meaning and Zhu
(2011)

√

25
√
√

√

55
21
15

MEP
√

22
√

17

Note: This table summarizes previous studies of the Federal Reserve’s three asset
purchase programs.
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basis points: the scarcity eﬀect accounts for 23 basis points
and the duration eﬀect for 12 basis points.
• Krishnamurthy and Vissing-Jorgensen (2011), using a one-day
window around six baseline events from November 25, 2008 to
March 18, 2009, ﬁnd that the ten-year Treasury yield declined
100 basis points.
Overall, the above-mentioned studies imply that the ﬁrst
round of Treasury LSAPs had an impact that ranges between
15 and 35 basis points.
5.1.2

LSAP2

• Krishnamurthy and Vissing-Jorgensen (2011), using an eventstudy approach that analyzes the period from August 26, 2010
(the day before Chairman Bernanke’s Jackson Hole speech) to
November 2, 2010 (the day before the LSAP2 announcement),
ﬁnd that the ten-year Treasury yield declined 25 basis points.
In addition, their regression approach predicts that LSAP2
should result in about a 27-basis-points decline in Treasury
yields.
• D’Amico et al. (2012) results suggest that the scarcity eﬀect
from the second LSAP program is about 45 basis points and
the duration eﬀect is about 10 basis points. Thus, the total
eﬀect of the second LSAP is estimated to be about 55 basis
points.
• Meaning and Zhu (2011), applying the methodology developed
by D’Amico and King (2012), estimate that LSAP2 on average
lowered the yield curve by 21 basis points, with a maximum
impact of 108 basis points for some securities with remaining
maturity of about twenty years.
• Swanson (2011) also employs an event-study approach and
estimates the LSAP2 having reduced long-term rates by 15
basis points.
5.1.3

MEP

• Meaning and Zhu (2011) simulations suggest that on average,
yields may drop 22 basis points for securities with a remaining
maturity over eight years.
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• Hamilton and Wu (2012), using regression on a sample from
1990 to 2007, estimate the eﬀect of variations in the average
maturity of privately held Treasury debt on the term structure of interest rates, after controlling for level, slope, and
curvature of the yield curve. Using the estimated coeﬃcients,
they evaluate a swap experiment where the Federal Reserve
sells $400 billion of short-term securities and buys $400 billion
of long-term securities. The results indicate that yields with
maturity longer than two years fall about 17 basis points, while
short-term yields increase a similar amount.

5.2

LSAPs as One-Period Supply Shocks

Most studies mentioned above treated these asset purchase programs
as causing instant shocks to the supply variables. Following the same
approach, we consider the $300 billion of Treasury security purchases
in LSAP1 as roughly corresponding to a $169 billion shock to private Treasury holdings in terms of ten-year equivalents (Gagnon
et al. 2011, footnote 47), or a 1.2 percent shock to the Treasury supply factor when normalized by the 2009:Q4 nominal GDP of $14.1
trillion. Similarly, the $1.25 trillion purchases of agency MBS under
the LSAP1 program roughly translates to an 8.9 percent shock to
the MBS par supply factor. By comparison, both the $600 billion of
Treasury purchases under the LSAP2 program and the $400 billion
simultaneous purchases of Treasury security with maturities longer
than six years and sales of Treasury securities with maturity less
than three years under the MEP are estimated to have removed
about $400 billion ten-year equivalents from the market, or about
2.7 percent and 2.6 percent shocks to the Treasury supply factor
when normalized by the 2010:Q4 and 2011:Q4 nominal GDP of $14.7
trillion and $15.3 trillion, respectively.
We use the estimated factor loadings in table 3 to estimate the
term premium eﬀects of such supply shocks and summarize the
results in table 6. We estimate that the LSAP1 program lowered
the ten-year Treasury yield by about 100 basis points, the ﬁve-year
yield by about 65 basis points, and the two-year yield by about 25
basis points in the near term. By comparison, the other two programs (the LSAP2 program and the MEP) are both estimated to
have lowered the ten-year Treasury yield by about 25 basis points
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Table 6. Estimated Supply-Factor Shocks and Term
Premium Eﬀects of LSAP1, LSAP2, and MEP

Shocks

Term Premium
Eﬀect (bps)

Program

Tsy t MBSpar t MBSdur t
(%)
(%)
(Years) 2-Year 5-Year 10-Year

LSAP1
LSAP2
MEP

−1.2
−2.7
−2.6

−8.9

−27
−3
−3

−64
−14
−13

−99
−26
−25

Note: This table reports model estimates of term premium eﬀects of various asset
purchase programs assuming one-period shocks.

and the ﬁve-year yield by 10 to 15 basis points, but have almost no
eﬀect on the two-year Treasury yield.

5.3

LSAPs as a Sequence of Supply Shocks

The above analysis implicitly assumes that these asset purchase programs can be considered as one-time supply shocks that would dissipate over time, following the historical dynamics of the supply
variables. In reality, these programs are implemented according to
predetermined timetables and are widely expected to be gradually
unwound in the future to return the SOMA portfolio to its historical level and composition, causing changes to not only the level but
also the dynamics of the supply factors during and after the purchases. As a result, the term premium eﬀect estimates in table 6
may overstate or understate the true eﬀect by ignoring the fact that
the persistence of LSAP-induced supply shocks could deviate from
its historical norm. To capture this divergence, we model those programs as generating a sequence of shocks to the Treasury and agency
MBS supply factors, ust , which become known to the investors once
the programs are announced:
Xt = [Xty , Xts ] ,

(30)

X̂ts = Xts + ust .

(31)
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As shown in the appendix, the time-t eﬀect of such a pre-announced
Federal Reserve asset purchase program on the n-period yield is
given by
min{T −t,n−1} 

ŷt,n − yt,n =

bsn ust

+


i=1



n−i s
s
ss s
u − ρ ut+i−1 ,
b
n n−i t+i
(32)

where ŷtn and ytn represent bond pricing with and without Federal
Reserve operations, respectively.15
To understand the intuition in this formula, assume ρss to be
equal to an identity matrix because the supply factors are typically
highly persistent, as evidenced by the estimates in table 2. Equation
(32) then simpliﬁes to
min{T −t,n−1} 

ŷt,n − yt,n =

bsn ust

+


i=1



n−i s
s
s
u − ut+i−1 .
b
n n−i t+i
(33)

This formula shows that the time-t term premium eﬀect of a
program can be viewed as the discounted sum of the expected term
premium eﬀects of all future incremental supply shocks generated by
such a program.16 More speciﬁcally, recall that the supply shocks,
ust , are measured as the diﬀerences in private holdings under the
purchase program from those under a baseline scenario with no purchases in each of the periods.17 Therefore, the changes in the supply
shocks from one period to the next, ust+i − ust+i−1 , represent the net
changes in the amount of private holdings in that period and will
15
Chung et al. (2012) use a similar formula to quantify the term premium eﬀect
of the LSAP1 and LSAP2 programs based on the deviations of SOMA holdings
under these programs from a baseline scenario with no Federal Reserve purchases.
16
Here we assume that SOMA holdings return to normal and the supply shocks
disappear at time T .
17
For simplicity, we assume that the purchase program does not directly aﬀect
the average duration of private MBS holdings but aﬀects it only indirectly
through its eﬀect on the other two supply factors and, in turn, their eﬀects on
the ten-year Treasury yield.

Vol. 9 No. 1

Term Structure Modeling

31

be positive for asset sales and negative for asset purchases.18 The
entire term following the summation sign represents the discounted
future yield responses, where bs represents yield responses per unit
of supply shocks and n−i
n represents the discounting factor. This formula can be used to evaluate previously announced programs as well
as new ones. For previously announced purchase programs, the ﬁrst
supply-shock term would be cumulative purchases under the program up to that point. For a new program that is yet to be started,
the ﬁrst term is the projected net purchase under the program during
that period.
This formula has several important implications: First, the term
premium eﬀect of a program depends on both the purchase amount
and investors’ expectations about the timing and pace of future exit
sales. Similarly, the term premium eﬀect of a program can change
over time depending on changing investor expectations of the timing
and pace of future exit sales. For example, extending the expected
federal funds lift-oﬀ date may raise the term premium eﬀect of a
program if the starting date of asset sales is expected to be tied
to the federal funds lift-oﬀ date, as outlined in the minutes of the
June 2011 FOMC meeting. Finally, the further away and the slower
the future exit sales, the bigger the term premium eﬀect, since the
oﬀsetting eﬀects from those future sales will be smaller in these cases.
To use the above formula to evaluate each of the three Federal
Reserve asset purchase programs, we start by forming projections
for SOMA holdings of Treasury securities and MBS both under the
announced purchase program and under a baseline scenario with no
such program. We assume that the purchase proceeds at a constant
speed such that the supply shocks reported in table 6 are spread
out evenly over the life span of each program. Compared with the
baseline scenario, the Federal Reserve’s purchases will create initial
large negative shocks to the supply variables, which start to shrink
as SOMA holdings under the purchase program and those under
18
Keep in mind that each u term represents the diﬀerence in private holdings under the program from those under the no-purchase scenario. The term
ust+i − ust+i−1 is therefore a diﬀerence in diﬀerences that captures the true
“treatment” eﬀect of the asset purchase program. This diﬀerences-in-diﬀerences
approach is commonly used in studies of the eﬀects of regulatory changes in
the corporate ﬁnance literature and of the treatment eﬀects of new drugs in
parametrical studies.
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Table 7. Estimated Term Premium Eﬀects of LSAP1,
LSAP2, and MEP at Announcement
Shocks
per Month
Durations Tsy t
Program (months) (%)
LSAP1
LSAP2
MEP

15
8
9

−0.120
−0.338
−0.289

Term Premium
Eﬀect (bps)

MBSpar t MBSdur t
(%)
(Years) 2-Year 5-Year 10-Year
−0.593

−16
−2
−2

−52
−13
−13

−60
−19
−19

Note: This table reports model estimates of term premium eﬀects of various asset
purchase programs using assumptions on the time paths of the purchase programs.

the baseline scenario start to converge when the Federal Reserve
begins unwinding these programs. We assume that investors expect
the Federal Reserve to begin selling securities two years after the
end of each program and to ﬁnish the sales ﬁve years after the end
of the program. The results based on these assumptions are reported
in table 7, which is based on applying equation (32) to the sequences
of supply shocks under each program. These new estimates suggest
that the LSAP1 lowered the two-, ﬁve-, and ten-year Treasury yield
by about 15, 50, and 60 basis points, respectively.19 By comparison,
the LSAP2 and the MEP are estimated to have lowered the ten-year
Treasury yield by about 20 basis points and the ﬁve-year yield by 10
to 15 basis points, and to have had almost no eﬀect on the two-year
Treasury yield. These results on LSAP1 and LSAP2 are similar to
those reported in Chung et al. (2012).
6.

Conclusions

In this paper, we provide evidence that private holdings of Treasury
securities and agency MBS have explanatory power for variations in
Treasury yields above and beyond that of standard yield-curve factors. Based on this observation, we extend the standard Gaussian
19
Agency MBS purchases lasted about eleven months, while Treasury purchases lasted about eight months under the LSAP1. We ignore the eﬀect of MBS
prepayment on SOMA holdings.

Vol. 9 No. 1

Term Structure Modeling

33

essentially aﬃne no-arbitrage term structure model to allow Treasury and MBS supply variables to aﬀect Treasury term premiums.
The model is ﬁtted to historical data on Treasury yields as well as
the supply and the maturity characteristics of private Treasury and
MBS holdings. The estimation results suggest that a 1-percentagepoint decline in the Treasury ten-year-equivalents-to-GDP ratio or
the MBS par-to-GDP ratio would reduce the ten-year Treasury yield
by about 10 basis points, while a one-year shortening of the average
eﬀective duration of private MBS holdings would lower the ten-year
Treasury yield by about 7 basis points.
We then apply this model to evaluating the Federal Reserve’s
various asset purchase programs. Our estimates show that the ﬁrst
and second large-scale asset purchase programs and the maturity
extension program have a combined eﬀect of about 100 basis points
on the ten-year Treasury yield.
While the current paper emphasizes the interest risk premium
channel through which LSAP works to reduce longer-term Treasury yields, other channels have been suggested in the literature.
For example, Krishnamurthy and Vissing-Jorgensen (2011) oﬀer evidence that signiﬁcant clientele demand exists for long-term “safe”
(i.e., nearly default-free) assets such as Treasury securities and
agency MBS, and a reduction in the supply of those “safe” assets
would raise their prices and lower their yields. Another example is
D’Amico and King (2012), who use security-level purchase data to
demonstrate the existence of a scarcity channel, through which supply shocks associated with Federal Reserve purchases had a localized
eﬀect on yields at nearby maturities. Finally, as pointed out by Bauer
and Rudebusch (2012), the decline in Treasury yields following
LSAP announcements might also reﬂect investor perceptions that
the FOMC would remain accommodative for a longer period than
the market previously expected. Disentangling the various channels
remains a challenge and is left for future research.

Appendix: LSAPs as a Sequence of Supply Shocks
This appendix derives the model-implied eﬀect of a pre-announced
asset purchase program by the Federal Reserve on the n-period
yield. Partition the state variables into yield factors (level and slope)
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and supply factors (average maturity and par debt/GDP ratio) and
denote by y and s, respectively.
Xt = {Xty , Xts }
Absent Federal Reserve operations, the state variables evolve as
Xt+1 = c + ρXt + Σεt+1 ,

 yy
ρys
ρ
. We model
where ρ can be similarly partitioned into
ρsy ρss
Federal Reserve operations as inducing deterministic shocks to Xts
that become known once the program is announced:
 
0
X̂t = Xt + s
ut
and assume that the eﬀect of the operations completely goes away
by period T ,
X̂T = XT , usT = 0.
Without Federal Reserve operations, bond prices are determined as
Ptn = exp (An + Bn Xt ) ,
where
An = −δ0 + An−1 + Bn−1 (c − Σλ) ,

(34)

Bn = −δ1 + Bn−1 (ρ − ΣΛ) .

(35)

We assume that once the program is announced, bond prices become
aﬃne functions of X̂t ,


P̂tn = exp Ât,n + B̂t,n X̂t ,
where the subscript t in Ât,n and B̂t,n captures the idea that bondprice loadings could potentially be time varying and depend on
current and future shocks {ut }. Standard pricing equation implies
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n−1
Ptn = Et Mt+1 Pt+1


exp Ât,n + B̂t,n X̂t



1 

= Et exp −rt − λt λt − λt εt+1 + Ân−1,t + B̂n−1,t X̂t+1
2

 
 1
 

λ + ΛX̂t
λ + ΛX̂t
= Et exp − δ0 + δ1 X̂t −
2


− λ + ΛX̂t εt+1 + Ân−1,t+1



 

0
0
+ Σεt+1 + s
+ B̂n−1,t+1 c + ρ X̂t − s
ut
ut+1
= exp −δ0 + Ân−1,t+1 + B̂n−1,t+1 (c − Σλ)
 
 
s
ust+1 − ρss ust + −δ1 + B̂n−1,t+1 (ρ − ΣΛ) X̂t .
+ B̂n−1,t+1
Matching terms yields
Ât,n = −δ0 + Ân−1,t+1 + B̂n−1,t+1 (c − Σλ)

s
+ B̂n−1,t+1
ust+1 − ρss ust ,

(36)

B̂t,n = −δ1 + B̂n−1,t+1 (ρ − ΣΛ) .

(37)

Taking the diﬀerence between recursions (37) and (35) and iterating
gives


B̂t,n − Bn = B̂n−1,t+1 − Bn−1 (ρ − ΣΛ)
= ···
⎧

⎨ B̂n−(T −t),T − Bn−(T −t) (ρ − ΣΛ)T −t if t + n > T

= 
⎩ B̂0,t+n − B0 (ρ − ΣΛ)n
if t + n ≤ T
= 0,
since B̂n−(T −t),T = Bn−(T −t) by the assumption that the eﬀect of
operations completely disappears by time T and B̂0,t+n = B0 = 0
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by deﬁnition. Similarly, taking the diﬀerence between recursions (36)
and (34), using the result B̂t,n = Bn , and iterating gives

s
Ât,n − An = Ân−1,t+1 − An−1 + Bn−1
ust+1 − ρss ust
min{T −t,n−1}

min{T −t,n−1}



=

s
Bn−i
ut+i −

i=1



s
Bn−i
ρss ut+i−1 .

i=1

In yield terms,
1
ŷt,n = − log P̂tn
n

1
At,n + Bt,n X̂t
=−
n
⎡
min{T −t,n−1}
min{T −t,n−1}


1⎣
An +
=−
Bn−i ut+i −
Bn−i ρss ut+i−1
n
i=1
i=1

 
0
+Bn Xt + s
ut
⎛
⎞
min{T −t,n−1}
min{T −t,n−1}


1
s
s
Bn−i
ust+i −
Bn−i
ρss ust+i−1 ⎠
= yt,n − ⎝
n
i=0
i=1
⎡
⎤
min{T −t,n−1}


1⎣ s s
s
Bn ut +
= yt,n −
ust+i − ρss ust+i−1 ⎦
Bn−i
n
i=1
⎤
⎡
min{T −t,n−1}


n−i s
= yt,n + ⎣bsn ust +
bn−i ust+i − ρss ust+i−1 ⎦ ,
n
i=1
where yt,n = − n1 (An + Bn ft ) represents bond pricing without Federal Reserve operations. In other words,
min{T −t,n−1}

bsn ust

+


i=1


n−i s
bn−i ust+i − ρss ust+i−1
n

represents the time-t eﬀect of a pre-announced asset purchase program by the Federal Reserve on n-period yields.
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