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Introduction

Recent studies of optimal monetary policy at the zero lower bound
(ZLB) have focused principally on the beneﬁts of forward guidance
regarding the anticipated future path of short-term nominal interest
rates, with only subsidiary treatment of non-traditional monetary
policy measures.1 This approach suggests that policymakers should
announce that the policy rate will be kept low during the initial
stages of economic recovery. Such a commitment can provide stimulus to the economy by lowering expected future real interest rates.
The expectations of lower real rates arise from two sources in a New
Keynesian model: from expectations of low future nominal interest
rates, and from higher expected rates of future inﬂation (Woodford
1999, p. 302). Eggertsson and Woodford (2003), Nakov (2008), and
Walsh (2009) have consequently emphasized the extent to which
forward guidance can be very eﬀective at stabilizing the output gap
and inﬂation—that is, this policy avoids deﬂation in the near term
while producing only mildly elevated rates of inﬂation in subsequent
periods.
In responding to the recent economic downturn, however, several
major central banks have deployed non-traditional measures aimed
at delivering additional macroeconomic stimulus while the near-term
path of the policy rate may be constrained by the zero lower bound.2
For example, the Bank of England and the Federal Reserve have
engaged in large-scale asset purchases (LSAPs), though with somewhat diﬀerent emphases which, as Bean (2009, p. 22) notes, partly
reﬂect diﬀerences in the ﬁnancial market structures across these

1
Several early studies focused on the use of simple feedback rules for conducting monetary policy at or near the ZLB; see Wolman (1998), Reifschneider
and Williams (2000), and Coenen and Wieland (2003). For analysis of optimal
policy under commitment at the ZLB, see Jung, Teranishi, and Watanabe (2001,
2005), Adam and Billi (2004, 2006), Eggertsson and Woodford (2003), and Nakov
(2008).
2
Over the past two years, many central banks have also acted vigorously to
fulﬁll their function as lender of last resort; see Madigan (2009) for further discussion. In this paper, however, we focus on monetary policy actions undertaken with
the speciﬁc aim of providing macroeconomic stabilization rather than principally
aimed at aiding ﬁnancial market functioning.

Vol. 6 No. 1 Limitations on the Eﬀectiveness of Forward Guidance 145

two economies.3 Nonetheless, the prevailing consensus—as elegantly
summarized by Walsh (2009)—casts doubt on the merits of nontraditional policies, as well as on the need for other measures such
as ﬁscal stimulus. Simply put, the key question is: Why not simply rely on forward guidance, since it could deliver all the stimulus
required at the ZLB at relatively little cost?
Our analysis in this paper addresses this question by considering optimal policy under commitment in a prototypical New Keynesian model and examining the extent to which the stabilization
performance of forward guidance depends on the speciﬁcation of the
shock process and on the interest elasticity of aggregate demand.
Throughout this analysis, we abstract from issues that could arise
under imperfect credibility, and focus on the case—as in nearly all
of the existing ZLB literature—where the central bank has a perfect
commitment technology.
We show that, while forward guidance is quite eﬀective in oﬀsetting a natural rate shock of moderate size and persistence, macroeconomic outcomes are much less satisfactory for a larger and more
persistent shock, especially when the interest elasticity parameter value used in many previous studies is selected. The outcomes
under the optimal commitment are far preferable to those under
discretion, but the economy nevertheless experiences a steep initial
decline in output and a marked swing in the inﬂation rate. Thus,
while forward guidance may be suﬃcient to mitigate the eﬀects of
a “Great Moderation”-style shock, a combination of forward guidance and other policy measures—including non-traditional monetary policies—might well be called for in responding to a “Great
Recession”-style shock of the kind economies have recently faced.
Our analysis also points toward reconsidering other aspects of
the prevailing consensus regarding monetary policy strategies at
the ZLB. First, we ﬁnd that a policy that targets a constant value
for a linear combination of the log price level and the output gap
does not necessarily provide a close approximation to the optimal
commitment policy. This contrasts with the ﬁnding by Eggertsson
and Woodford (2003) that a constant target for what they call
3
Because it includes central bank purchases of government assets, our conception of non-traditional monetary policies is broader than that of Gertler and
Karadi (2009), who refer to “unconventional monetary policy.”
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the “output-gap adjusted price index” closely replicates the optimal commitment policy. When the economy is hit by a large and
persistent natural rate shock, the optimal policy involves a commitment to a persistently elevated inﬂation rate that pushes down the
ex ante real interest rate and thereby cushions the initial impact
of the shock. Our AR(1) speciﬁcation of the shock implies that the
natural rate takes its most negative value in the impact period of the
shock. The optimal policy response implies that inﬂation takes place
immediately, and is not merely compensating for a prior period of
deﬂation. The constant price-level targeting rule instead generates
an initial phase of deﬂation—with a much steeper drop in output
than under the optimal policy—and a subsequent episode of positive
inﬂation that eventually brings the price level back to target.
Second, the optimal policy path does not necessarily involve a
sharp tightening once the policy rate departs from the ZLB. As noted
by Walsh (2009), this feature is characteristic of the optimal policy
path obtained by Eggertsson and Woodford (2003), who focused on
two-state Markov shocks, and by Adam and Billi (2004, 2006) and
Nakov (2008), who focused on relatively transitory autoregressive
(AR) shocks. Our analysis establishes that the pace of policy tightening may turn out to be quite gradual if the natural rate shock is
large and follows a more persistent AR process.
The remainder of this paper is organized as follows. Section 2
highlights some key features of the recent economic downturn and
the monetary policy responses in six major industrial economies.
Section 3 discusses the basic mechanics of forward guidance at the
ZLB. Section 4 reviews the methodology for characterizing optimal
policy under commitment in the presence of the ZLB. Section 5
quantiﬁes the limitations of forward guidance. Section 6 considers the stabilization performance of constant price-level targeting. Section 7 presents further sensitivity analysis of these results.
Section 8 extends the analysis to the case of uncertainty about the
pace of the recovery of aggregate demand. Section 9 oﬀers some brief
concluding remarks.
2.

The Recent Experiences of Six Industrial Economies

In this section we outline some of the features of the recent economic
downturn and the monetary policy response.
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Table 1. Recent and Projected Output Gaps (OECD
Economic Outlook , June 2009)

United States
Euro Area
Japan
United Kingdom
Canada
Sweden

2.1

2008
−0.5
0.4
1.3
0.4
−0.4
−0.1

2009
−4.9
−5.5
−6.1
−5.4
−4.7
−7.7

2010
−5.4
−6.0
−6.1
−6.4
−5.4
−8.7

Std. Dev.
(1991–2007)
1.3
1.2
2.0
1.3
2.1
2.1

The Magnitude and Persistence of the
Economic Downturn

Table 1 displays the Organisation for Economic Co-operation and
Development’s (OECD’s) estimates of the output gap for six
economies for 2008, as well as the corresponding projections for
2009–10, as given in the June 2009 issue of its Economic Outlook.
The table brings out the scale and speed of the deterioration in economic activity. In 2008, no country’s output stood more than 0.5
percent below potential.4 No country is projected to have an output gap less negative than −4.7 percent in 2009. In no economy
is the deterioration in the output gap from 2008 to 2009 less than
4 percentage points, and in two economies (Japan and Sweden) it
is greater than 7 percentage points. Moreover, the OECD’s projections as of June 2009 suggest that no economy will experience an
improvement in the output gap in 2010.
Some longer-term perspective on this change in circumstances
is provided by the ﬁnal column of table 1, which gives the standard deviation of the output gap for each economy using quarterly
OECD gap estimates for the period 1991 to 2007. For each economy,
the deterioration in the output gap from 2008 to 2009 is large relative to the historical standard deviation. The shift amounts to two
standard deviations for Canada; more than three standard deviations for the United States, Japan, and Sweden; and more than four
4

These numbers refer to annual averages, so the deterioration late in 2008 is
recorded primarily in the 2009 gap estimate.
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standard deviations for the euro area and for the United Kingdom.
These numbers testify to the scale of the shock that has hit the
world economy. The shock, and the associated policy response, are
also reﬂected in the major revisions that occurred between 2007 and
2009 in forecasts of inﬂation and short-term interest rate in every
economy, as shown in ﬁgures 1 and 2.

2.2

Forward Guidance Measures

The reinforcement of current policy actions with signals about the
future course of policy is at the heart of the forward guidance
approach. As King (1994) observes, the rational-expectations revolution highlighted the role of private-sector expectations as a major
conduit through which monetary policy aﬀects aggregate demand.5
King (1994) further notes that the U.S. monetary policy tightening
sequence of 1994–95—at the onset of which the Federal Open Market Committee (FOMC) started announcing the target federal funds
rate—triggered long-term interest rate responses that were “related
in important ways to expectations about future policy.”
In the statement released after its August 2003 meeting, the
FOMC provided forward guidance about the likely evolution of its
funds rate target. On that occasion, the FOMC maintained the
target federal funds rate at 1 percent and stated that “the risk
of inﬂation becoming undesirably low is likely to be the predominant concern for the future. In these circumstances, the Committee
believes that policy accommodation can be maintained for a considerable period.” The minutes of that FOMC meeting indicate that
“while the Committee could not commit itself to a particular policy
course over time, many of the members referred to the likelihood
that the Committee would want to keep policy accommodative for
a longer period than had been the practice in past periods of accelerating economic activity.” Although the description of the inﬂation
5
The dual insights that long-term interest rate behavior reﬂects expectations
about future policy and that oﬃcial signals about future short-term interest rate
policy can contribute to economic stabilization are a long-standing feature of discussions of monetary policy, predating even the use of forward-looking models in
macroeconomics; see, for example, Keynes (1930), Simmons (1933), and Radcliﬀe
Committee (1959, para. 447).
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Figure 1. Interest Rate Expectations

Source: U.S. Forecast: Blue Chip Financial Forecasts, Vol. 28, No. 8, August
1, 2009; forecasts of federal funds rate. Other countries: Consensus Forecasts,
August 10, 2009 (Japan, three-month yen CD; euro area, three-month interest rates; United Kingdom, bank rate; Canada, overnight lending rate; Sweden,
three-month interbank rate).
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Figure 2. Inﬂation Expectations

Source: Consensus Economics, April 2008 and April 2009; long-term forecasts
of consumer price in United States, Japan, euro area, United Kingdom, Canada,
and Sweden.
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outlook varied in subsequent FOMC statements, the “considerable
period” language was retained through the end of 2003.
From May 2004 through the end of 2005, FOMC statements indicated that “the Committee believes that policy accommodation can
be removed at a pace that is likely to be measured.” The FOMC
also underscored the conditional nature of this forward guidance by
stating that “the Committee will respond to changes in economic
prospects as needed to fulﬁll its obligation to maintain price stability.” This conditionality was introduced in June 2004—the point at
which the FOMC began steadily raising the target federal funds rate
by 25 basis points per meeting until this rate reached 5.25 percent
in June 2006.6
Since December 2008, the FOMC has maintained a target range
of 0 to 1/4 percent for the funds rate and has included forward guidance in each of its statements. The December 2008 FOMC statement
referred to the likelihood that economic conditions would “warrant
exceptionally low levels of the federal funds rate for some time,” and
in March 2009 this language was adjusted to refer to keeping rates
low “for an extended period.” Over the past year, the Sveriges Riksbank and the Bank of Canada have also included forward guidance in
their policy communications.7 For example, in describing the Riksbank’s baseline projection, the July 2009 Monetary Policy Report
of the Riksbank states,“The repo rate will not be raised again until
the second half of 2010.” (p. 7.)
As shown in ﬁgure 1, surveys of professional forecasters indicate that short-term nominal interest rates are expected to follow
a fairly shallow path in the United States, Canada, and Sweden. It
should be noted, however, that the anticipated path of short-term
rates is fairly similar for three other industrial economies—namely,
the euro area, Japan, and the United Kingdom—where central bank
communications have not emphasized forward policy guidance.8
6
From January to April 2004, the FOMC maintained an unchanged funds rate
target of 1 percent and stated, “With inﬂation low and resource use slack, the
Committee believes that it can be patient in removing its policy accommodation.” The conditionality language was included in each FOMC statement from
June 2004 through November 2005.
7
For further discussion, see Bean (2009).
8
For more information on interest rate expectations in Japan and their
relationship to monetary policy commitment, see Nakajima, Shiratsukaz, and
Teranishi (2009).
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Figure 2 depicts professional forecasters’ inﬂation expectations
for each of these six industrial economies. Longer-run inﬂation expectations appear to have remained relatively well anchored despite
the global economic downturn; that is, consumer inﬂation in each
economy is projected to settle over the longer run at rates close to
those which were anticipated in spring 2007, prior to the onset of the
ﬁnancial market turmoil. Nonetheless, as noted by Walsh (2009), the
medium-term trajectory for inﬂation does not seem to be consistent
with the existing literature on optimal policy under commitment,
which prescribes an inﬂation path that rises above the long-run goal
and remains elevated for an extended period.

2.3

Non-Traditional Monetary Policies

We use the term “non-traditional monetary policies” to refer to monetary policy operations in additional assets beyond the “traditional”
focus on short-term government securities. As noted in the introduction, a variety of non-traditional policies have been deployed since
the onset of the economic downturn.
In late November 2008, the Federal Reserve announced that it
would use “all available tools” to promote economic recovery and
preserve price stability. At that time and in subsequent FOMC
announcements, the Federal Reserve indicated that it would “provide support to mortgage lending and housing markets” by purchasing $1.25 trillion in agency mortgage-backed securities and $200
billion in agency debt. In March 2009, the FOMC announced purchases of up to $300 billion in Treasury securities “to help improve
conditions in private credit markets.” The Federal Reserve also
launched several other programs—for example, the Term AssetBacked Securities Loan Facility (TALF) whose aim was “to facilitate
the extension of credit to households and small businesses.”
A number of other central banks initiated and expanded their
non-traditional policy measures over 2009. In December 2008, the
Bank of Japan announced that it would accelerate the pace of its
purchases of long-term Japanese government bonds (JGBs) and that
these purchases would be expanded to include thirty-year bonds
and inﬂation-indexed government securities. In early March 2009,
the Bank of England announced that it planned a maximum of
£75 billion in unsterilized purchases of U.K. long-term government
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securities; the upper limit on those purchases was subsequently
increased in steps, with the Monetary Policy Committee raising the
maximum to £200 billion in November 2009. Finally, the European
Central Bank in May 2009 announced a program, detailed in June, of
up to €60 billion in purchases of euro-denominated covered bonds,
with purchases scheduled for July 2009 through June 2010. In an
additional action in May 2009, the European Central Banks’s Governing Council decided to commence liquidity-providing longer-term
reﬁnancing operations with a one-year maturity.
The remainder of this paper will consider the limits to forward
guidance and the extent to which such limits may serve as a signiﬁcant rationale for non-traditional policy measures. Although our
paper is not aimed at modeling or quantifying the eﬀects of nontraditional policies, a few brief comments may be helpful at this
point.
First, while economists have become accustomed to working with
models that concentrate on traditional short-term interest rate policy, non-traditional policies are not new from a longer-term perspective; the notion that central bank operations in longer-term
debt markets can aﬀect long-term interest rates for a given path
of expected short-term interest rates has a venerable history, both
in central banking (for example, Rieﬂer 1958) and the research literature (for example, Modigliani and Sutch 1966). The fact that
non-traditional policies have no role in the modern consensus model
may reﬂect a gap in the modern research agenda rather than an
inherent problem with these policies.
Second, while the empirical evidence in support of nontraditional policies has been questioned—for example, Goodhart
(1992, p. 327) states that “studies of the eﬀect of relative debt
supplies (at the long, medium, and short end) on the yield curve
have not found any strong, signiﬁcant eﬀect,” and similar observations have been made by Woodford (1999) and Walsh (2004,
2009)—evidence from the 2000 U.S. Treasury reﬁnancing supports
the existence of noticeable eﬀects of non-traditional policies; see
Bernanke, Reinhart, and Sack (2004). Moreover, as Sims (1992,
p. 975) observes, while many economists view monetary policy’s
eﬀects solely through the nominal short-term interest rate channel,
“the profession as a whole has no clear answer to the question of
the size and nature of the eﬀects of monetary policy on aggregate
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activity.” Judgments on the empirical support for non-traditional
policies should therefore remain open.
Third, the argument about non-traditional policies’ eﬀects is a
ceteris paribus argument. Central bank purchases of long-term debt
might provide downward pressure on long-term rates, and thereby
contribute to an improvement in the economic outlook; but an
improved outlook will in turn tend to raise long-term rates, and
is thought to have done so since early 2009.9 For the United Kingdom, Bean (2009) argues that the ceteris paribus eﬀect of the Bank of
England’s long-term purchases has been substantial, contending that
long-term “yields appear to be some 50–75 basis points lower than
they would otherwise be.” If estimates of eﬀects of this order of magnitude endure, then non-traditional monetary policies would appear
capable of making a major contribution to economic stabilization by
inﬂuencing private spending decisions.

3.

The Mechanics of Forward Guidance at the ZLB

In this section, we use the standard New Keynesian model to characterize the basic mechanics of forward guidance when an exogenous
decline in aggregate demand leads to the policy rate being pinned at
the zero lower bound. We assume that an unanticipated exogenous
shock at time t = 0 causes the natural real interest rate (rtn ) to
drop below zero and to remain negative until period t = N and then
return to positive values from period N + 1 onward. Once the shock
in period 0 has shifted the natural rate, the entire new exogenous
path of the natural rate is known to agents. The period of negative
natural rates is assumed to trigger a sustained zero policy rate, and
it is possible that the zero-rate policy may prevail for some periods
beyond the duration of negative natural rates; that is, the nominal
policy rate may be set to zero even after the natural rate resumes
positive values.

9
An early articulation of this point appeared in Friedman and Meiselman
(1963, p. 221). They argued that a zero net eﬀect of a monetary injection on
market interest rates could be a reﬂection of the power of monetary policy,
since anticipation of higher spending streams from the monetary stimulus could
generate upward, oﬀsetting pressure on interest rates.
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Because of forward-looking private-sector behavior, the dynamics of the output gap and inﬂation over periods 0 to N depend on
the expected values of these variables in period N + 1. The vector [xN +1 , πN +1 ]—hereafter referred to as the forward guidance vector —summarizes the degree to which monetary policy, by managing
expectations, helps stabilize the economy over periods 0 to N .

3.1

The Log-Linear Model

Our analysis focuses on the same stylized New Keynesian model
that has been used in many previous studies. The underlying nonlinear framework, from which this standard log-linearized model is
derived, is presented in our appendix. We assume that the economy’s
steady state is Pareto optimal—that is, the output gap and inﬂation
rate are equal to zero in the absence of shocks. The log-linearized
system has only two behavioral equations: a forward-looking New
Keynesian Phillips curve (NKPC) and an optimizing IS equation.10
With Calvo (1983)-style staggered price setting, the NKPC has the
following form:
πt = βEt {πt+1 } + κxt ,

(1)

where 0 < β < 1 and κ > 0.
As in Woodford (1999), we express the IS equation in terms of
output gaps and interest rate gaps:


xt = Et {xt+1 } − σEt it − πt+1 − rtn ,
(2)
where xt is the output gap, it is the net nominal interest rate, πt is
inﬂation, rtn denotes the natural real rate of interest, and σ > 0 is the
interest elasticity of real aggregate demand, capturing intertemporal
substitution in private spending.11

3.2

Understanding the Mechanics

It is convenient to start from the algebraic representation of the system given in Jung, Teranishi, and Watanabe (2005). For the block
10

See, for example, King (2000) for further discussion.
As we show in the appendix, movements in the natural rate can be related
to variations in the underlying real shocks in the model, corresponding to shocks
to technology and government purchases.
11
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of periods over which the policy rate is pegged at zero (it = 0 for
t = 0, . . . , N ), equations (1) and (2) can be combined to obtain the
following ﬁrst-order expression for the vector [πt , xt ]:12
 


 
πt
πt+1
κ
=A
+σ
rtn ,
(3)
xt
xt+1
1
where the 2×2 matrix A is deﬁned as


σκ + β κ
A=
.
σ
1

(4)

The two eigenvalues of this matrix, λ̃1 and λ̃2 , satisfy the following
quadratic formula:

σκ + β + 1 ± (σκ + β + 1)2 − 4β
λ̃ =
.
(5)
2
Given that 0 < β < 1, κ > 0, and σ > 0, it is straightforward to
verify that both eigenvalues of A are real and that one is explosive
while the other is stable.
Equation (3) can be iterated forward to yield the outcomes for
inﬂation and the output gap as a function of the expected values of
these variables at period N + 1:


πN −j
xN −j




=A

j+1

πN +1
xN +1


+σ

j

i=0

 
κ n
r
A
1 N −j+i
i

(6)

for j = 0, . . . , N . The value of N is assumed known at N − j.
Evidently, the central bank faces intrinsic limits when seeking to
stabilize the economy over the span of time periods for which the
policy rate is pinned at the ZLB. In particular, the forward guidance
vector [xN +1 , πN +1 ] serves as a terminal condition in period N + 1
that pins down the rational expectations equilibrium for the preceding periods. Nonetheless, looking backwards from period N + 1, the
economy behaves almost like an “uncontrolled” dynamic system—
which is to say, one with a tendency to diverge instead of exhibiting dynamic stability—and depends on the vector [xN +1 , πN +1 ],
12

Expectations operators do not appear in the expressions that follow because
of our assumption that future values of rtn are perfectly known at period 0.
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Figure 3. The Mechanics of Forward Guidance

Notes: This ﬁgure depicts how the interest-elasticity parameter σ inﬂuences the
magnitudes of the two eigenvalues that determine the behavior of the uncontrolled system through the period over which the policy rate is held at the ZLB.
The solid and dashed lines represent the eigenvalues of matrix A. This ﬁgure uses
the baseline parameterization of β = 0.9925 and κ = 0.024.

the exogenous path of the natural rate, and the transition
matrix A.
Equation (6) highlights several key, interrelated principles
regarding the impact of forward guidance on the dynamics of output
and inﬂation at the ZLB.
First, forward guidance cannot deliver a constant degree of aggregate demand stimulus over the block of periods where policy is
constrained by the ZLB. In particular, for a given period N − j,
the magnitude of stimulus implied by the forward guidance vector
[xN +1 , πN +1 ] depends on the matrix Aj+1 and hence on the eigenvalues of A. From (5), it is apparent that this pair of eigenvalues
only lies on the unit circle if β = 1 and either κ = 0 or σ = 0,
in which case the matrix A would be idempotent, that is, Aj = A
for all j > 0. The combination of parameters required to deliver a
constant degree of stimulus is therefore ruled out by the parameter
restrictions implied by the New Keynesian model.
Second, the evolution of the economy at the ZLB depends crucially on the interest-elasticity parameter (σ). Figure 3 depicts the
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pair of eigenvalues of the “uncontrolled” system as a function of σ,
using our benchmark parameterization of β = 0.9925 and κ = 0.024.
When σ has a relatively small value of 0.5, as in Eggertsson and
Woodford (2003), both eigenvalues are reasonably close to unity,
so that the matrix A is nearly idempotent. By contrast, when σ
has a value of about 6, as in Rotemberg and Woodford (1997) and
Woodford (2003), the explosive eigenvalue exceeds 1.4 and hence the
“uncontrolled” economy exhibits highly unstable dynamics.13
Third, the degree of stability of the macroeconomy is inﬂuenced
by the value of N —that is, by how long the policy rate remains at
the ZLB. In particular, for given magnitudes of the two eigenvalues
of A, the natural rate shock and the forward guidance vector will
have larger eﬀects at time 0 on the inﬂation rate and the output
gap, which depend on the matrix A raised to the power N + 1.
Finally, the eﬀectiveness of forward guidance depends, in principle, on the evolution of the natural rate over the block of periods
that this rate remains below zero. For example, the contractionary
impact of the shock at time 0 will tend to be heightened if the natural
rate follows an AR(1) process, as in Jung, Teranishi, and Watanabe
(2001, 2005), Adam and Billi (2004, 2006), and Nakov (2008). On
the other hand, forward guidance tends to promote somewhat more
stable paths of inﬂation and the output gap in the case where the
natural rate shock follows a two-state Markov-switching process, as
in Eggertsson and Woodford (2003). This is brought out by considering a special case where A is nearly idempotent and rtn = −r̃n for
periods t = 0, . . . , N . For that special case, forward guidance can
provide nearly perfect stabilization outcomes (i.e., it can render the
ZLB constraint almost non-binding), even if the magnitude of the
natural rate shock is very large.

3.3

Intertemporal Trade-Oﬀs

We now discuss the equilibrium dynamics that prevail once the
natural real rate turns positive.
13

This characterization does not describe completely the role of the σ parameter; putting aside its role in the expression for λ̃, σ enters the linear system as a
slope coeﬃcient. But, numerically, it turns out that the predominant contribution
of σ to system dynamics comes from its inﬂuence on the value of λ̃.

Vol. 6 No. 1 Limitations on the Eﬀectiveness of Forward Guidance 159

In order to see the implications of carrying out forward guidance,
we solve the optimizing IS function forward successively to reach the
representation
xN +1 = −σ

∞



n
rN +1+i − rN
+1+i .

(7)

i=0

We likewise iterate on the Phillips curve and make substitutions to
deliver
πN +1 = −σκ

∞

j=0

β

i

∞



n
rN +1+i+j − rN
+1+i+j .

(8)

i=0

As the preceding expressions indicate, once the natural real rate
turns positive, the central bank can carry through the forward guidance policy by setting real interest rates below natural rates for a
certain length of time. In addition, equations (7) and (8) imply that
the interest sensitivity of aggregate demand matters in determining
the magnitude of the gap between real and natural rates implied
by a given degree of forward guidance. Speciﬁcally, when aggregate
demand is more interest elastic, the amount of forward guidance
as represented by a given forward guidance vector, [xN +1 , πN +1 ],
requires a smaller gap between the real and the natural rates.
But the introduction of forward guidance can stimulate the economy even after the natural rate becomes positive. As a result, the
intertemporal cost of forward guidance arises from the possibility
that a large degree of forward guidance requires a more sizable and
longer-lasting deviation of output from its potential level after the
natural rate turns positive. In light of the intertemporal trade-oﬀ
associated with forward guidance, the Ramsey policymaker must
choose the forward guidance vector, [xN +1 , πN +1 ], so as to balance
the cost and beneﬁt of the policy. We discuss this issue in the next
section.
4.

The Optimization of Forward Guidance

We now characterize optimal policy under commitment and discuss
how to solve the corresponding optimal policy conditions.
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The Ramsey Policy

We follow Khan, King, and Wolman (2003) in setting out the
Ramsey problem in a non-linear form. A Ramsey policymaker maximizes conditional intertemporal welfare of households from the viewpoint of period 0, subject to speciﬁed implementation conditions
drawn from the structure of the model. We assume that private
hiring is subsidized (by the subsidy τ ) in a way that extinguishes
steady-state eﬀects on the aggregate markup that would otherwise
arise from ﬁrms’ monopolistically competitive character. The optimal resource allocation is therefore attainable at the non-stochastic,
zero-inﬂation steady state. While the markup is subsidized away at
the steady state, temporary ﬂuctuations in the markup arise from
gradual price adjustment. Their presence implies that ﬁrms’ rules for
setting goods prices become binding constraints on the Ramsey policymaker’s optimization. In addition, we augment the implementation constraints with a condition embodying the possibility of a zero
lower bound on the short-term nominal interest rate. This becomes
a binding constraint in our quantitative analysis when there is a
sudden decline in the natural real rate of interest to far below its
steady-state value.
We set up the Lagrangian for the optimal policy problem in
table 2. Following Khan, King, and Wolman (2003), we introduce
lagged multipliers corresponding to the forward-looking constraints
in the initial period, in order to make the problem time invariant
(see table 4 in the appendix). Notice that, if we set the multipliers
inherited at period 0 equal to zero, the problem in table 2 delivers
the one in the appendix (table 4) as a special case.14
In order to allow for the presence of the ZLB, we note that the
ﬁrst-order conditions for Rt can be rearranged as follows:
−1

ω7t = ω6t Ct−σ ,
where we have made use of the complementarity condition, ω7t =
ω7t Rt . It thus implies that Rt = 1 and ω7t > 0 when the ZLB
binds and Rt > 1 and ω7t = 0 otherwise. Likewise, we set Rt = 1
14
The stationary reformulation of the Ramsey problem described above for the
exact non-linear optimal policy can be applied to the linear-quadratic optimization problem.

Vol. 6 No. 1 Limitations on the Eﬀectiveness of Forward Guidance 161

Table 2. The Lagrangian for the Non-Linear Model
max{dt }∞
min{ωt }∞
t=0
t=0

∞
t=0

β t [(Ct1−σ

−1

− 1)/(1− σ −1 ) − χ0 Ht1+χ /(1+χ)

+ ω1t (At Ht /Δt − Ct − Gt )
−σ
− ω2t (αβΠ−1
t+1 Z1t+1 + At Ht Ct

−1

/Δt − Z1t )

− ω3t (αβΠt+1 Z2t+1 + (( − 1)χ0 )/ (1 − τt ))(Ht1+χ /Δt ) − Z2t )
+ ω4t ((1 − α)(
− ω5t (Z1t (
+ ω6t (Ct−σ


1−αΠ−1
t
) −1
1−α

1
1−αΠ−1
t
) 1−
1−α

−1

+ αΠt Δt−1 − Δt )

− Z2t )
−1

−σ
Rt−1 − β Ct+1

Π−1
t+1 ) + ω7t (Rt − 1)]

Notes: In this table, dt = {Ht , Δt , Ct , Z1t , Z2t , Πt , Rt } is a vector of decision variables at period t. In addition, ωt = {ω1t , ω2t , ω3t , ω4t , ω5t , ω6t , ω7t }
is a vector of Lagrange multipliers chosen in period t. The optimal policy problem in this table solves the Lagrangian given non-stochastic paths
of exogenous government consumption, the subsidy rate, and the aggregate
productivity shock {Gt , At , τt }∞
t=0 and an initial value of the relative price
distortion Δ−1 . The steady-state subsidy rate is set to be the one that extinguishes the static monopolistic distortion, so that the non-stochastic steady
state with zero inﬂation corresponds to the eﬃcient allocation.

and ω6t > 0 under the ZLB and ω6t = 0 otherwise because of the
household’s positive consumption in the preceding expression.
In the non-stochastic case considered here, the behavior of the
model economy under the Ramsey policy can be demarcated into
two distinct phases: (i) the initial block of periods where the policy
instrument—that is, the short-term nominal interest rate—is at the
ZLB; and (ii) the subsequent block of periods where the policy rate
becomes positive and eventually returns to its steady-state value.
During the ﬁrst phase, the Lagrange multiplier associated with the
household Euler equation for consumption (i.e., the IS equation)
exceeds zero, reﬂecting the fact that the ZLB constrains the optimal
policy rate path. In contrast, this Lagrange multiplier is continuously
equal to zero over the second phase, when the ZLB no longer applies.
Thus, for the non-stochastic case, as in Jung, Teranishi, and
Watanabe (2005), it is natural to consider a piecewise-linear approximation to the behavior of the model economy. In particular, having obtained the non-linear optimality conditions, we can compute
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Table 3. The Lagrangian for the
Linear-Quadratic Problem
∞
t=0

min{φt }∞
max{xt ,πt ,it }∞
t=0
t=0

β t [−(1/2)(πt2 + λx2t )

− φ1t (xt − xt+1 + σ (it − πt+1 − rtn ))
− φ2t (πt − κxt − ut − β πt+1 ) + φ3t it ]
Notes: φt = {φ1t , φ2t } is a vector of Lagrange multipliers chosen at period t.
We solve the augmented Lagrangian problems given exogenous deterministic
paths of the real natural rate of interest and the vector of initial Lagrange
multipliers ω̃−1 = {φ1−1 , φ2−1 }.

one linear approximation to the economy for the set of periods
t = 0, . . . , N ∗ for which the policy rate it = 0 and the Lagrange multiplier φ1,t > 0, and another linear approximation for all subsequent
periods t > N ∗ where it > 0 and φ1,t = 0.
Time t = N ∗ is the ﬁnal period in which the optimal policy
implies a setting of it = 0. We use an iterative “guess-and-verify”
method to determine the value of N ∗ .

4.2

An Equivalence Result

The ﬁxing of the hiring subsidy at the eﬃcient level means that the
policymaker achieves an eﬃcient non-stochastic steady state with
zero inﬂation. It follows that several Lagrange multipliers are zero
at this steady state (in particular, ω2 = ω3 = ω5 = ω6 = 0).
Lagrange multipliers ω2t and ω6t in the linearized ﬁrst-order conditions for the optimal policy problem in table 2 are proportional
to Lagrange multipliers in the linear-quadratic problem depicted
in table 3. As shown in the appendix, we have the following
relations:
−1

φ1t

λσ −1 βC −σ
=
σ −1 + χ

−1

ω6t ;

φ2t =

λ
ω2t ,
κ

where κ = (1−α)(1−αβ)
and λ = κ/ , φ2t is the Lagrange multiα(σ −1 +χ)
plier associated with the NKPC, and ω2t is the Lagrange multiplier
associated with one of the non-linear proﬁt-maximization conditions.
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These relations form the basis for an equivalence between the
alternative means of casting the optimal policy problem. Speciﬁcally, both the ﬁrst-order approximations to the non-linear optimal policy problem in table 2 and the ﬁrst-order conditions for the
linear-quadratic problem in table 3 can be written as
 
σ
πt =
φ1t−1 − (φ2t − φ2t−1 )
β
λxt = κφ2t − (φ1t − β −1 φ1t−1 ),

(9)
(10)

where φ1−1 = φ2−1 = 0, and the steady-state share of government
consumption in output is zero.15
5.

Quantifying the Limitations of Forward Guidance

To quantify the beneﬁts and limitations of forward guidance at
the ZLB, we examine scenarios in which an exogenous decline in
aggregate demand pushes the natural real rate of interest below
zero, which, in turn, prompts policymakers to cut the short-term
nominal interest rate to zero. In this section, the values assigned
to the structural parameters are modeled after Woodford (2003):
β = 0.9925, κ = 0.024, and σ = 6.16 We consider two speciﬁcations for the natural rate shock: an autoregressive shock of modest
size and persistence—as in Adam and Billi (2004, 2006) and Nakov
15

In related equivalence results, Benigno and Woodford (2005, 2008) show that
the equivalence holds for the optimal policies from the timeless perspective, while
Levine, Pearlman, and Pierse (2008) analyze linear-quadratic approximations to
the Ramsey policy. We have here produced an analogue, under ZLB conditions,
to their result. We have restricted ourselves to the case where the non-stochastic
steady state is eﬃcient, and focused on perfect-foresight equilibrium dynamics.
This limitation is dictated by our piecewise-linear approximation of the model
equilibrium.
16
This compares with Woodford’s β = 0.99, κ = 0.024, and σ = 0.157−1 . It
should be noted that Rotemberg and Woodford (1997) and Woodford (2003) used
the symbol σ to denote the degree of relative risk aversion, whereas we follow the
notation of Eggertsson and Woodford (2003) in using σ to denote the interest
elasticity—that is, the inverse of the risk-aversion parameter. Thus, the value of
σ = 6 used in this paper corresponds to the risk-aversion parameter estimate of
0.157 obtained by Rotemberg and Woodford (1997) and used in the benchmark
parameterizations of Woodford (2003).
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Figure 4. “Great Moderation”-Style Shock

Notes: This simulation was performed using the baseline parameterization,
β = 0.9925, κ = 0.024, and σ = 6. The natural rate shock follows an AR(1)
process with ﬁrst-order autocorrelation coeﬃcient ρ = 0.75. The short-term nominal interest rate, the short-term real interest rate, and the inﬂation rate are each
expressed at annual rates in percent; the output gap is expressed in percentage
points.

(2008)—that may be viewed as characteristic of the “Great Moderation” era; and a more severe shock, consisting of a larger innovation
coupled with a greater autoregressive parameter, that can be interpreted as representing a “Great Recession”-style episode. Section 7
will consider alternative values of the interest-elasticity parameter
(σ) and will examine the case in which the shock follows a two-state
Markov process, as in Eggertsson and Woodford (2003).
In ﬁgure 4 we consider a “Great Moderation”-style shock of
about 5 percent to the natural real interest rate, with the shock
fading out within a few quarters; speciﬁcally, the shock follows an
AR(1) process with parameter ρ = 0.75. As shown in the upper-left
panel, the optimal policy under discretion is only constrained by
the ZLB for two quarters, whereas the optimal policy under commitment keeps the short-term nominal interest rate at zero for an
additional quarter. By keeping the nominal interest rate at zero for a
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Figure 5. “Great Recession”-Style Shock

Notes: This simulation was performed using the baseline parameterization,
β = 0.9925, κ = 0.024, and σ = 6. The natural rate shock follows an AR(1)
process with ﬁrst-order autocorrelation coeﬃcient ρ = 0.85. The short-term nominal interest rate, the short-term real interest rate, and the inﬂation rate are each
expressed at annual rates in percent; the output gap is expressed in percentage
points.

somewhat longer period than under discretion, the optimal commitment moderates the impact of the natural rate shock on the output
gap. The deviations of inﬂation from zero are consistently mild, and
these deviations cumulate to about zero over a couple of years, so
that the inﬂation path closely resembles that implied by a simple
rule with a constant price-level target.
It is, however, the case of a large AR(1) shock, shown in ﬁgure 5,
that brings home the limitations of forward guidance. Here, a commitment policy, with its promises of ﬂuctuations in inﬂation for
several additional quarters—while it continues to deliver results far
preferable to a discretionary policy—fails to prevent the natural rate
shock from producing a deep output gap at time 0. Moreover, a substantial rise in inﬂation is required to push down real interest rates
and thereby avoid an even steeper decline in output such as that
observed under the discretionary policy.
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Figure 6. The Lagrange Multiplier on the
Dynamic IS Equation

Notes: This simulation was performed using the baseline parameterization,
β = 0.9925, κ = 0.024, and σ = 6. The natural rate shock follows an AR(1)
process with ﬁrst-order autocorrelation coeﬃcient ρ = 0.75 for the “Great
Moderation”-style shock and ρ = 0.85 for the “Great Recession”-style shock.
The Lagrange multiplier is depicted using a scaling factor of 10−5 .

For each of these two shocks, ﬁgure 6 depicts the corresponding trajectories for the Lagrange multiplier on the dynamic IS
equation. As discussed in section 4.1, this Lagrange multiplier is
positive over the periods where the ZLB is an active constraint,
and falls to zero once the ZLB no longer constrains the optimal
setting of the short-term nominal interest rate. Thus, the magnitude of this Lagrange multiplier provides a useful measure of the
extent to which the ZLB reduces social welfare at each point in
time. For the “Great Moderation”-style shock, these welfare costs
are minor and transitory, reﬂecting the eﬀectiveness of forward guidance in providing stabilization outcomes that are nearly as good as
those in the absence of the ZLB. In contrast, the Lagrange multiplier is roughly an order of magnitude larger—and much more
persistent—for the “Great Recession”-style shock, thereby providing further perspective on the limitations of forward guidance in
this case.
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6.

Constant Price-Level Targeting

Now we consider the extent to which the optimal commitment can
be replicated by a constant price-level targeting rule, such as the one
proposed by Eggertsson and Woodford (2003):
pt +

λ
xt = p∗,
κ

(11)

where pt denotes the logarithm of the price level and p∗ denotes the
target value (which is a time-invariant constant) for a linear combination of log prices and the output gap—i.e., for the “output-gap
adjusted price index,” in the terminology of Eggertsson and Woodford (2003). As noted by Eggertsson and Woodford (2003), this rule
involves no special provisos related to the ZLB, and hence might be
simpler to communicate than the optimal commitment.
Figure 7 depicts the performance of the constant price-level targeting rule for the “Great Moderation”-style shock. In this case,
the simple rule generates macroeconomic outcomes that are nearly
as good as those obtained under the optimal commitment; that is,
the output gap and inﬂation rate exhibit only slightly increased
variability.
As shown in ﬁgure 8, however, the stabilization performance of
the constant price-level targeting rule in response to the “Great
Recession”-style shock is decidedly inferior to that of the commitment policy. In this case, the optimal policy prescribes a persistently
elevated inﬂation rate that pushes down the ex ante real interest rate
and thereby moderates the initial impact of the shock. In contrast,
the constant price-level targeting rule generates an initial phase
of deﬂation—with a much steeper drop in output than under the
optimal policy—and a subsequent phase of positive inﬂation that
eventually brings the price level back to target.
Let us consider why the size of the natural rate shock aﬀects the
extent to which constant price-level targeting replicates the optimal commitment. By integrating the optimal policy condition (9)
forward from period 0 onward, we obtain the following expression:
∗

p∞

N
σ
= p−1 +
φ1t ,
β t=0

(12)
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Figure 7. “Great Moderation”-Style Shock with a
Constant Price-Level Targeting Rule

Notes: This simulation was performed using the baseline parameterization,
β = 0.9925, κ = 0.024, and σ = 6. The “Price-Level Target” case refers to a
rule that targets the output-gap adjusted price level. The natural rate shock
follows an AR(1) process with ﬁrst-order autocorrelation coeﬃcient ρ = 0.75.
The short-term nominal interest rate and the inﬂation rate are each expressed
at annual rates in percent; the output gap is expressed in percentage points; and
the price level is expressed as the percent deviation from the price level prevailing
prior to the onset of the shock.

where p∞ denotes the eventual price level at time t = ∞; p−1 denotes
the price level prevailing just prior to the onset of the natural rate
shock; φ1t is the Lagrange multiplier on the IS equation; and N ∗
is the ﬁnal period in which the nominal interest rate it remains at
the ZLB under the optimal policy.17 As discussed in section 4, the
Lagrange multiplier φ1t is positive for t = 0, . . . , N ∗ and zero for
t > N ∗.
Evidently, the optimal policy under commitment implies upward
base drift whenever the central bank is constrained by the ZLB, and
17
This expression incorporates the initial conditions φ1t = φ2t = 0 for t = −1,
where the zero values reﬂect the Pareto optimality of the non-stochastic steady
state.
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Figure 8. “Great Recession”-Style Shock with a Constant
Price-Level Targeting Rule

Notes: This simulation was performed using the baseline parameterization,
β = 0.9925, κ = 0.024, and σ = 6. The “Price-Level Target” case refers to a
rule that targets the output-gap adjusted price level. The natural rate shock
follows an AR(1) process with ﬁrst-order autocorrelation coeﬃcient ρ = 0.85.
The short-term nominal interest rate and the inﬂation rate are each expressed
at annual rates in percent; the output gap is expressed in percentage points; and
the price level is expressed as the percent deviation from the price level prevailing
prior to the onset of the shock.

optimal degree of base drift is directly proportional to the severity
of this constraint, as measured by the sum of Lagrange multipliers over periods t = 0, . . . , N ∗ . As we have seen in ﬁgure 6, these
Lagrange multipliers are quite small for the “Great Moderation”style shock, but are much larger and more persistent in the case
of the “Great Recession”-style shock. It is therefore not surprising
that the constant price-level targeting rule performs reasonably well
in the former case but very poorly in the latter case.
7.

Sensitivity Analysis

In this section, we perform sensitivity analysis by varying the interest
elasticity of aggregate demand, and we examine the case in which
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the natural rate shock follows a two-state Markov process, as in
Eggertsson and Woodford (2003), rather than an AR(1) process.

7.1

The Interest Elasticity of Aggregate Demand

In the foregoing analysis, we have used the benchmark parameterization of Woodford (2003), in which the interest-elasticity parameter
was approximately σ = 6. Rotemberg and Woodford (1997) obtained
this parameter value by applying minimum-distance estimation to
a small stylized New Keynesian model, using U.S. aggregate timeseries data (consisting of detrended log real GDP, the GDP deﬂator
inﬂation rate, and the federal funds rate). Of course, numerous other
studies have estimated the slope of the dynamic IS equation using a
variety of empirical procedures. For example, Amato and Laubach
(2003) obtained the estimate σ = 4 using essentially the same estimation procedure as Rotemberg and Woodford (1997) but allowing
for nominal rigidity in wages as well as prices. By way of contrast,
Eggertsson and Woodford (2003) speciﬁed σ = 0.5 and noted that
this value “represents a relatively low degree of interest sensitivity
of aggregate expenditure.”18
Figure 9 depicts the optimal policy path and associated macroeconomic outcomes for diﬀerent values of the parameter σ for the
“Great Recession”-style shock that was considered in sections 5 and
6. Evidently, the shortcomings of forward guidance are roughly similar for either widely used value of the interest elasticity (σ = 4
or σ = 6). When, however, the interest elasticity is made much
lower (σ = 0.5), the commitment policy delivers virtually ﬂawless

18
Footnote 36 of Eggertsson and Woodford (2003) explains their choice as follows: “We prefer to bias our assumptions in the direction of only a modest eﬀect
of interest rates on the timing of expenditure, so as not to exaggerate the size
of the output contraction that is predicted to result from an inability to lower
interest rates when the zero bound binds.” The idea that aggregate demand may
become markedly less interest sensitive at the ZLB is certainly intriguing and
deserves further empirical investigation. Nonetheless, we have conducted some
preliminary analysis (not reported here) regarding the policy implications of such
a mechanism, using a stylized Markov regime-switching model where the interest
elasticity of aggregate demand shifts at the same time as the natural real interest
rate, and we have found that forward guidance is even less eﬀective than in our
benchmark speciﬁcation of σ = 6.
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Figure 9. The Interest Elasticity of Aggregate Demand

Notes: This simulation was performed using the baseline parameterization,
β = 0.9925 and κ = 0.024, with three alternative values of σ (0.5, 1, and 6).
The natural rate shock follows an AR(1) process with a persistence parameter of
0.85.

stabilization outcomes that are roughly comparable to the results
obtained by Eggertsson and Woodford (2003).
Figure 10 depicts how the value of σ inﬂuences the behavior
of bond yields and expected inﬂation for securities with a twelvequarter maturity. (This maturity was chosen to be suﬃciently long
to span the entire episode of the “Great Recession”-style shock.)

7.2

Two-State Markov Shocks

The analysis of Eggertsson and Woodford (2003) focused on natural rate shocks generated by a two-state Markov process. To gauge
the implications of this speciﬁcation, let us now consider a Markov
shock with magnitude and persistence comparable to the “Great
Recession”-style AR(1) shock that we have used. In particular, we
shall assume that the Markov shock reduces the natural real rate by
about 4 percent and lasts for seven quarters.
As shown in ﬁgure 11, the implications of σ are similar for
the case of a Markov shock and the case of an AR(1) shock. In
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Figure 10. Longer-Term Yields and Expected Inﬂation

Notes: This simulation was performed using the baseline parameterization,
β = 0.9925 and κ = 0.024.

Figure 11. The Interest Elasticity of Markov Shocks

Notes: This simulation was performed using the baseline parameterization,
β = 0.9925 and κ = 0.024, with three alternative values of σ (0.5, 1, and 6).
The natural rate shock follows a two-state Markov process.
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particular, the optimal commitment generates virtually ﬂawless stabilization outcomes when σ = 0.5—the parameter value used by
Eggertson and Woodford (2003)—but the outcomes are much less
appealing for commonly used values of this parameter (σ = 4 or
σ = 6). Although not shown here, the considerations related to a
constant price-level targeting rule are also essentially the same for a
two-state Markov shock as for an AR(1) shock. The crucial issue for
stabilization performance is not the shape of the shock trajectory,
but the magnitude and persistence of the natural rate shock (that
is, drawn from the “Great Moderation” era, as opposed to representing a “Great Recession”-style event) and the interest sensitivity
of aggregate demand.
8.

Implications of Uncertainty

Up to this point, we have analyzed cases where all agents have perfect foresight regarding the path of the natural real interest rate
from period 0 onward. In this section, we consider the implications
of uncertainty about the future path of natural rates.

8.1

Two-State Markov Process

Eggertsson and Woodford (2003) consider experiments where the
two-state Markov process for the natural rate of interest is stochastic, in the sense that there is uncertainty regarding the period at
which the natural real interest rate reverts to its steady-state value.
As they show, this form of uncertainty actually magniﬁes the gains
from forward guidance.
In this setting, the natural real rate rtn has only two possible
states rn and r̄n , where rn < 0 and r̄n > 0. The natural rate starts
out at the negative state (that is, r0n = rn ), and the timing of its
return to steady state follows a truncated Markov process. In particular, for periods t = 1, . . . , Ñ , this process is governed by the
following Markov transition matrix:


1−ξ ξ
,
(13)
0
1
where 1 − ξ is the probability that the natural rate remains at its
negative value (rn ), and ξ is the probability that the natural rate
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reverts to its steady-state value (r̄n ). This Markov process is truncated because the natural rate reverts with certainty to its steadystate value by time t = Ñ + 1 if it has not already done so at some
prior date 1 ≤ t ≤ Ñ . Thus, this process specializes to perfect foresight in the case ξ = 0; for that case, the natural rate remains at
its negative state with certainty for periods t = 0, . . . , Ñ and then
reverts to its steady-state value with certainty at time t = Ñ + 1.
Now consider the following expressions for inﬂation and the output gap in a generic period t at which the natural rate is still
negative:
 




 
π̃t
π̃t+1
π̂t+1
κ
= (1 − ξ)A
+ ξA
+σ
r,
(14)
x̃t
x̃t+1
x̂t+1
1
where π̃t and x̃t denote the inﬂation rate and the output gap in
period t conditional on the negative natural rate at period t, while
π̂t+1 and x̂t+1 are the inﬂation rate and output-gap values that
would pertain if positive natural rates prevail from period t + 1
onward.
We iterate equation (14) forward to yield the outcomes for inﬂation and the output gap as a function of the expected future values
of these variables.






j

π̃Ñ −j
π̂
π̂
= Ãj A Ñ +1 + ξ
Ãj−i A Ñ −i+1
x̃Ñ −j
x̂Ñ +1
x̂Ñ −i+1
i=1

+σ

j

i=0

Ãi

 
κ n
r
1

(15)

for j = 0, . . . , Ñ , and the matrix Ã is deﬁned as follows:
Ã = (1 − ξ)A.

(16)

Compared with the perfect-foresight AR(1) case, the introduction of uncertainty makes it possible for the central bank to make
state-contingent commitments on future values of inﬂation and the
output gap. Multiple forward guidance vectors should accordingly be
included in equation (15), in contrast to the perfect-foresight AR(1)
case. Nevertheless, the economy still behaves almost like an “uncontrolled” system and depends on the vectors {[xÑ −i+1 , πÑ −i+1 ]}Ñ
i=0 ,
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Figure 12. The Mechanics of Forward Guidance with
Two-State Markov Shock Process

Notes: This ﬁgure depicts how the interest-elasticity parameter σ inﬂuences the
magnitudes of the two eigenvalues that determine the behavior of the dynamic
system through the period over which the policy rate is held at zero. The solid
and dashed lines represent the eigenvalues of matrix Ã. In this two-value Markov
case, we use the baseline parameterization of β = 0.9925 and κ = 0.024, with
ξ = 0.1.

the exogenous path of the natural rate, and the matrix Ã. Note that
the dynamic system speciﬁed in (15) converges to the system (6) as
ξ approaches one.
Figure 12 depicts the eigenvalues of the matrix Ã as a function of the interest-elasticity parameter σ. Comparison with ﬁgure 3
indicates that the eigenvalues in the stochastic case are lower than
in the case of perfect foresight. Moreover, the parameter ξ (which
determines the average duration over which the natural rate remains
negative) and the parameter σ are each crucial in determining the
eigenvalues of Ã and, therefore, the dynamic stability of the output
gap and inﬂation rate over the periods when policy is constrained
by the ZLB.
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Evidently, forward guidance can provide more appealing stabilization outcomes in the case of a truncated Markov process environment than in the case of perfect foresight. This result may seem
somewhat surprising, since the introduction of uncertainty might be
expected to reduce the eﬀectiveness of forward guidance. But this
result depends crucially on a fundamental element of a two-state
Markov process, namely, that the natural rate reverts instantly to
its steady-state value. Under perfect foresight, as in the preceding
sections, policymakers and private agents know that this recovery
will not occur until a later date, and the economy remains uncontrolled until that time; that is, forward guidance only works “at a
distance.” In the stochastic case, a complete recovery may occur at
every date, and hence the stimulus from forward guidance is much
less distant—indeed, could apply just one period in the future—and
hence much more eﬀective in stabilizing the output gap and inﬂation.
This analysis helps bring out why forward guidance may provide
very eﬀective stabilization performance even if the ZLB is likely to
be a binding constraint for many periods. For example, with σ = 0.5
and ξ = 0.1 (as in the parameterization of Eggertsson and Woodford
2003), both eigenvalues of the matrix Ã are inside the unit circle.
Thus, for that parameter setting, the optimal policy can obtain nearzero outcomes for the output gap and inﬂation rate by promising a
small state-contingent stimulus for each possible stretch of time for
which the economy might experience the ZLB, and can thereby oﬀset
the contractionary impact of the negative natural real rate.
Nonetheless, it is worth noting that such implications may be
quite sensitive to modest variations in the parameter values. For
example, if σ = 1 and ξ = 0.05, then one of the eigenvalues of Ã
lies outside the unit circle. Moreover, since the expected duration of
the shock is twenty quarters, the trajectories for the output gap and
inﬂation rate place substantial weight on relatively high powers of
Ã, and therefore these outcomes may be very unappealing.

8.2

Shifts in the Autoregressive Coeﬃcient

Let us now consider an alternative means of modeling uncertainty in
the duration of unusual economic conditions. We specify the natural
rate shock as AR(1) and have uncertainty refer to the rate at which
normal conditions resume—that is, to uncertainty about the AR(1)
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coeﬃcient that propagates the shock. In contrast to the case of a
stochastic Markov process, we ﬁnd that the optimal policy under
commitment and the expected outcomes for the output gap and
inﬂation rate are fairly similar to the case of perfect foresight.
We assume that the natural rate follows an AR(1) process with
the possibility of a shift in the autoregressive parameter. A negative shock to the natural real rate of interest strikes in period 0 and
decays in each period at a constant rate ρ0 through period 4:
r0n = rn + ρt0 0 ,
where we set ρ0 = 0.85. From period 5 onward, the AR parameter
of the natural rate shock process is subject to an exogenous permanent shift, assuming a value of either ρ1 = 0.90 or ρ2 = 0.75 with a
probability of 0.50 for each case.
ρt =

ρ1 = 0.90
ρ2 = 0.75

with p = 0.5
with p = 0.5

Thus, the timing of shifts in the persistence parameter is perfectly
known at period 0, but the size of the change in the persistence
parameter is not known until period 5. Conditional on this process,
we use log-linearized optimal policy conditions in order to compute
the period in which the policy rate is raised above zero. Our motivation for this type of shift in the decay rate for the natural rate shock
is to analyze the impact of changes in the expected pace of recovery
on the optimal commitment for forward guidance; for example, the
central bank would presumably rely less on the stimulus from forward guidance when the economy is expected to return to normal
situations rapidly.
Figure 13 shows that the optimal commitment requires that the
central bank make state-contingent announcements regarding the
timing of the departure from the zero lower bound. For example,
a downward shift in the persistence parameter is associated with
an earlier departure from zero policy rates; that is, the policy rate
remains at zero for seven quarters when the persistence parameter
declines from ρ0 = 0.85 to ρ2 = 0.75 at period 5, whereas the policy
rate stays at zero for nine quarters when the persistence parameter
increases from ρ0 = 0.85 to ρ2 = 0.90 at period 4.

178

International Journal of Central Banking

March 2010

Figure 13. Stochastic Shifts in the Recovery of
Aggregate Demand

Notes: This simulation was performed using the baseline parameterization,
β = 0.9925, κ = 0.024, and σ = 6. The persistence parameter for the natural rate shock is either ρ1 = 0.90 or ρ2 = 0.75 after period 5 onward, while it is
ρ0 = 0.85 by the end of period 4.

We therefore ﬁnd that, with uncertainty introduced in this manner, the outcomes under the optimal commitment policy are comparable to those in the perfect-foresight case.
9.

Conclusions

Our analysis in this paper has reconsidered optimal monetary policy in a New Keynesian model under conditions where a natural
rate shock makes the zero lower bound on nominal interest rates
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a binding constraint on monetary policy. The existing literature
has generally considered shocks of a magnitude that are plausible
in considering most countries’ experience from 1984 to 2007, but
are too slight for thinking about the shock that preceded the 2008
downturn. However, when we consider a relatively large and persistent shock to the natural rate, we ﬁnd that forward guidance alone,
while certainly giving better outcomes than a discretionary policy,
is not suﬃcient to keep output close to potential and inﬂation close
to the long-run goal. These results suggest that there could indeed
be a role for non-traditional monetary policies as a complement to
forward guidance. Incorporating such mechanisms into a New Keynesian modeling framework is therefore an important direction for
further research.
Appendix. The Optimal Policy Problem
The model economy corresponds to the baseline New Keynesian
setup and includes the staggered price-setting model of Calvo (1983),
with consent given in any period only to a fraction of ﬁrms (1−α) to
alter goods prices. These intermediate-goods-producing ﬁrms generate diﬀerentiated products (indexed by z) using the technology
Yt (z) = At Ht (z), where Yt (z) is output, At is the productivity shock
that all ﬁrms face, and Ht (z) is ﬁrm z’s per-period hours input. The
rest of the model, including aggregation across goods through the
Dixit-Stiglitz apparatus, follows similarly standard lines (see, e.g.,
King 2000 or Woodford 2003). We note, however, that relative price
At
distortions mean that aggregate output is equal to Δ
Ht , Δt being
t
a per-period relative price distortion term, rather than At Ht ; see
Khan, King, and Wolman (2003). Following these authors, we set
up the Lagrangian problem for aggregate welfare maximization as
1− 1

C σ − 1 χ0 Ht1+χ
£= t
−
1
1+χ
1− σ


At
Ht − Ct − Gt
+ ω1t
Δt


At Ht
−1
− ω2t
−1 + αβΠt+1 Z1t+1 − Z1t
Δt Ctσ

(17)
(18)
(19)
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χ0 Ht1+χ
− ω3t
+ αβΠt+1 Z2t+1 − Z2t
(1 − τt ) (1 − −1 ) Δt



 −1

1 − αΠ−1
t
+ αΠt Δt−1 − Δt
+ ω4t (1 − α)
1−α


1
 1−

1 − αΠ−1
t
− ω5t Z1t
− Z2t
1−α


−1
−σ −1 −1
Πt+1 + ω7t (Rt − 1).
+ ω6t Ct−σ Rt−1 − βCt+1

(20)

(21)

(22)
(23)

We have assumed separable preferences for the representative
household, parameterized by σ1 (the relative risk-aversion coeﬃcient), χ1 (Frisch labor-supply elasticity), and β (the discount factor).
Ct is the household’s period-t level of consumption and Ht is the
representative household’s total hours worked. Variables ω1t to ω7t
respectively denote the Lagrange multipliers attached to the implementability constraints (18)–(23). Expression (18) is the economy’s
resource constraint.
It eases the analysis to cast the ﬁrms’ problem in recursive
form. The recursive representation of proﬁt maximization appears in
constraints (19), (20), and (22). Πt is the gross inﬂation rate for
aggregate output, and the parameter is the demand elasticity for
a typical ﬁrm’s product. The relative price distortion, Δt , is represented by constraint (21). The household’s Euler equation for consumption constitutes expression (23); under ZLB, this constraint
incorporates a unit value for the gross nominal interest rate (Rt = 1).
More speciﬁcally, we have Rt = 1 and ω7t > 0 under ZLB, while
Rt > 1 and ω7t = 0 in the absence of ZLB.
Finally, At and Gt denote shocks to productivity and government
purchases, respectively. They follow AR(1) processes:
log at = ρA log At−1 +
log Gt = ρG log Gt−1 +

At

(24)

Gt ,

(25)

where At and Gt are all i.i.d. normal, mean-zero innovations. These
two exogenous shocks are sources of variation in the natural rate of
interest, which becomes the trigger, in our experiments in section 4,
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Table 4. An Augmented Lagrangian for Optimal Policy
L(Δ−1 , ω̃−1 , {st }∞
t=0 ) =
∞ t
1−σ −1
min{ωt }∞
max{dt }∞
− 1)/(1− σ −1 ) − χ0 Ht1+χ /(1 + χ)
t=0 β [(Ct
t=0
t=0
+ ω1t (At Ht /Δt − Ct − Gt )
− ω2t−1 αΠ−1
Z1t − ω2t (At Ht Ct−σ
t
−

ω3t−1 αΠt Z2t

+ ω4t ((1 − α)(
− ω5t (Z1t (
+ ω6t Ct−σ

/Δt − Z1t )

− ω3t ( (( − 1)χ0 )/ (1 − τt ))(Ht1+χ /Δt ) − Z2t )


1−αΠ−1
t
) −1
1−α

1
1−αΠ−1
t
) 1−
1−α

−1

−1

+ αΠt Δt−1 − Δt )

− Z2t )

Rt−1 − ω6t−1 Ct−σ

−1

Π−1
+ ω7t (Rt − 1)]
t

Notes: Here dt = {Ht , Δt , Ct , Z1t , Z2t , Πt , Rt } is a vector of decision variables at period t. In addition, ωt = {ω1t , ω2t , ω3t , ω4t , ω5t , ω6t , ω7t } is a
vector of Lagrange multipliers chosen at period t. The optimal policy problem
in this table solves the Lagrangian given non-stochastic paths for exogenous
government consumption, the aggregate productivity shock, and the subsidy
∞
rate, {st }∞
t=0 = {Gt , At , τt }t=0 , given the set of initial values for the Lagrange
multipliers ω̃−1 = {ω2−1 , ω3−1 , ω6−1 }, and the initial value for the relative
price distortion Δ−1 . The steady-state value of τt is set to be one that extinguishes the static monopolistic distortion, so that the non-stochastic steady
state with zero inﬂation can generate the eﬃcient allocation.

for the economy’s reaching a zero lower bound for the nominal interest rate. Our derivations in this paper, however, pertain to perfectforesight dynamics of inﬂation and output gap, so that the { At }
and { Gt } realizations that underlie the natural rate’s trajectory are
in period-t information sets. Table 4 lays out in full the Lagrangian
for the optimal problem.

First-Order Conditions for Optimal Policy
We now characterize the non-linear optimal policy problem. Before
going further, note that the ﬁrst-order conditions for Rt can be
rearranged to yield
−1
ω7t = ω6t Ct−σ
using the complementarity condition of ω7t = ω7t Rt . Furthermore,
note that Rt = 1 and ω7t > 0 under ZLB and Rt > 1 and ω7t = 0
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in the absence of the ZLB. We thus set Rt = 1 and ω6t > 0 under
ZLB and ω6t = 0 in the absence of ZLB based on the positivity of
the household’s consumption.
The ﬁrst-order conditions with respect to consumption, hours
worked, relative price distortion, gross goods inﬂation, and the variables Z1t and Z2t are
−1
Ct−σ

− ω1t + σ

−1



At H t
Δt

−(σ −1 +1)

+ σ −1 ω6t−1 Ct
− χ0 Htχ + ω1t



−(1+σ −1 )

Ct

ω2t
−(σ −1 +1)

−1 −1
Π−1
Rt ω6t Ct
t −σ

=0

At
At
χ0 (1 + χ)Htχ
− ω2t
−
ω
=0
3t
−1
Δt
(1 − τt )(1 − −1 )Δt
Δt Ctσ

At Ht ω2t
χ0 Ht1+χ ω3t
At Ht ω1t
+
− ω4t + αβω4t+1 Πt+1 =
−1
2
−1
2
σ
(1 − τt )(1 −
)Δt
Δ2t
Δt Ct
− α[( − 1)ω2t−1 Π−2
Z1t + ω3t−1 Π−1
Z2t ]
t
t
1
 −1

1 − αΠ−1
t
−α
− Πt Δt−1 ω4t Π−2
t
1−α
αΠ−2
t
−
1−α



ω2t −

1 − αΠ−1
t
1−α

−
 −1

αω2t−1 Π−1
t

−1

Z1t ω5t + ω6t−1 Ct−σ Π−2
t =0


− ω5t

1 − αΠ−1
t
1−α

1
 1−

=0

ω3t − αω3t−1 Πt + ω5t = 0.

(26)
(27)

Log-Linear Approximations to the First-Order Conditions
We now make a combined log-linear/linear approximation to the
Ramsey problem. We ﬁrst note that several Lagrange multipliers
take zero value in the non-stochastic steady state with zero inﬂation: ω2 = ω3 = ω5 = ω6 = 0. Notice that this implies that the
markup shock, τt , does not appear in the linearized version of the
non-linear ﬁrst-order conditions. But because we want the approximation to the model to be faithful to the fact that these series
do ﬂuctuate around their mean, we linearize the multipliers around
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their steady-state values, and we use standard log-linear approximations for terms other than those involving the multipliers. Let
x̂t refer to log-deviations of the variable Xt from its steady-state
level X. We assume that the optimal monetary policy conditions
on ﬁscal decisions, in the sense that the Ramsey policymaker takes
government purchases as pre-ordained, not as a choice variable. The
conditions that appear in the approximated model are
−σ −1 Ĉt − ω̂1t +

−1
σ −1
ω2t − σ −1 βC −(σ +1) (ω6t − β −1 ω6t−1 ) = 0
sc
(28)

−χĤt + ω̂1t + Ât − ω2t − (1 + χ)ω3t = 0

(29)

−1

C 1−σ
χ0 H 1+χ
ω2t −
ω3t − ω̂4t
ω4 sc
(1 − τ )(1 − −1 )ω4
+ αβEt [ω̂4t+1 + Π̂t+1 ] = Ât + Ĥt + ω̂1t (30)


1−α
1
Π̂t = −
ω6t−1 + (ω2t − ω2t−1 )
(31)
α ω4
ω2t = αω2t−1 + ω5t

(32)

ω3t = αω3t−1 − ω5t ,

(33)

sc being the steady-state share of government purchases in total
spending.
It can be established that the optimal inﬂation rate is unaﬀected
by the presence of the productivity and public-spending shocks. Proceeding toward this goal, let us amalgamate the ﬁrst two conditions
given above:
σ

−1



σ −1
Ĉt + χĤt − Ât + 1 −
sc


ω2t + (1 + χ)ω3t

+ σ −1 βC −(σ

−1

+1)

(ω6t − β −1 ω6t−1 ) = 0 (34)

and write out explicitly the output-gap identity, corresponding to
logarithmic diﬀerence between equilibrium GDP under sticky prices
with the (log-deviation for the) ﬂexible-price output level:
xt = Ŷt − Ŷt ∗ .

(35)

184

International Journal of Central Banking

March 2010

We also have a number of “gap” relations among the model’s loglinearized variables. The resource constraint and production technology reveal a proportionality between output, consumption, and
hours gaps:

xt = sc Ĉt − Ĉt∗ = Ĥt − Ĥt∗ .
(36)
Labor hiring (implying equality of marginal product of labor and
marginal rate of substitution) and the resource constraint imply that
under ﬂexible prices, we have
σ −1 Ĉt∗ + χĤt∗ = Ât .

(37)

In addition, log-linear expressions for ﬂexible-price consumption and
output are
Ĉt∗ = −
Ŷt∗ =

χ
(σ −1 /sc )

+χ

ĝt +

χ+1
(σ −1 /sc )

+χ

Ât ;

(σ −1 /sc )
χ+1
ĝt +
Ât .
−1
(σ /sc ) + χ
(σ/sc ) + χ

(38)

Deploying these relations, we can rewrite the ﬁrst-order condition
for output as
((σ −1 /sc ) + χ)xt + (1 − (σ −1 /sc ))ω2t + (1 + χ)ω3t
+ σ −1 βC −σ

−1

−1

(ω6t − β −1 ω6t−1 ) = 0. (39)

Optimal conditions for ω2t and ω3t further imply
ω2t + ω3t = α(ω2t−1 + ω3t−1 ).

(40)

It is convenient to deﬁne ω8t = ω2t + ω3t , and its deﬁnition implies
the law of motion,
ω8t = αω8t−1.

(41)

Therefore, the Ramsey policy that starts with period 0 conditions
entails ω8t = 0, t = 0, . . . , ∞. Taking this relation into account, and
rearranging the preceding optimality conditions, we obtain
−1

xt − ω2t +

σ −1 βC −σ −1
(ω6t − β −1 ω6t−1 ) = 0.
(σ −1 /sc ) + χ

(42)
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A relation for inﬂation is implied by the preceding conditions:


1−α
1
πt =
ω6t−1 − (ω2t − ω2t−1 ),
(43)
α ω4
where πt (= Π̂t ) is the log-change in the aggregate goods price level
between period t and t − 1. The productivity and ﬁscal shocks are
absent from this pair of equations, which fully capture the policymaker’s optimality conditions.
The ﬁrst-order conditions for the output gap and inﬂation
implied by Ramsey policy thus apply irrespective of the speciﬁcation
of the productivity and government purchase shocks, and thus make
no direct reference to these shocks.
Having characterized the ﬁrst-order approximation to optimal
monetary policy, we now demonstrate that this representation is
equivalent to the optimal policy problem using a linear-quadratic
approach.

Equivalence of Log-Linearized (Non-Linear) Ramsey Solution
and Linear-Quadratic Approaches
To characterize optimal policy in a linear-quadratic version of the
problem, we ﬁrst take note of the fact that the two constraints
for optimal policy are the New Keynesian Phillips curve and the
intertemporal IS equation:
πt = β Et {πt+1 } + κxt

(44)

xt = Et {xt+1 } − σEt {it − πt+1 }.

(45)

Following Rotemberg and Woodford (1997) and Woodford
(2003), an approximation of household utility can be written as

 2
∞

πt
x2t
t
,
(46)
β E0
+λ
2
2
t=0
where we have normalized the weight on inﬂation variability, leaving
λ = κ/ as the weight on inﬂation variability.
Let us deﬁne
−1

φ1t =

λσ −1 βC −σ −1
ω6t ;
(σ −1 /sc ) + χ

φ2t =

λ
ω2t ,
κ

(47)
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(1−α)(1−αβ)
where κ = α((σ
−1 /s )+χ) . Substituting these expressions into the IS
c
and Phillips curves, we obtain


sc σ
φ1t−1 − (φ2t − φ2t−1 )
(48)
πt =
β

λxt = κφ2t − (φ1t − β −1 φ1t−1 ).

(49)

These correspond to the ﬁrst-order conditions associated with the
linear-quadratic problem outlined above, and φ1t and φ1t denote the
Lagrange multipliers attached to equations (44) and (45), respectively.

Implementation of the Equivalence Result under Perfect
Foresight: Piecewise-Linear Approximation
Let us consider the solution procedure for the case where, in period
0, a negative shock to the natural real rate of interest strikes. In
order to obtain a non-linear solution of the Ramsey problem under
these circumstances, we begin with a guess on the date at which
optimal policy is able to launch from the ZLB. Denote this conjectured date TN∗ . For given TN∗ , we partition history into a ZLB
phase and a post-ZLB phase. Having solved for post-ZLB dynamics,
we move on to ZLB-era dynamics. We compute Lagrange multiplier
values in order to verify that the value of the Lagrange multiplier
attached to the IS equation is in line with our conjectured TN∗ value.
The linear/log-linear approximation is used in our analysis once the
conjecture matches the actual ZLB departure date.
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